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A  study  i*  made  of  the  application  of  a  single-particle  Impact  damper  to  a  high¬ 
ly  resonant  radar  antenna  structure.  A  prototype  damper  unit  was  tested  with  a 
smaller  structure,  which  was  designed  to  dynamically  simulate  the  fundamental 
mode  of  the  antenna,  to  verify  the  damper  design  a.id  response  characteristics. 
The  correlation  of  err.oirical  testirg  and  theoretical  analyaia  is  emphasized.  Re¬ 
sults  show  that  the  first  mode  maximum  amplitude  of  a  1200  pound  cantilever  type 
structure  can  be  reduced  by  a  factor  of  80  to  90  percent  with  the  addition  of  27 
pound  damper  particle.  Variations  in  governing  parameters  are  shown  to  indicate 
the  range  of  performance  characteristics  obtainable.  The  noise  level  which  ac¬ 
companies  an  impact  device  of  this  type  is  also  discussed. 


NOMENCLATURE 

A  =  Amplification  factor  of  damped  structure 

A  *  Amplification  factor  of  primary  system  in 
the  absence  of  the  impact  damper 

c  =  damping  constant 

d  =  clearance  in  which  the  particle  ia  free  to 
oscillate 

e  =  coefficient  of  restitution 
k  a  spring  constant 

M  =  mass  of  primary  system 
m  =  mass  of  particle 
r  =  frequency  ratio,  G/ui 

t  =  time 

x  *  displacement  of  M,  double  amplitude 

x*  a  base  displacement,  double  amplitude 

*Im»  paper  not  presented  at  Symposium, 


y  a  relative  displacement  of  particle  with 
respect  to  M 

^  a  ratio  of  critical  damping 
M  a  mass  ratio.  m/M 
*  =  natural  frequency,  /k/.M 

0  =  forcing  frequency 

x  a  velocity  of  M 
y  *  relative  velocity  of  particle 

INTRODUCTION 

The  concept  of  reducing  the  vibration  am¬ 
plitudes  of  a  mechanical  aystem  by  attaching 
to  It  a  container  in  which  a  solid  particle  is 
constrained  to  oscillate  it  not  a  new  one.  Anal¬ 
ytical  studies  of  the  steady- state  response  of 
the  impact  damper  to  sinusoidal  excitations 
have  been  made  by  Lieber  and  Jensen  [l  3, 
G-ubin  [23,  Arnold  [3l  Warburton  [4],  and 
Matri  and  Caughey  [5].  In  addition,  the  feas¬ 
ibility  of  using  Impact  damping  to  reduce  the 
vibration  of  diverse  systems  as  ships  hulls, 
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cantilever  beam*,  sirgle-degree-of-freedom 
systems,  turbine  buckets,  and  tall  flexible 
structure*  have  been  investigated  empirically 
by  McGoldrick  Lb],  Lieber  and  Trippl?], 
Sank*y[8],  Duckwald  [<?],  and  Reed  LlO].  res¬ 
pectively. 

Recently,  an  existing  radar  antenna  (see 
Fig.  1)  which  had  previously  been  qualified  to 
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MIL-E- 1 6400  for  shock  and  vibration,  was 
changed  substantially  and  scheduled  to  be  re¬ 
tested  to  verify  its  structural  capability.  Be¬ 
cause  this  design  change  incorporated  a  large 
increase  in  mass,  but  essertially  no  increase 
in  strength,  great  concern  was  expressed  as 
to  the  antenna's  capability  of  sustaining  a  vi¬ 
bration  endurance  teat  at  resonance.  To  mi¬ 
nimise  the  cost  and  time  required  to  perform  a 
substantial  structural  redesign  and  refurbish¬ 
ment,  the  development  of  a  separate  single- 
pa'ticle  impact  damper  package  was  undertaken. 
Previous  work  by  the  above-referenced  inves¬ 
tigators  has  shown  the  desirability  of  such  an 
application.  However,  few  act  lal  applications 
are  reported  in  the  literature,  i.  e. ,  other  than 
laboratory  models,  and  the  physical  size  of  the 
particle  in  this  case  was  quite  large.  Therefore, 
a  prototype  modsl  was  constructed  and  tested 
on  a  resonant  structure  to  verify  the  theoreti¬ 
cal  predictions  and  investigate  design  problems. 


The  antenna  unit  as  shown  in  Fig.  1  weighs 
approximately  11^9  pounds  and  the  design  mo¬ 
dification  was  anticipated  to  be  additional  800 
pounds  located  on  the  upper  part  of  the  struc¬ 
ture.  Previous  sinusoidal  vibration  qualifi¬ 
cation  tests  indicated  a  fundamental  structural 
resonance  at  13  Ha  with  the  bearing  (X  roller 
type)  at  the  array-pedestal  interface  being  the 
predominant  spring  and  the  array  structure  it¬ 
self  oscillating  as  a  rigid  body,  lhe  mode 
shapes  varied  slightly  according  to  the  direc¬ 
tion  of  the  base  input,  as  would  be  expected. 

In  general,  strong  coupling  existing  among  all 
three  orthogonal  directions  for  the  first  mode 
regardless  of  the  input  direction.  For  a  base 
input  in  the  X  direction,  the  array  structure 
responded  with  Point  A  (see  Fig.  Z)  moving  inan 
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elliptical  path  with  the  larger  component  of  res¬ 
ponse  being  in  the  X  direction.  With  a  Y  direc¬ 
tion  input  the  major  portion  of  the  response  was 
in  the  Y  direction  with  the  winsjs  moving  prima¬ 
rily  vertically  and  with  a  180  phase  difference 
between  them.  A  vertical  base  excitation  pro¬ 
duced  a  fundamental  displacement  mode  simi¬ 
lar  to  that  resulting  from  the  Y  directional  in¬ 
put. 

The  application  of  the  impact  damper  was 
to  reduce  both  the  X  and  Y  response  compo¬ 
nents  of  the  fundamental  mode,  regardless  of 
the  input  direction,  by  aligning  two  impact 
damper  units  with  the  X  and  Y  directions,  res¬ 
pectively,  at  the  top  center  portion  of  the  struc¬ 
ture.  Point  A.  Maximum  amplification  factor* 
(response  at  Point  A/base  input)  were  between 
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16  and  20  during  the  structural  vibration  quali¬ 
fication  Inlt.  The  design  goal  set  for  the  im. 
pact  dampers  »u  to  reduce  those  maximum  am¬ 
plification  factor*  by  a  factor  of  two.  E-caus* 
the  antenna  structure  was  not  available  for  any 
deve’onmental  testing,  a  prototype  damper  unit 
wai  tested  on  a  simulation  structure  to  verify 
the  performance  characteristic*,  aee  Fig.  5. 

THEORETICAL  CONSIDERATION'S 

With  the  reasonable  assumption*  that  (a) 
the  auxiliary  mas*  in  an  impact  damper  move* 
frictionle*»ly  in  it*  container  and  (h)  the  col¬ 
lision  between  the  particle  and  the  primary  sys¬ 
tem  is  idealized  to  be  a  discontinuous  process 
in  which  the  displacement*  of  the  two  masse* 
remain  stationary  while  their  velocities  change 
disccntinuously  in  accordance  with  the  momen¬ 
tum  equation,  the  motion  of  the  highly  nonlinear 
two-degree-of-freedom  system  can  be  treated 
a*  a  piece-wise  linear  process.  If  it  is  further 
assumed  that  in  steady-state  motion  two  sym¬ 
metric  impact*  occur  per  cycle  of  the  sinusoi¬ 
dal  excitation  at  equal  time  increment*  and  at 
opposite  sides  of  the  container,  then  an  exact 
steady-state  solution  can  be  obtained  [S  ].  More¬ 
over,  this  type  of  motion  ha*  been  shown  Ll  1  J 
to  be  predominant  in  experimental  studies. 

Under  the  stated  assumptions,  the  motion 
of  the  primary  system  (see  Fig.  3)  between 


impacts  ia  given  by  an  expression  of  the  form 

[4,  S]: 
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where  the  origin  of  the  time  axis  »  coincide*  with 
the  occurrence  of  any  given  Impart  and  c ona'aat* 
a,b,  and  T  are  function*  of  the  parameters  of  the 
system  and  are  given  in  Ref.  [5  ], 

The  construction  of  a  solution  cor  r  srtwvt!"  g 
to  the  motion  of  a  typical  system  is  illustrated 


Whenever  steady- state  motion  is  possible,  the 
theory  furnishes  two  possible  solutions.  To 
determine  which  of  the  two  possible  solutions 
i*  stable,  if  any.  a  stability  analysis  of  the 
solution  must  be  performed.  Masrl  and 
Caughey  have  shown  that  asympototic  sta¬ 
bility  of  the  motion  depends  upon  the  modulus 
of  the  eigenvalue*  of  *  matrix  which  relitet  to 
the  condition#  of  the  system  after  two  consecu¬ 
tive  Impact*.  If  the  modulus  of  each  of  the 
eigenvalues  of  this  condition*!  matrix  is  less 
than  one,  <he  system's  motion  will  be  stable; 
otherwise,  steady-state  motion  with  two  sym¬ 
metric  impacts  per  cycle  is  not  possible. 

The  theoretical  solution*  used  in  the  fol¬ 
lowing  section  for  comparison  with  experimen¬ 
tal  result*  were  obtained  using  the  theory  a* 
described  above  and  identical  to  that  found  in 
refs.  [5,  11]  with  a  base  excitatioo  :  wlacing 
the  force  excitation. 

EXPERIMENTAL  RESULTS 

Experiment*  with  a  prototype  damper  model 
were  conducted  on  a  resonant  structure  simu¬ 
lating  the  antenna  to  gain  some  knowledge  about 
the  correlation  of  theoretical  and  empirical  re¬ 
sult*  and  the  design  problem*  to  be  encountered 
in  building  and  employing  the  actual  unit  during 
qualification  testing.  Figure  5  show*  the  dam¬ 
per  unit  mounted  on  the  test  structure.  The 
cantilever  type  test  structure  was  designed 
with  a  first  mode  natural  frequency  of  11.4  Ha 


which  matched  that  predicted  for  the  modified 
antenna  structure.  The  active  weight  of  the 
structure,  I.*.,  J1/140  of  the  vertical  mem* 
ber's  weight  plus  the  weight  of  the  top  horicon- 
tal  member,  was  950  pcuftdst.  F’rovisiori  was 
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made  for  controlling  the  coupling  motion  at  the 
top  center  point  of  the  structure  by  changing 
the  balance  between  the  weights  at  the  ends  of 
the  top  horiaontal  member.  However,  only  uni¬ 
lateral  motion  in  the  fortj  and  aft  direction  with 


a  single  damper  unit  war:  used  during  the  study. 
The  structural  damping  Of  the  primary  test 
•tructure,  alone,  was  found  to  be  about  0.  57 
percent  by  measuring  the  maximum  amplifi¬ 
cation  factor  obtainable  4>ith  small  sinusoidal 
base  input  excitations,  j 


Figure  ft  show  a  the  two  damper  particles 
uaed  in  conjunction  with  a  steel  cylindrical 
container.  Three  particle  weights  (56,  40,  and 
27  pounds)  were  uaed  to  obtain  performance 
characteristics  for  mass  ratios  of  5.9,  4.  2, 
and  2.85  percent,  respectively.  The  majority 
of  the  work  was  done  with  the  27  pound  slug, 
however,  as  it  closely  approximated  the  de¬ 
sign  goal  for  the  antenna  damper  unit.  i  To  pro¬ 
vide  variation  in  the  coefficient  of  restitution, 
the  cylindrical  damper  particles  were  uaed 
with  or  without  bonded  rubber  pads  on  the  end 
surfaces.  Shim  plates  (see  Fig.  6)  were  used 
between  the  container  body  and  the  end  plates 
to  vary  the  clearance,  di 


FIG.  6 

The  main  performance  characteristics 
sought  during  testing  were  the  amplitude  at¬ 
tenuation  obtainable  at  the  structure's  reso¬ 
nant  frequency,  the  region  of  stable  two  im¬ 
pacts/cycle  motion,  amplitude  response  aa  a 
function  of  frequency  over  a  _+  10%  frequency 
bandwidth  about  the  structures  resonance,  and 
a  quantitative  measurement  of  the  maximum 
noise  level  during  operation. 

The  coefficient  of  restitution  was  not  phys¬ 
ically  measured  for  a  typical  impact  as  the  re¬ 
quired  [l  1  ] Integrating  electronics  were  not 
readily  available.  However,  the  experimental 
amplitude  attenuation  results  were  compared  to 
those  analytically  obtained  for  various  coef¬ 
ficients  of  restitution  values.  Figure  7  shows 
the  experimental  results  obtained  at  a  frequency 
ratio  of  one  with  and  without  the  rubber  bonded 
pads  on  the  particle  end  surfaces  as  compared 
to  the  predicted  values  representative  of 
e  =  0.  5  and  e  =  0.  2,  respectively.  Of  the  var¬ 
ious  analytical  curves  used,  these  two  for  the 
specific  coefficients  given  most  closely  matched 
the  experimental  results.  Figure  8  shows  how 
well  the  analytical  predictions  for  these  two 
coefficients  are  matched  by  the  experimental 
results  over  a  frequency  range.  Figure  7  and 
8  depict  the  results  for  a  mass  ratio  of  2.  84%, 
i.  e. ,  the  27  pound  slug.  Note  that  the  solid 
points  in  foese  figures  represent  stable  two  sym¬ 
metric  impact  per  cycle  motion  and  the  other 
points  the  unstable  motion. 

Figures  9  and  10  indicate  the  comparison 
of  the  frequency  responee  characteristics  for 
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the  40  and  56  pound  particles.  It  can  be  seen  in 
Fig.  10  that  with  the  56  pound  9lug  the  results 
are  nearly  independent  of  whether  or  not  the  rub¬ 
ber  pads  were  used.  The  probable  reason  for 
this  behavior  is  the  fact  that  the  56  pound  slug 
had  a  solid  rubber  pad  bonded  over  the  entire 
end  surface,  whereas  the  2?  and  40  pound  slugs 
used  rubber  pads  in  the  shape  of  annular  rings, 
see  Fig.  6.  Because  Possion's  ratio  for  rubber 
is  approximately  0.5,  rubber  i9  essentially  irA 
compressible;  thus,  it  cannot  be  deflected  in 
compression  unless  it  is  permitted  to  expand 
laterally.  Therefore,  with  the  entire  end  sur¬ 
face  covered  with  rubber,  one  could  expect  the 
impact  characteristics  to  be  nearly  the  same 
as  those  for  no  rubber.  Moreover,  in  the  other 
two  cases,  the  rubber  annular  ring  allows  sub¬ 
stantial  edge  bulging  upon  compression.  Be¬ 
cause  rubber  is  not  a  large  energy  dissipater  in 
compression  and  tension,  this  condition  provides 
better  impact  conditions  and  provides  a  higher 
coefficient  of  restitution.  It  is  interesting  to 
note,  therefore,  that  the  thickness  and  shape  of 
the  rubber  pad  can  be  utilized  to  obtain  a  vari¬ 
ation  in  the  coefficient  of  restitution. 

To  determine  whether  the  performance  char¬ 
acteristics  were  invariant  under  changes  of  d 
and  x  which  gave  constant  d/x  ratios,  different 
clearance  and  excitation  inputs  were  used. 

Most  of  the  points  plotted  in  Figs.  7  through  10 
represent  average  responses  obtained  for  any 
given  d/x  ratio  by  using  three  different  d  and 
values  which  together  provide  the  same  ratio. 

In  general,  these  variations  resulted  in  slightly 
different  response  measurements  with  no  notice¬ 
able  consistent  trend  for  specific  changes.  The 
difference  in  these  response  values  in  moat  cases 
was  less  than  15%.  Figure1)  shows  one  particu¬ 
lar  case,  however,  which  gave  a  large  differ¬ 
ence  in  results.  For  this  case,  a  d/x  ratio  of 
23  was  investigated  using  clearance  values  of 
.75,  1.0,  and  1.25  inches  for  points  (as  shown) 
a,b,  and  c,  respectively.  Note  that  this  oc¬ 
curred  at  a  frequency  ratio  corresponding  to 
the  point  of  maximum  amplification  while  the 
same  three  values  gave  equal  results  at  a  fre¬ 
quency  ratio  of  one.  The  difference  in  response 
values  was  always  the  largest  in  this  frequency 
region  where  the  amplitude  of  response  peaks. 

The  behavior  of  the  impact  damper,  in 
general,  followed  that  depicted  in  the  figures. 
The  behavior  for  the  larger  coefficients  of  res¬ 
titution  under  steady- state  sinusoidal  excita¬ 
tion  shows  an  increase  in  the  amplification  fac¬ 
tor  at  a  frequency  ratio  less  than  one  and  a  de¬ 
crease  in  level  near  one.  To  obtain  more 
nearly  optimum  system  response  character¬ 
istics  over  the  frequency  band  which  includes 


the  primary  structure's  resonance,  a  lower 
coefficient  of  restitution  is  required  as  evi¬ 
denced  by  the  figures.  This  process  also  de¬ 
creases  the  region,  i.  e. ,  the  frequency  band, 
over  which  the  stable  two  impact/cycle  motion 
exists.  In  general,  a  broadband  of  stable  two 
impaet/cycle  motion  is  not  required,  however, 
as  the  damper  is  still  very  effective  under  what 
is  mathematically  termed  unstable  behavior.  In 
fact,  the  amplitude  in  the  unstable  region  is 
never  larger  than  that  which  would  occur  with¬ 
out  the  impact  damper. 

Based  upon  the  general  agreement  of  the 
experimental  and  theoretical  results  for  the 
test  structure  and  prototype  damper,  the  basic 
damper  parameters  can  be  chosen  for  applica¬ 
tion  to  the  antenna  structure.  Figure  llehows 
the  predicted  response  characteristics  for  the 
antenna  based  upon  its  inherent  critical  damp¬ 
ing  ratio  of  2.5%  and  a  mass  ratio  of  2%.  These 
curves  represent  the  response  of  stable  two  im¬ 
pact/cycle  motion. 

Fxamination  of  the  curves  in  Fig.  1 1  in¬ 
dicates  that  the  most  optimum  solution  is  that 
of  d/7  *  33  with  a  coefficient  of  restitution 
equal  to  0.4.  These  parameters  provide  a  res¬ 
ponse  curve  that  is  almost  constant  with  fre¬ 
quency  and  equal  to  an  amplification  factor  of 
9  which  would  decrease  the  structure's  response 
from  that  found  previously  by  about  two. 

The  noiae  level  surrounding  the  structure 
during  testing  was  measured  to  be  about  102  dB 
at  a  ten  foot  radius  from  the  unit  on  a  General 
P, adio  broadband  noiae  meter.  The  noise  level 
was  also  several  dB  lower  when  using  the  rubber 
pads  as  compared  to  bare  steel.  Several  at¬ 
tempts  were  made  to  lower  the  noise  level.  One 
approach  used  was  to  enclose  the  damper  unit 
in  an  acoustic  box  which  when  completely  sealed 
attenuated  a  100  dB  enclosed  speaker  source  to 
68  dB.  This  same  box  was  modified  to  enclose 
the  unit  with  only  eight  one-inch  diameter  studs 
extending  through  its  base  for  mounting  the  dam¬ 
per  to  the  beam  structure.  The  noise  level  was 
lowered  only  5  dB  through  this  approach.  Use 
of  lead  sheet  and  foam  shrouds  around  the  unit 
also  provided  small  attenuations  in  noise  level. 
From  the  experiments  conducted  it  become#  ob¬ 
vious  that  the  majority  of  the  impact  energy  is 
propagated  though  the  damper  attachments  to 
the  support  structure  and  radiated  from  this 
larger  surface  area.  It  is  apparent  that  any  ap¬ 
plication  of  the  impact  damper  at  low  noiae  level 
must  provide  good  attenuation  in  the  damper  at¬ 
tachment  without  deteriorating  the  over-all  coef¬ 
ficient  of  restitution.  Recent  experiments  szith 
multiple  particles  replacing  a  single  particle 
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have  alto  shown  significant  reduction  in  the 
noise  level. 

CONCLUSIONS 

1.  In  general,  the  experimental  results  ob¬ 
tained  with  the  lightly  damped  teat  structure 
and  the  impact  damper  particles  compared  fa¬ 
vorably  with  those  reapor.se  characteristics 
analytically  defined.  The  analytical  solution 
usually  predicted  larger  amplitude*  than  those 
found  empirically  for  frequency  ratios  less 
than  one. 

2.  The  frequency  range  predicted  analytically 
for  stable  two  impact  per  cycle  damper  motion 
was  always  larger  than  that  determined  experi¬ 
mentally.  However,  the  responses  termed  uns¬ 
table  were  still  very  effective  and  did  not  limit 
the  parameter  selection  for  nearly  optimum 
damping. 

3.  The  results  indicated  an  80%  amplitude  at¬ 
tenuation  of  the  test  structure  by  a  damper 
whose  mass  ratio  was  2.84%.  A  coefficient  of 
restitution  of  0.  2  provided  the  best  response  at¬ 
tenuation  over  a  frequency  band  of  _f  10%  about 
the  structures  natural  frequency.  Larger  at¬ 
tenuations  can  be  achieved  at  resonance  only, 

1.  e.  ,  at  frequency  ratio  of  one,  with  higher 
coefficients  of  restitution. 

4.  Rubber  pads  bonded  to  the  cylindrical  dam¬ 
per  particles  end  surfaces  provide  means  of 
varying  the  coefficient  of  restitution  of  impact. 
Variation  of  this  coefficient  shown  in  the  ex¬ 
periments  was  0.  2  to  0.  5 

5.  Predictions  based  upon  the  work  herein  in¬ 
dicate  that  an  application  of  a  dan.per  unit  to 
the  radar  antenna  structure  described  will  ful¬ 
fill  the  design  objectives.  A  unit  giving  a  mass 
ratio  of  2%  with  a  coefficient  of  restitution  of 

0.  4  and  designed  for  a  d/x  ratio  of  33  is  shown 
to  limit  the  response  amplitude  for  a  primary 
system  with  the  characteristics  of  the  antenna 
structure  to  a  value  of  9.  17  (see  Fig.  1 1). 

6.  The  broadband  noise  level  surrounding  the 
damper  during  operation  was  about  102  dB  at  a 
10  foot  radius  with  essentially  no  directionality 
indicated.  Attempts  to  lower  these  acoustic 
levels  by  enclosing  the  unit  indicate  future  ap¬ 
plications  of  large  impact  dampers  must  provide 
attenuating  damper  attachments. 
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The  concents  behind  a  test  method  for  Quickly  determining  the 
properties  of  viscoelastic  materials  over  a  broad  range  of 
frequencies  Is  developed.  A  slngle-degree-of-freedom  model  consisting 
of  the  viscoelastic  test  materials  and  a  mass  subjected  to  a  sinusoidal 
excitation  force  Is  examined  for  the  best  physical  test  condition  for 
accurately  measuring  the  material  properties.  It  was  found  that 
resonance  was  the  desired  condition  since  a  ninety-degree  phase  shift 
always  occurs  regardless  of  the  amount  of  damping  present.  The  concept 
of  using  a  combined  force-acceleration  feedback  on  the  vibration 
shaker  was  added  so  that  any  desired  resonant  frequency  could  be 
obtained  by  electronically  changing  the  mass  of  the  original  system. 

The  resulting  test  system  gives  the  necessary  flexibility  to 
quickly  test  for  the  material  properties  without  heat  build-up  while 
the  same  system  can  also  be  used  to  determine  the  change  in  properties 
due  to  heat  build-up.  Only  four  readily  available  quantities  are 
needed  for  each  test  In  order  to  compute  the  material  properties. 

The  error  analysis  shows  that  under  the  most  severe  conditions,  an 
error  In  measuring  the  phase  angle  of  0.50  degrees  results  In  a 
maximum  error  In  the  material  properties  of  less  than  1.0  per  cent, 
due  to  the  test  technique.  This  error  drops  to  about  0.2  per  cent 
when  the  phase  angle  Is  measured  to  withlr,  0.10  daqreuS.  The  prjposed 
test  method  appears  to  have  a  great  degree  of  flexibility;  the  limits 
of  which  need  to  be  determined  In  the  laboratory. 


INTRODUCTION 

Several  methods  have  been  used  to  measu**e 
the  complex  stiffness  of  viscoelastic 
materials  when  subjected  to  an  envlrorwent 
of  sinusoidal  oscillations.  Each  method 
appears  to  be  limited  by  either  the  useable 
frequency  range  or  the  material  properties. 
Per  example,  the  Sruel  and  Kjaer  [1]  canti¬ 
lever  beam  technique  requires  relatively 
stiff  materials  to  be  effective  while  the 
Fitzgerald  technique  Is  limited  to  low 
frequencies. 

A  recent  tun.td  damper  technique  [2]  was 
used  which  gave  results  comparable  with  the 
Brilal  and  Kjaer  method.  However,  the  tuned 
damper  method  has  certain  Inherent 
disadvantages  such  as  requiring  the  acquisi¬ 
tion  of  sufficient  data  to  define  a  resonant 


peak  during  which  the  specimen  p-opertles 
can  change  due  to  heating  as  well  as  the 
Inability  to  be  used  with  highly  damped 
materials  where  the  resonant  peak  is  not  well 
defined  due  to  the  flatness  of  the  response 
curve. 

The  pronosed  method  uses  the  force- 
acceleration  feedback  concept  to  control  the 
Input  forces  and  accelerations  to  the  test 
specimen  thereby  simulating  any  desired  mass 
to  produce  any  desired  test  frequency  within 
the  capability  of  the  equipment.  A  ninety- 
degree  phase  shift  is  used  to  accurately 
determine  resonance  Of  the  test  speclacn. 

The  advantages  of  using  this  proposed 
technique  are:  (a)  the  test  data  can  be 
obtained  quickly  since  only  four  observations 
are  needed  to  calculate  the  materia)  properties. 
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(b)  the  test  fre<ru»*ry  can  N?  easily  Changed 
by  changing  the  input  fratsw*,  (c)  the 
properties  of  highly  danced  <*sterlals  can  be 
•matured,  (d)  the  amplitude  of  motion  can  be 
easily  adjusted,  and  finally,  (e)  an 
Independent  check  on  eatnniti  oreceftles  can 
be  obtained  tv  recording  damped  oscillation 
data.  The  major  disadvantage  pf  this 
proposed  tvst  system  ij  the  large  amount  of 
test  wutrsent  r*cv*red.  This  paper  is 
devoted  to  developing  the  concerts  beHnd  the 
Oft  nosed  test  method  wMch  follows  directly 
from  a  modification  of  the  tuned  damper  tech¬ 
nique  C23  • 

ANALYSIS 

The  analysis  Is  divided  Into  two  parts. 
First,  the  hgslc  response  of  a  slngle-degree- 
of  freedom  system  with  a  viscoelastic  soring 
material  subjected  to  a  sinusoidal  force 
excitation  will  be  studied.  Second,  the 
srrvo-shater  system  will  be  formulated  which 
gives  many  test  advantages  over  previous 
methods. 

RESPONSE  OF  BASIC  TEST  SYSTEM  -  L  schematic 
of  the  proposed  test  method  Is  shown  In  Fig. 
1(a)  where  the  material  specimen  Is  bonded  to 


where  F  Is  thnjn.jqnl tude  of  the  excitation 
force,  °J  «  /-!,»  Is  the  excitation  frequency, 
and  t  Is  time,  Th«  specimen  it  of  length  1 
and  cross-sectional  area  S.  An  equivalent 
si  nql  e-degree -of -freedom  sys \m  Is  shown  in 
fio:  i(h). 

For  purposes  of  analysis,  the  stress  strain 
relationship  for  the  viscoeUstlc  material  1$ 
assured  to  be 

o  •  £(1  +  Jnlc  (2) 

where  0  Is  the  noma!  stress,  E  the  modulus  of 
elasticity,  n  the  loss  factor  of  the 
viscoelastic  material,  and  c  the  longitudinal 
strain.  Thus,  the  axial  force  developed  In 
the  test  material  Is  given  by 

F*  oA  •  —  (1  *  jp)  *  (3) 

*  1 


where  x  Is  the  dtso1ac«nent  of  the  mass  a. 
From  Eq.  (3),  It  Is  easily  seen  that  the 
spring  constant  It  and  the  (temping  coefficient 
c  are  given  by 


|  F(t)  *  F„e 


jwt 


1(a)- ORIGINAL  SYSTEM  Kb) -EQUIVALENT  SINGLE- DEGREE- OF  - 

FREEDOM  OF  ORIGINAL  SYSTEM 


Figure  1  -  Schematic  of  proprosed  test  system 


the  rigid  foundation  A-A  and  Is  subjected  to  a 
slnuooldal  force  Input  of 


F(t)  -  F0  ejwt 


0) 


k  »  — 

1 

(<a) 

c  -ia. 

y 

(4b) 
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The  differential  (nation  of  motion  govern¬ 
ing  the  syst era  sv>r  in  Mg.  1(h)  Mcwes 

n  it  ♦iSl  *  ♦  Hj,.*  e-1ut  (S) 

1«  1  6 

which  Mi  the  w«li  Vno*n  steady  state  solution 


X  »  - - :r'~:‘ - rr—  (6) 

/  1  *»  -) 

VO  -  r  )‘  *  n‘ 


where 

tan  t  «  — - —  (7) 

1  -  r? 


(8) 


Frpoi  En.  7,  It  is  seen  that  when  r  •  1,0  the 
phase  shirt  between  tM  excitation  force  F{t) 
and  thg  responding  notion  *  is  ninety-degrees 
regardless  of  the  dirp inn  present  and  from 
Eg.  6  that  the  amplitude  of  notion  A  becor-ss 

M 

A  •  —  (9) 

ESn 


the  ohm  of  the  syxt#>.  TVs  means  ft 
available  by  fgployinn  sew  Of  th*  ideas  of 
CHtS  [3]  on  force-control  1  ml  vibration  testing, 

THE  Sfirt'h-SHSCra  STSTCf  -  A  servo  controlled 
thj lee  systiw  as  sb?wo  In  Fig,  2  Is  analysed 
In  this  section  In  0 rder  to  sre  h,nw  tv*  csss  of 
th»  systsn;  and  hexs,  the  test  #  rc-v.-fey  can 
he  changed  by  employing  electronic  want  rsther 
than  physically  changing  the  miss  m. 

The  basic  scheme  is  to  feedback  • 

Combination  of  the  fore*  transmitted  (F)  to  the 
mass  *  hy  the  shaker  Mad  and  the  responding 
acceleration  (*)  of  tM  mass.  The  *o!t*ge  Cf 

represents  the  feedback  signal  and  Is  suhstracted 
frer  tN*  excitation  voltage  f(t)  which  Is 
related  to  the  excitation  force  F„  by 

£(t)  •  GfSfF0  e’-1  •  Efl  eJwt  (12) 

where  G^  Is  the  gain  on  the  force  feedback 

signal  and  Sf  Is  the  sensitivity  of  the  fare* 

transducer  between  the  shaker  Mad  and  tN>  swss 
m.  Th*  resulting  error  signal  (E  )  Is  the 

Input  to  the  newer  aoollfler  and  shaker  which 
Is  represented  by  the  transfer  function  S(s). 

The  force  exerted  by  the  shaker  on  mass  s» 
through  the  force  transducer  is  given  by 

f  •  G(0  CE(t)  -  Ef]  (13) 


Equation  9  contains  both  material  properties 
of  E  and  n.  A  second  Independent  equation  can 
be  obtained  from  Eg.  8  for  r  •  1 ,0  which  gives 


(10) 


which  Is  reduced  by  the  specimen  force  f  see 

Eo.  3)  acting  on  the  mass  m  (the  dashed 

feedback).  The  net  force  (F  )  produces  an 

n 

acceleration  (if)  which  generates  the  feedback 
signal 


from  which  the  modulus  of  elasticity  E  Is 
obtained  directly  fr so  knowing  the  mass  m,  tbe 
the  specimen  length  1  and  area  S,  and  the 
resonant  frequency  u(s1nce  r  »  !,»««), 


Substitution  of  Eg,  10  Into  Eq.  9  gives 

•  A 

tew2 


from  which  the  loss  factor  n  can  be  obtained 
by  direct  measurement  of  the  quantities  F  ,  A, 
n,  and  w, 

Tbe  key  to  being  able  to  use  the  simple 
and  direct  measurements  of  the  various 
external  quantities  n,  1,  S,  Fe,  A,  and  u  In 

order  to  determine  the  material  properties  E 
and  n  from  Ens.  10  and  11  Is  the  ninety-degree 
phase  shift  at  the  resonant  condition  so  that  r 
is  unity.  This  phase-shift  raeasurenent  can  be 
done  accurately  by  modern  electronic  Instruments 
when  the  phase  angle  Is  In  the  range  of  ninety- 
degrees.  Since  this  Is  the  case,  It  would  be 
desirable  to  develop  means  to  easily  change 


e*  *  r>*  sx  *  no 

where  G^  Is  the  acceleration  feedback  gain  and 
S^  Is  the  sensitivity  of  the  accelerometer. 

Finally,  the  feedback  signal  voltage  Is  teen 
to  be 

£f  -  t .♦  e,  •  6.  S  V  ♦  G,  S-  F  (15) 


The  force  transmitted  to  mass  <*  through  the 
force  tnnsducer  can  be  obtained  from  Eg.  13 
with  Eqs.  12  sod  15  substituted  to  obtain 

r  -  C(s)  [Sf  Sf  F0  eJwt  -  SfSf  f  (16) 

-  s*  s*  « 
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figure  2  -  Block  diagram  of  servo  controlled  test  systea 


ft*®)  which 

R(s)  6,  Sf 

F  -  [  - ~J~1 - ] 

1  ♦  G(s)  Gf  Sf 


(17) 


Tha  differential  equation  of  motion  for  the 
systsa  composed  of  tfe  test  material  end  wass 
n  can  be  obtained  fran  a  free-body-dlaqrsa  of 
eass  a  to  give 


[F  y  ] 

6  r,f  Sf 

Equation  17  reduces  to 


(*  ♦  wl)  y  ♦  Sa.  i  ♦  ££  *  -  (21 ) 

*  1*  1 

vJMt 


F  .  [F  eJ“t  -  KG.  V] 
c  * 


which  Is  exactly  the  s*wc  as  Eq.  S  except  that 
{18}  the  apparent  or  effective  etas*  M  baewes 


where 


H  '  a  ♦  It  5( 


(22) 


K  • 


(19) 


If  It  Is  assessed  that  the  transfer  function 

6<s)  Gf  Sf 


1  ♦  G(s)  Sy 


■  1.0  ♦  oj 


(20) 


for  the  frequency  rsnga  of  Interest. 


fence,  the  test  frequency  which  Is  also  the 
resonant  frequency  can  be  verlsd  by  cfenglfg 
the  gain  on  tbs  acceleration  feedback  (G^) 

since  this  term  appears  as  mass  In  the  equation 
of  ssotlen.  This  gain  can  be  either  positive  or 
negative  so  that  the  effective  r.ass  My  fcs 
changed  quickly  by  electronic  swans  fresn  near 
zero  to  »any  Uses  »  If  the  shikar  possesses 
the  required  capability. 

The  deviously  determined  expressions  for 
the  material  properties?  1,«.  Eqs.  10  S  11, 
say  be  updated  to  work  with  tha  servo  controlled 
test  situation  by  replacing  the  lotsor  case  a  by 
H  as  wall  as  replcclng  F  from  Eq.  12.  The 
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and 

*o  r 

*1  • - - ;  *  - - 

Gf  Sf  H  a..2  [-1  *  vnj 


(20 


2 

since  R»  Is  the  peak  acceleration  and  can  be 
represented  bv 


fryn  unity  1*  Ess.  23  aM  24  *brr<>  f _  and  p 

to 

a-p  th»  property  correction  factors.  T'“e  •■'■.rtf, 
deviation  of  error  due  to  errors  in  **s  tuning 
a  eccur  *dyn  n  is  <*»*r  unity.  Table  I  s'  jvis 

th*  values  of  »,  and  t  for  n  »  1,0  ever  j 
l  *1 

range  of  m.  It  Is  seen  that  errors  cm?  If. rrjtly 
less  than  on#  percent  can  be  easily  achieved 
ftm  the  test  teeh»*iu*  1*  the  p»>ave  neasurci'ent 
1*  better  than  one-half  degree,  HctJarn 
electronic  bhaurwfters  car  easily  «w*asar«  p’asc 
armies  to  this  accuracy  when  the  phase  is  near 
ninety-degree*. 


e  •  5  »"  •  S  JA«  ) 

0  x  es**  «  ' 


It  Should  be  pointed  out  that  EQ  are!  eQ  ray 

be  either  peak  cr  rws  values  of  the  excitation 
voltage  represent  log  the  excitation  force  and 
output  voltage  of  the  sccel ercr'etcr, 
respectively.  All  of  the  quantities  In  Eos. 

23  and  24  can  bo  quite  easily  determin’d  by 
Standard  measurement  techniques  of  known 
accuracy. 

ERROR  AKALTSIS 

The  accuracy  of  Eos.  23  and  24  Is 
dependent  on  the  systea  being  In  resonance  at 
r  ■  1.0.  The  roscr-ao*  condition  Is  r'-t cured 
by  the  ninety-degree  phase  relationship 
between  the  excitation  force  ard  the  resulting 
notion  as  given  by  Eqs,  6  and  7. 

The  amount  of  error  In  the  frequency  ratio 
r  being  other  then  unity  can  be  obtained  froa 
Ed.  7.  Differentiation  of  Eq.  7  and  solving 
for  the  slooe  glvss 


ar  •  3-  as  (75) 

2 


when  r  Is  unity  where  &r  end  m  are  the 
variations  frow  the  assist'd  values.  By 
comparing  Eqs.  6,  8,  10  and  12  when  r  ■  1  ♦  ar, 
tfra  error  can  be  shewn  to  be  the  deviation 

of 

8r - 5 - fSEfiJSL  (27) 

(2  *  niA)2 


K3SIE-LE  TEST  TECWObtS 

There  are  several  oosslble  test  tec^icve* 
that  can  be  used  with  the  servo-control  led  test 
erranoerent  shown  In  Fig.  2  w*«r>  the  phase 
feedback  ideas  of  Keso  and  Keller  [a]  are 
Included.  Ws«  feedback  Ideas  can  bo  used  to 
enhance  th*  test  teehnloues  hy  eutfiMstlng  the 
test  process  and  thus  save  tlwa. 

DISCRETE  PtEJVPCY  -  The  first  and  west  obvious 
tast  technique  Is  to  use  discrete  frequencies 
set  on  the  excitation  oscillator  which  generates 
the  excitation  veltaqe  E(t)  In  Flo.  2.  The 
amplitude  of  this  voltage,  EQ,  will  control  the 

final  ampl Itude  of  notion  while  the  f rwuancjr 
of  this  voltage  will  be  the  resonant  frequency 
when  the  eccelaratlon  gain  5^  is  adjusted  for 

resonance.  Once  the  gain  G^  Is  set  at  the 

proper  values.  It  Is  necessary  to  record  only 
th®  frequency  «,  the  excitation  voltage  E^, 

the  acceleration  voltage  e0,  and  t'o  gain  Gx  In 

order  to  obtain  the  natwlal  properties  E  and  n 
given  In  Egs.  23  and  24. 

The  validity  of  these  results  can  then  be 
checked  by  recording  a  daw  sod  oscillation 
trace.  This  traca  can  be  obtained  by  renovlrg 
the  excitation  voltage  E{t)  whenever  It  passes 
through  aero.  The  resulting  test  systca  then 
becomes  one  of  a  si nq1  e-degree -of -f  reedc?*  with 
Initial  conditions  of  a  displacement  with  no 
velocity.  The  excitation  voltm  Rust  be  ®eeo 
at  reaoval  so  that  the  transients  due  to  pulses 
from  the  shaker  will  be  a  ailnlsnae. 

This  test  wthod  can  be  enhanced  by 
automating  the  gain  G  .  TH*  aches*  is  shewn 
in  Fig.  3  where  the  paasemettr  ctssncrcs  the 
excitation  signal  £(t)  and  tbs  accaleroEster 
signal  aQ.  Th#  resulting  output  voltoga  cf  the 

phaseneter  is  then  used  to  activate  a  servo 
which  adjusts  until  resonance  Is  achieved. 
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Figure  3  *  Block  diagram  of  servo  controlled  test  system 
with  automated  gain  control 


Since  acceleration  Is  being  used  as  the  signal 
representing  displacement,  the  ohase  angle  Is 
plus  ninety  rather  than  Qlmj3  ninety,  but  this 
Is  a  minor  consideration  since  the  phase 
relationship  Is  still  ninety-degrees. 

COOTIKUCUS  raWSMCY  SWEEP  TESTS  -  This  type 
of  test  Is  basically  one  where  the  specimen 
properties  would  bs  obtained  at  ell  frequencies 
over  a  given  range.  There  are  basically  two 
methods  of  mechanization  which  can  be  used 
here. 

The  first  method  would  be  to  slowly  change 
the  excitation  frequency  while  the  gain  control 
servo  In  Fig,  3  would  maintain  the  phase  at 
nirety-degreas.  The  second  method  would  bs  to 
change  the  gain  control  at  a  slow  rats  while  the 
output  of  the  phasemeter  would  be  used  to 
control  a  sweep  oscillator  so  that  the  ninety- 
degree  relationship  would  be  maintained. 

This  test  mathed  Is  the  most  difficult  In 
that  errors  due  to  sweeping  at  too  high  a  rate 
will  severely  distort  the  results  while 
sweeping  at  an  estr®*ely  low  rate  will  lead  to 
heating  of  the  test  specimen.  In  addition, 
there  is  a  possibility  that  Instability  of  the 
two  servos  way  result  free  unforeseen  coupling. 


PROPERTY-TEMPERATURE  TESTS  -  A  third  possibility 
would  be  to  obtain  property  variations  due  to 
heat  build-up  at  a  given  frequency  and 
amplitude  of  motion.  By  using  the  gain  control 
servo  In  Fig.  3,  It  Is  possible  to  obtain  a 
continuous  record  of  the  material  properties 
at  constant  Input  frequency  as  the  temperature 
changes.  The  amplitude  of  motion  could  also 
bs  controlled  by  an  additional  servo  control 
or  the  input  force  could  remain  constant. 

In  this  section  several  possible  test 
methods  were  explored  which  Indicate  the 
versatility  of  the  proposed  test  sehene.  Of 
these  test  methods,  the  discrete  frequency  and 
property-temperature  tests  would  probably  be 
most  useful. 

WtiARY 

This  paper  Is  devoted  to  developing  the 
concepts  behind  a  proposed  test  technique  for 
viscoelastic  materials  which  allows  for  a 
quick  and  accurate  measurement  of  the  complex 
modulus  of  the  material  unoer  a  dynamic 
environment  without  significant  heating  of  the 
test  speclssen.  In  addition,  the  sssra  technique 
can  be  used  to  measure  the  change  of  these 
material  properties  as  a  function  of  temperature. 
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While  the  technique  requires  a  lane  snount  o f 
test  egulpnent,  this  eculpp-cn*  is  readily 
available  and  Is  found  in,  *ar>y  vibration 
laboratories.  Tb«  error  t.^slysls  has  shown 
the  test  technique  sc-onlu  ie  batter  than  c*9 
per  cent  vhen  the  mass  angle  deviates  by  less 
than  one-half  decree. 
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PROPERTY  CORRECTION  FACTORS  *r  and  f.  FOR  n  -  1.0 

t  *1 


to 

8t 

Degrees 

8n 

0 

1.0 

1.0 

0.1 

0.99999 

0.99825 

O.S 

0.99995 

0.99132 

1.0 

0.99985 

0.S8276 

2.0 

0.993828 

0.95595 

DISCUSSION 

Mr.  Ruzicka  (Barry  Controls):  Your  entire  Mr.  Ruzirka:  I  have  not  worried  about 

approach  seems  to  be  b-i.se d  upon  the  mass-  wave  effects  yet.  Even  at  a  low  frequency  res- 

sprlng— daahpot  mathematical  model,  especially  onance  If  yon  have  any  significant  degree  of 

If  you  find  a  resonance  by  seeking  out  90  degree  damping,  say  a  q  less  than  eight,  I  think  you 

phase.  If  this  is  a  good  model,  which  it  prob-  can  readily  show  that  the  maas-spring-dashyot 

ably  is  for  very  low  damping,  I  think  this  would  system  will  not  be  a  very  accurate  model  for 

work.  But  if  you  have  any  significant  degree  of  rubber-like  or  viscoelastic  material.  One  must 
damping  I  think  there  is  sufficient  evidence  go  to  many  more  elements  In  the  mathematical 

that  this  is  not  a  very  good  model  for  visco-  modeling,  and  once  you  go  to  these  additional 

elastic  material.  elements  the  phase  angle  la  no  longer  SO  de¬ 

grees  at  resonance. 

Mr.  McConnell:  I  realized  that  this  ques¬ 
tion  would  come  up  when  I  chose  the  simple  Mr.  McConnell:  Even  at  resonance? 

model.  One  of  the  limitations  of  the  system  ia 

that  the  length  of  the  specimen  and  the  highest  Mr.  Ruzicka:  Yes  sir,  the  phase  angle  goes 

frequency  you  can  use  are  limited  when  you  all  over  the  place, 

approach  the  region  of  wave  propagation.  To 

satisfy  first  the  simple  strain  model  you  mu3t  Mr.  McConnell:  This  may  be  a  Ultimate 

have  a  large  1  over  d  (length  over  diameter),  point.  For  the  others  it  may  be  worthwhile  to 

for  aa  you  start  to  chop  the  length  down  the  investigate  this  as  a  quick  method  for  testing  it. 

Poisson  effects,  the  edge  effects,  certainly  come 

into  play.  As  the  damping  goes  up  then  you  get  Mr.  Henderson  (A?  Materials  Lab):  P*r- 

into  problems  if  you  %var.t  the  Pols3on  effect,  haps  I  m  Us  understood  part  of  your  papier  but  did 

the  radial  motion.  Your  question  is  a  legiti-  I  understand  you  correctly  when  you  said  that 

mate  one  and  that  ia  one  of  the  problems  of  you  thought  that  part  of  the  experimental  por- 

proposing  something.  I  have  not  done  it  and  I  tion  could  be  conducted  by  cutting  the  force  off 

know  that  other  people  who  have,  and  will  raise  and  watching  it  decay?  I  wondered  if  you  hav® 

questions  like  this.  considered  in  your  model  the  fact  that  your 
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impedance  head  has  a  stiffness.  This  is  not  the 
ease  as  having  a  ms.es  suspended  on  a  spring 
because  year  impedance  head  is  still  there, 
and  you  do  not  really  have  tero  force  from  your 
Impedance  Head,  you  still  have  the  stiffness  of 
the  impedance  head  hooked  back  to  ground  and 
that  might  present  some  difficulties. 

Mr.  McConnell:  I  considered  that  when  the 
force  was  shut  off,  the  shaker  la  actually  still 
in  the  picture.  It  has  to  be  to  make  aure  that  the 


response  of  th$  system  Is  still  that  of  She  sys¬ 
tem  when  it  teas  cut  off.  AH  you  are  saying  is 
that  the  excitation  E$  is  suddenly  set  to  sero. 
But  you  still  have  the  feedback  cf  the  Eg,  so 
that  the  shaker  is  still  actively  working  within 
the  system.  The  feet  Is  that  you  are  using  both 
fore®  and  acceleration  feedback,  so  that  you 
need  the  impedance  head.  You  have  not  really 
changed  the  system  except  that  you  row  take 
away  the  excitation  portion.  You  still  have  the 
force  and  the  acceleration  feedback. 
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DAMP! KG  OF  BLADE-LIKE  STRUCTURES 
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A  resonant  beam  tuned  damping  device,  comprising  a  flexible  beam 
joined  via  viscoelastic  link3  at  the  ends,  to  a  vibrating  struc- 
ture,  in  described.  This  device  has  the  advantage  of  relying  on 
the  interaction  between  the  bean  stiffness  and  the  link  stiffness 
for  tuning,  rather  than  on  the  link  stiffness  alone  as  for  the 
conventional  tuned  damper,  so  that  a  weight  saving  possibility 
exist3.  An  analysia  is  developed  and  preliminary  experimental 
investigations  are  described  which  support  the  analysis  and  show 
that  significant  damping  of  a  typical  fan  blade  can  be  achieved 
by  U3e  of  such  dampers. 


INTRODUCTION 

Vibrational  problems  in  compressor, 
fan  and  turbine  blades  and  in  helicopter 
rotora  appear  to  be  receiving  more  at¬ 
tention  as  engine  performance  continues 
to  increase.  The  vibrational  character¬ 
istic*  of  these  long,  thin,  blade-like 
strictures  ore  such  that  a  large  number 
of  bending  and  torsional  mode3  can  occur 
at  frequencies  lew  enough  for  excitation 
to  be  potentially  significant.  These 
vibrations  are  often  undesirable,  as  in 
fan  blade  flutter,  and  means  are  being 
sought  to  eliminate  or  reduce  them.  One 
of  the  most  premising  techniques  for  re¬ 
ducing  these  unwanted  resonances  in 
damping.  However,  a  peculiar  character¬ 
istic  of  these  thin  structures  ia  that 
strains  are  usually  email  even  though 
amplitudes  of  vibration  may  be  large,  so 
that  moat  layered  damping  techniques  ere 
likely  to  be  ineffective.  In  fact,  one 
of  the  few  well  knovn  damping  techniques 
potentially  usable  is  the  tuned  visco¬ 
elastic  damper,  which  depends  on  vibra¬ 
tion  amplitude  rather  than  strain  for 
effective  energy  dissipation.  Clearly, 
the  narrow  dimensions  and  the  high  cen¬ 
trifugal  loads  involved  will  usually 
preclude  the  use  of  bulky  conv-antional 
tuned  dampers  and  more  useful  geometri¬ 
cal  configurations  must  be  sought.  One 
of  these  is  shewn  in  Figure  1.  Shown 
ia  a  reconant  bana  tuned  damper  compri¬ 
sing  a  flexible  fc-a&a  supported  by 


viscoelastic  links  at  the  two  ends  which 
will  be  the  subject  of  this  paper. 

In  this  paper,  an  analysis  ia  de¬ 
veloped  for  the  energy  dissipated  per 
cycle  by  a  resonant  beam  tuned  damper  at 
a  point  in  a  vibrating  structure.  A  new 
parameter  is  defined,  namely  the  ratio 
of  the  link  stiffness  to  the  stiffness 
of  the  resonant  beam,  and  ia  sho^Ti  to 
affact  the  performance  of  the  damper, 
along  with  the  better  known  parameters 
of  damper  mass,  loss  factor  and  resonant 
frequency.  The  effects  of  centrifugal 
forces  are  also  considered. 

In  the  experimental  investigation, 
effects  of  centrifugal  loading  are 
measured  along  with  the  effects  of  the 
dampers  on  the  response  of  a  typical  fan 
blade  in  the  first  torsional  mode. 


SYMBOLS 

D  Diametsr  cf  experimental  link 

D  Energy  dissipated  per  cycle  In 
damper 

E'  Real  part  of  Young's  Modulus  of 
link  material 

E*  Observed  real  part  of  Young's 
Modulus  of  link  material 


19 


E  Young’s  Modulus  of  resonant  bean 
material 

G  Static  shear  modulus  of  link 

°  material 

h  Length  of  link 

i  s~=i 

I  Second  moment  of  area  of  beam 
cross  section 

k  Real  part  of  link  stiffness 
(k/2  each  end) 

l  Length  of  beam 

m  Isolated  mass  at  center  of  beam 
(for  tuning) 

M  Net  mass  on  conventional  tuned 
damper 

Q  l/n0  (Quality  factor) 

R  Radius  of  link 


o  Weight  per  unit  volume  of  beam 
material 

a  Shear  stress  in  link  material 

a  Maximum  shear  stress  in  link 
ra  material 

t  Thickness  of  beam 

♦  Shear  strain  in  link  material 

t  Maximum  shear  strain 
m 

u  Frequency 

uD  Fundamental  frequency  of  damper 
ANALYSIS 

Analysis  of  Dampers 

Consider  the  damper  shown  in 
Figure  1. 


t  Tima 

W  Displacement  amplitude  at 

D  station  x  of  damper 

W  Structure  displacement  amplitude 
at  damper  location 

x  Distance  along  beam  (measured 
from  center)  or  distance  along 
link  in  direction  of  shear 
deformation 

y  Distance  along  link  transverse 
to  shear  deformation 


r'  kf 3/2  El  -  Stiffness  parameter 
A (O  See  Equation  (13) 

n  Loss  factor  of  link  material 
nB  Composite  loss  factor 
0  Centrifugal  loading  factor  (g's) 

X  (W»2/EI)1/4 

u  Maas  per  unit  length  of  beam 

i  (u«J£l,/EI)  1//4-Frequency  parameter 

K  (uwlf/EI)  1/4-Valuea  of  K  at 
D  damper  resonance  frequency 

p  Density  of  beam  material 

pQ  Density  of  link  material 

p  Weight  per  unit  volume  of  link 
v0  material 


Figure  1.  Idealized  Damper 

Clearly,  the  conventional  tuned  damper 
(1-3)  will  be  a  special  case  in  which 
the  beam  length  l  becomes  zero  and  the 
two  viscoelastic  links  of  stiffness 
k(l+in)/2  combine  in  parallel  to  produce 
a  single  link  k(l+in).  Let  W  be  the 
response  at  a  point  x  of  the  Samper, 
measured  from  the  center,  and  let  W  be 
the  amplitude  of  vibration  at  the  point 
of  attachment  of  the  damper.  The  Euler- 
Eemoulli  equation 


dx 


has  the  general  solution 

WD  -  A  Cos(Xx)  ♦  B  Ch(Xx)  (2) 

where  X%  «  wuJ/EI  (3) 
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whore  the  antisymmetric  terms  have  been  or 

rejected.  The  boundary  condition  at 
x  «  +  i/2  are  that 


“  k/ni 


'8) 


d?W  /dxJ  -  0 

EI(d3wo/dx3)  »  j  X  (1+in)  (WD-W)  (4) 

and  tho  solution  subject  to  these  con¬ 
ditions  io  readily  shown  to  be: 

WD<x)  »  {-r'WU+in)  [Ch(t/2)Cos(tx/i) 

+  Cos (i/2)Ch ( £x/f ) J } 

»(C3[Sin(!:/2)Ch(C/2)+Sh(i/2)Co9(f/2)  ] 

-  2T*  (l  +  in)CoB(f/2)Ch(C/2) }  (5) 

where  £  »  l£  and  r'  -  ki3/2EI  (6) 

For  values  of  n  less  than  0.2  or  so, 
resonance  occurs  when: 

i3  (Sin(£D/2)Ch(tD/2) 

+  Sh(£D/2)Cos(£D/2)} 

-  2r ’  Cos(£D/2)Ch(£D/2)  (7) 

Graphs  of  £3  versus  r'/i*1,  representing 
the  numerical  solution  of  the  transcen¬ 
dental  equation  (7) ,  are  shown  in 
Figure  2. 


Figure  2.  Graph  of  Experimental 
and  Theoretical  Values  of  £3 
Against  T’/it2  D 


When  r'  io  very  large,  Cos(£  /2)  »  0  so 
that  E*  «  i!  js  r'  •  and,  Dfor  'vary 
small  ur>: 


*  2r’  *  ki 3/EX 


as  would  be  expected  in  the  limiting 
caso  of  a  conventional  tuned  damper. 
Other  interesting  results  from  equation 
(4)  shew  that: 


V0)res  "  {  (W/2) 

Ch(CD/2)  +  Cos(£D/2) 

*  Co3(ED/'2lcM£D/2)  <9) 

and 

V"2)res  *IT^W  <10> 

and  graphs  of  | WQ (i/2) reg/W|  and 
|  V^d  ( 0 )  ^eg/W  I  against  r'/4«J»  are  illus¬ 
trated  in  Figures  3  and  4  respectively. 


—  y* 

- ’  -r  T-T-- 

_ 

_ 

/ 

• 

■  ■  ■  ■ 

w«.i  tjf  r  '•** 


Figure  3.  Graph  of  Experimental 
and  Theoretical  Values  of 

|W  (i/2)  /w|  Against  r’/4tJ 

u  re  a 


Figure  4.  Graph  of  Experimental 
and  Theoretical  Values  of 
!wD(°)res/W|  Against  r’/«*2 
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In  order  to  determine  the  energy  dissi¬ 
pated  per  cycle  in  these  links,  we  re¬ 
quire  the  values  of  Wn(£/2)-W 

V?dU/2)-W  -  {-C3W  iSinU/2,.'hU/2) 

+  ShU/2)Cos(f/2>J  }»U3iSin(£/2)Ch(£/2) 

+  Sh(£/2)Cos (S/2) ] 

-  2T’  (l+in)Cos(£/2)Ch(£/2) )  (11) 

The  energy  dissipated  per  cycle  in  the 
two  links  is: 

Da  -  *kn | WQ (f/2 ) — W 1 2 


itkw2 


n{AU)»2r’Cos(£/2)ChU/2)l 
UU)l2  +  t2r,nCos(C/2)Ch(E/2)3  2 
where  A(i)  -  (  3  (Sin  (!;/2)Ch  (C/2) 

+  Sh (C/2)Cos (t/2) ) 

-  2T 'Cos (£/2)Ch  (£/2) 


(12) 


(13) 


mMKT  »*T«0 


Figure  5.  Graphs  of  Energy 
Dissipation  Parameter  Against 
Frequency  Ratio 


Graphs  of  D/*VW2  against  (£/£„} 2  or 
(o/u  )  are  plotted  in  Figure  5  for  two 
values  of  r'/4»2.  If  r*  -  0,  we  have 
to  take  the  limiting  case  as  r*  -  0. 

It  is  seen  that  the  peak  D  occurs  near 
w/m-  •  1  and  is  the  same  for  all  r'  but 
that  the  bandwidth  over  which  signifi¬ 
cant  amounts  of  energy  i3  dissipated 
becomes  narrower  as  r*  increases.  The 
parameter  r ’/4k2  ha3  been  used  instead 
of  r*  for  convenience  and  foi  corre¬ 
lation  with  the  approximate  analysis  of 

(53. 


Effects  of  Centrifugal  Loading 

Consider  the  forces  acting  on  an 
element  of  a  viscoelastic  link  under  a 
centrifugal  load  of  9  g's  as  in  Figure  6. 
The  equation  of  equilibrium  of  this  ele¬ 
ment  is: 


Gq  »R2  A4  *  ~°wD,rZ 


Figure  6.  Sketch  of  Link  Under 
Centrifugal  Loading 


dhc  +  pvD6  „  Q  (14) 

dy2  go 

since  4  ”  dx/dy. 


The  boundary  conditions  which  the 
solution  of  this  equation  must  satisfy 
are  that  x  -  0  at  y  »  0  and  the  balance 
of  forces  at  y  *  0  gives: 

•»R2  Gq (4)^(5  -  ^  P^btfS  +  pwD*R2hS  (15) 
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The  only  solution  to  meet  *11  these  con¬ 
ditions  is: 


o  ,no  p  bifo 

x  „  — —  (2yh-y;)  +  - -  y 

2Go 


rlv  0vns  c  btfG 

—  -  — —  (2h-2y)  +  — - 

dy  2G  2G 


b  b r to 

-2 -  (17) 


♦«  "  U)y-0 


pwP0h  +  pwbT*° 

G  2G  *R2 

o  o 


i ft  the  maximum  shear  strain.  Also: 
0  “  V  "  (pvDQ/2)  (2h‘2>-) 


+  0wbTi9/2»R2 


..  b  b:(.e 

pvD0h  +  _H -  (20) 

2»R2 


is  the  maximum  shear  stress.  The  values 
of  > ^  and  should  not  exceed  the 
lit  ts  relevant  to  the  viscoelastic  ma¬ 
terial  being  used.  Equation  (20)  may  be 
rewritten: 


since  k  ■  (£'»RJ/h) (l+lRJ/2h})  (24) 

where  £'  i»  the  real  part  of  the  Young's 
Modulus  of  the  viscoelastic  material  at 
tha  damper  frequency  sr.d  the  tars 
l.lR2/2h2  represents  the  shape  effect  as 
discussed  in  the  experimental  investi¬ 
gation. 

Finally,  the  maximum  stress  a  in 
tha  viocoelaatic  material  must  not  bo 
exceeded  under  the  imposed  centrifugal 
field  so  that  equation  (21)  must  be 
taken  into  account.  K*  now  write  this 
in  the  form: 

Oj'Pu 

0 _ _ _  (25) 

bTf/2»R2+owD4/ow 


Equations  (22),  (23),  (24)  and  (25)  can 
be  used  to  design  a  damper  to  meet  a 
specific  set  of  conditions.  We  shall 
not  attempt  to  develop  a  specific  design 
procedure  here  but  will  lock  only  at  the 
calculation*  for  a  specific  geometry. 


Ex  arr.ole 


Consider  the  damper  for  which 
4  -  2.5  lna. 


0.04  ins. 


8p  2wR2 

w 


Design  Considerations 

In  a  specific  damper  design,  one 
would  wish  to  select  the  controllable 
parameters,  namely  k,  4  and  El  in  such 
a  way  a3  to  obtain  the  desired  frequency 
u  for  as  low  a  value  of  r*  as  possible. 


h  -  0.20  ins. 

R  »  0.15  ins. 

D  »  0.30  ins. 
E’  -  650  lb/in2 


253  lb/in2 


b  -  2R 


0..30  ins. 


:w  -  0.101  lb/in3 
E  -  107  lb/in2 
jn  -  0.C505  lb/in3 


and  e£  is  a  function  of  I"  as  in 
Figure  2. 


From  equations  (23)  and  (24): 


43P2  _  15.5  (0.3) 2 _ 

bhx  3  0 . 3x0. 2x (4) 3xl0-s 


36.2x10 * 


k43/2EI 


6*  (El)<^ 


fi  ♦  isi 

t3  [  2h2, 


From  equation  (22)  and  Figure  2 
9.7  A 0 7 x 3 3 6  x  0.040  _  . 


23 


rad/eec  i.e.  562  cp#. 
Then,  from  equation  (255: 


„  _ 25  3/0 .101,  _  _ 

°  "  0-'’3xA.57^r.~>  ”  3.V305X0.2 

2*x (0 . 15) J  0.101 

Finally,  the  total  weight  of  the 
ie ; 


8000 


damce  r 


W  *  c  ftb  *  2*R5h  c  _  »  2.03  grams 
w  wD 

and,  if  G  -  175  It/in5: 

O 


sa  £8  o 


«  1.45 

This  is  rather  high  in  view  of  the 
possibility  of  de-tuning  the  damp-ar,  as 
discussed  in  the  experimental  investi¬ 
gation.  For  this  reason,  0  will  proba¬ 
bly  have  to  be  restricted  to  3000  g's 
or  below,  so  that  t  0.55. 


EXPERIMENTAL  INVESTIGATION 

Materials  Properties  Measurements  for 
Various  R/h  Ratios  and  Static  Shear 
Strains 

In  order  to  determine  the  effects 
of  shear  strain  and  specimen  shape  an 
the  observed  complex  Young's  Modulus, 
specimens  were  made  up  as  shown  in 
Figure  7  using  GE-KTV-830  made  in  a 
1:10  catalyst  to  material  ratio  at  rocaa 
temperature. 


Figure  7.  Experimental  Links 
for  Simulated  Centrifugal 
Leading 

Specimens  were  made  up  with  h  ■  0.32  ina 


and  0  *  1/4  inch.  S/16  inch,  3/8  inch 
and  7/16  inch  and  a  “  0,  7.5s,  18s  and 
320.  The  specimens  were  then  bonded  to 
a  shaker  table  and  the  resonant  frequen¬ 
cy  and  amplification  factor  at  resonance 
measured  for  various  input  levels  and 
tuning  masses  M  {which  must  include  the 
disc  masses,  the  rigid  upper  mass,  the 
added  mass  for  tuning,  the  mass  of  the 
accelerometer  and  cne  third  (1/3)  the 
mass  of  the  viscoelsstic  material  in 
accordance  with  classical  spring  theory). 
Typical  measurements  are  shewn  in  Table 
1.  The  results  show  that  there  is  a 

distinct  variation  of  E „  with  the  R/h 

oce 

ratio,  but  little  or  no  variation  of  n 
or  £'  with  a.  Reference  (4)  shows  a 
distinct  shape  effect  i.e.  relationship 
between  the  observed  E^Vg  °hd  the  actual 
E*  and  R/h  ratio.  This~relationship  is, 
approximately : 


F* 

fcObS 


k*  u  + 


(26) 


If  we  divide  Z’oba  by  1  |  (|)  *  and  plot 

E'  versus  »,  we  should  eliminate  the 
shape  effects.  Figure#  8  to  10  chow  the 
effects  of  $  on  the  values  of  £’  and  n. 

It  is  seen  that  the  effect#  of  *  are  to 
»iaa  11  aa  to  bo  unmeasurable  and  that  the 
shape  factor  given  in  equation  (26)  doe# 
indeed  reduce  the  data  to  a  single  line, 
within  the  limit#  of  expa rimental  scatter 


Figure  8.  Graphs  of  Z’  versus  w 
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Typical 

Measured  Fr 
(input 

tares  l 
cp»rtie«  of  G. 

■  1  g ,  h  "  0 . 

E.  RTV-S30  at 
32  ir.s) 

75®? 

73 

D 

N 

Output 

F7eg. 

n 

E’ 

dog 

ins 

gra 

g’a 

cp* 

ps  i 

0 

VIS 

14.1 

5.5 

473 

.185 

682 

33.0 

5.4 

295 

.180 

5*8 

180.0 

5.4 

120 

.180 

5  30 

5/16 

9.8 

5.7 

391 

.173 

652 

24.2 

5.7 

222 

.173 

519 

46.2 

5 .  S 

163 

.175 

535 

19 

7/16 

17.7 

5.2 

427 

.197 

6  63 

72.5 

5.0 

199 

.204 

593 

104.6 

5.2 

163 

.197 

552 

5/16 

9.9 

S .  2 

387 

.137 

642 

33.4 

5.6 

199 

.182 

573 

72.3 

5.4 

129 

.189 

525 

32 

7/16 

17.7 

5.6 

451 

.181 

741 

45.4 

5.4 

267 

.190 

667 

120.1 

5.3 

158 

.192 

622 

5/16 

9.9 

5.8 

400 

.176 

690 

2S.1 

5.5 

231 

.182 

5  30 

45.2 

5.6 

170 

.182 

570 

Figure  10.  Graphe  of  E'  versus  « 

Measurement  of  Effect  of  Resonant  Seam 
Dampers  on  Response  of  Typical  Fan  Slade 


Tha  fan  blade  illustrated  in  Figure 
11  is  typical  of  many  designs.  A  fix¬ 
ture  was  designed  to  rigidly  clar.p  the 
blade  at  the  rcot  end  this  fixture  was 
attached  to  a  shaker  table  (M3-C10 
shaker) .  Response  measurements  were 
taken  at  various  points  of  tha  blade, 
for  1  g  rms  input  level  at  the  shaker 
table,  usitsg  a  miniature  accelerometer 
(Endavco  2222A) .  Several  modes  were 
readily  identified,  including  the  first 
and  second  binding  modes  and  tha  first 
torsional  Eod®. 


Figure  11.  Typical  Fan  Blade 

In  order  to  make  a  preliminary  sur¬ 
vey  of  the  effect  of  tuned  dampers  on 
the  blade  response,  dampers  of  the  ge¬ 
ometries  shown  in  Figure  12  were  made, 
with  the  0.31  in  high  by  1/4  in  diameter 
links  interchanged  between  dampers  so  as 
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to  eliminate  possible  variations  in 
viscoelastic  material  properties. 


*5Ct 5  «»*«  » 


Figure  12.  Experimental  Tuned 
Damper® 

The  dampers  were  first  tuned  by 
varying  the  additional  mass  m  and  ob¬ 
serving  the  reoocnse  at  the  center  and 
at  the  ends  under  shaker  excitation. 
Typical  results  are  shown  in  Table  2  and 
in  Figure  13.  It  is  seen  that  the  points 
relating  to  1 WQ  (£/2!  /W|  r(3S  and 
jwD  (0)  /W|  a  with  r '/"*'*  agree  veil  with 
the  analysis,  sa  shown  in  Figures  3  and 
4  respectively. 


Each  damper  in  turn  was  than  pieced 
on  the  fan  blade  end  the  tip  resonant 
response  measured  for  various  tuning 
masses,  and  hence  damper  frequencies, 
and  damper  position.  Figure  14  show® 
typical  response  spectra  for  the  damped 
and  undamped  blade. 


Figure  14.  Typical  Response  Spectra 
for  Undamped  and  Damped  Cases  (t  ’-8-* 2 ) 


Figure  13.  Damper  Resonant 
Frequencies 


Figure  IS.  Graphs  of  Amplification 
Factor  A,  at  Slade  Tip,  versus 
Damper  Frequency 


taple  2 

Xeasuremer.t*  on  Resonant  Beam.  Pampers  Crider  Shaker  Excitation 
(input  »  1  g,  h  *  0.32  ins,  D  «*  1/4  in) 


f  1 

ra 

Output 

ins  1 

f-1/2  in 

gn 

(center) 

! 

■  J 

L 

Freq. 

r* 

epa 

Figure  15  shown  the  variation  of  ampli¬ 
fication  factor  A  with  damper  frequency, 
*>_,  and  for  various  damper  positions  for 
rv  «■  0  and  Figure  16  shcw3  the  variation 
of  amplification  factor  A  with  damper 
frequency,  w_,  nnd  with  r'  for  a  f*xed 
damper  position. 


O'  x 


'■ 


\V 


»«  >m  M«  r»  ico  J»  •*» 


Figure  16.  Typical  Graphs  of 
Amplification  Factor,  at  Blada 
Tip,  versus  Damper  Frequency 
for  Various  Values  of  I" 


CCN’CLCDING  REKAAXS 


An  analysis  has  been  developed,  and 
experimental ly  verified  in  part,  for  the 
response  character istica  of  a  resonant 
beam  -  viscoelastic  link  tuned  damper. 

By  proper  choice  of  the  stiffness  of  the 
two  viscoelastic  links  and  of  the  beam 
material  and  dimensions,  this  damper 
configuration  can  be  tuned  to  any  given 
frequency  of  operation  for  a  lower 
weight  penalty  than  in  the  case  of  the 
conventional  rigid  mass/viscoelastic 
link  tuned  damper .  However,  some  sacri¬ 
fice  of  frequency  bandwidth  of  effective 
operation  is  involved  and  the  beam  can¬ 
not  be  made  too  light  if  this  loss  of 
performance  ia  not  to  be  too  great. 

The  resonant  beam  tuned  damper  la  a 
variation  of  the  conventional  tuned  vis¬ 
coelastic  damper  which  appears  to  have 
considerable  potential  for  the  reduction 
of  vibration  problems  in  a  wide  variety 
of  structures,  ranging  from  compressor 
blades  in  jet  engines  to  multi-span 
skin-stringer  panels.  In  each  specific 
problem  area,  new  geometrical  configu¬ 
rations  and  viscoelastic  material  choices 
will  doubtless  have  to  be  roado  in  order 
to  take  full  engineering  advantage  of 
tha  basic  concept. 

For  the  future,  work  is  needed  to 
better  define,  measure,  ar.d  make  avail¬ 
able  to  engineers  complex  modulus  data, 
as  a  function  of  frequency  and  tempera¬ 
ture  ,  for  a  wide  variety  of  viscoelastic 
materials  possessing  other  useful  engi¬ 
neering  properties  such  ns  high  strength. 
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Work  is  presently  in  hand  at  the  AFKL  in 
thi*  area.  Further  work  must  also  be 
carried  out  to  verify  the  effectiveness 
of  the  resonant  bean  damper  concept 
under  test  conditions  more  closely  ap¬ 
proaching  actual  operational  conditions. 
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DISCUSSION 


Mr.  Roue  ho  (Endcvco  Corp):  1  have  the 
Impression  that  your  tuned  damper  was  tuned  to 
the  fundamental  resonance  of  the  blade.  What 
about  second  mode  resonance  of  the  blade,  does 
the  damper  attenuate  the  vibration  at  that 
resonance  ? 

Mr.  Nsshif:  We  did  limit  the  investigation 
to  the  first  torsional  mode.  However  this 
damper  can  be  made  to  operate  at  the  second 
bending  mode  and  the  first  bending  mode. 

Mr,  Unger  (Bolt  Beranek  and  Newman):  Dad 
you  consider  damping  of  the  beam  itself?  In 
other  words  using  a  beam  made  of  a  damping 
material? 

Mr.  Nash  if :  We  did  consider  this  point, 
however,  no  work  has  been  done  so  far. 

Mr.  Ludwig  (Pratt  and  Whitney  Aircraft): 
Was  there  any  consideration  given  to  the  tem¬ 
perature  of  the  structure  for  damping?  Also, 

1  would  lllce  to  know  a  little  more  about  how  the 
beam  la  attached  to  this  particular  blade  or 
specimen. 

Mr.  Nsishli:  The  temperature  range  de¬ 
pends  on  the  material  property  itself.  For  a 


given  required  temperature  range  you  have  to 
select  the  proper  viscoelastic  material.  The 
one  we  used  was  a  good  material  up  to  about 
500  degrees  Fahrenheit,  similar  to  roost  sili¬ 
cone  materials.  For  the  second  question,  those 
dampers  we  built  in  the  laboratory  were  only  an 
experimental  kind.  We  have  not  yet  started 
working  on  practical  dampers,  however,  we 
shall  be  looking  into  them  soon.  Those  dampers 
were  put  on  a  lathe  in  a  slot  by  means  of  epoxy. 

Mr.  Pi  Taranto  (PMC  Colleges):  Could  you 
give  a  physical  explanation  of  the  effect  of  the  ■ 
flexibility  of  the  beam  ?  Why  did  the  flexibility 
of  the  beam  improve  the  damping  over  a  rigid 
mass? 

Mr.  Naghif:  Having  the  extra  beam  dimen¬ 
sions  and  materia!  properties  in  the  equation 
for  the  natural  frequency  of  this  device,  all 
these  parameters  enter  in  and  will  aid  us  In 
selecting  a  wide  range  of  flexibility  as  far  as 
tuning  goes.  However,  in  the  conventional 
tuned  viscoelastic  damper  you  have  only  the 
mass  and  the  length  to  vary. 

Mr.  Jones.  (Air  Force  Materials  Lab.);  I 
just  have  a  comment  on  that  last  question.  The 
damping  was  not  improved— we  never  claimed 
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this.  There  So  a  Sosa  of  frequency  bandwidth  of 
effective  operation,  which  la  tho  price  you  pay 
for  the  extra  flexibility, 

Mr.  DiTsrsr  ’o:  It  oerran  as  tiyc-.h  you 
are  getting  effective  nans  chr.r.  wS'.h  the 
flexibility  of  the  beam.  A  a  yeu  rmd"  the  beam 
more  flexible,  in  effect  you  bed  less  ere rgy  in 
the  beam  for  a  given  cScflectJrn,  so  thrt  you 
should  be  petting  a  higher  Ions  factor  In  that 
there  Is  less  energy  In  the  beam  to  be  dissipated. 

Mr.  Na*Mf :  Actually  when  you  waif  the 
beam  very  flexible  or  soft,  all  the  deformation 
occurs  in  the  beam  and  none  In  the  viscoelastic 


material.  Hence  tittle  energy  la  dissipated  that 
way  because  we  are  lootang  for  msim-rra 
deformation  fa  the  high  damping  material,  not 

in  the  teem. 

Mr.Jtlnyar:  I  might  also  mention  f'  erct 
ta  a  commercial  damping  treatment  s<;!  'a 
which  «3C«  essentially  this  principle  I  ;r. 
what  blindly,  In  other  words  yndcslg-.ed.  7;,:j 
material  cornea  In  strip  form,  eawttelly  a  strip 
of  viscoelastic  material  which  ia  ee’f-rdbnslrp. 
The  adhering  portion  la  about  1/3  Inch  arid*  and 
tae  paper  'covered  portion  Is  about  2  fncb.’S  long 
so  that  there  Is  a  series  of  bridge*  formed  which 
can  resonate  at  an  approprla'e  frequency. 


#* 
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MULTI-LA YER  ALTERNATELY  AJJCHCRED  TREATREJfT 
FOR  CAMPING  CF  SKIH-STEINGER  STRUCTURES 


Cf.pt.  D.  R.  Simons 
Air  Fore*?  Ir.sitltut"  of  Technology 
Nright-Patteroon  AF3,  Chio 


J.  P.  Henderson  and  D.  I.  G.  Jcr.es 
Air  Force  Materials  Laboratory 
Nright-Fatterson  AF3,  Ohio 


C.  H.  Cannon 
University  of  Dayton 
Dayton,  Ohio 


An  energy  analysis  is  developed  for  the  prediction  of  the  effect 
of  a  rulti-Jayor  alternately  anchored  damping  treatment  on  the 
response  and  damping  of  a  typical  skin-stringer  structural  ele- 
rvant.  Experiments  are  described  which  support  the  analysis  and 
show  that  it  in  possible  to  obtain  significant  damping  in  this 
class  of  structure  by  proper  use  and  optimization  of  the  multi¬ 
layer  anchored  treatment.  More  specifically,  it  is  shown  that 
increases  in  the  effective  structure  lean  factor  of  the  order  of 
0.04  can  be  achieved  by  use  of  boron-reinforced  aluminum  con¬ 
straining  bands  for  a  weight  penalty  of  only  l.S  percent  of  the 
weight  of  the  skin. 


INTRODUCTION 

The  use  of  layered  viscoelastic 
damping  treatments  ha3  been  the  subject 
of  a  great  number  of  reports  in  the  last 
decade,  and  many  possible  configurations 
and  materials  have  been  discussed.  How¬ 
ever,  moat  of  these  analyses  have  been 
confined  to  relatively  simple  structural 
systems  such  as  beams  and  single  bay 
plates  and  a  need  has  arisen  t<  r  exten¬ 
sion  of  analysis  to  the  prediction  of 
the  effect  of  these  damping  treatments 
on  the  response  and  damping  of  more  com¬ 
plex  structures  ouch  as  the  skin-stringer 
class  of  structure  used  on  aircraft  and 
spacecraft. 

The  alternately  anchored  vernion  of 
the  constrained  layer  treatment  proposed 
by  Laran  a  few  years  ago  appears  to 
offer  the  hope  of  considerable  amounts 
of  damping  for  moderate  weight  additions 
and,  moreover,  can  be  represented  under 
certain  conditions  in  terms  of  an  equiva¬ 
lent  free-layer  treatment,  thereby 
greatly  simplifying  analysis. 

In  the  present  paper,  a  normal  mode 


analysis  is  used,  along  with  strain 
energy  calculations,  to  predict  the 
effect  of  th8  Lai an  treatment,  taken  as 
an  equivalent  free  layer,  on  the  modal 
damping  cf  a  typical  skin-stringer 
structural  element.  The  analysis  shows 
how  optimum  configurations  may  be  de¬ 
signed  and  an  experimental  verification 
is  described. 


ANALYSIS 

Representation  of  Multi-Layer  Treatment 
aa  a.-.- uz vaient  Free  Layer 

The  damping  treatment  considered  in 
this  paper  is  illustrated  in  Figure  1. 
The  detailed  analysis  has  been  carried 
out  by  Lazan.  Metherell  and  Sokol  Ill* 
and  only  the  main  results  will  be 
utilized  herein. 

In  cases  where  the  surface  strain 
in  the  vibrating  structure  or  member  is 
reasonably  uniform  over  the  length  of 
the  damping  configuration  (vibration 

•Square  brackets  indicate  refezances 
listed  at  the  end  of  this  paper. 
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wav©  length  larger  than  treatment 
length),  the  behavior  of  the  configu¬ 
ration  may  be  represented  with  so ?m» 
accuracy  by  an  equivalent  layer  of  homo¬ 
geneous  damping  material  having  (i)  tha 
name  cross  sectional  area  and  length  L’ 
and  (ii)  attached  to  the  structure  over 
the  distance  L'  as  in  Figure  1. 


»T»KTu*f 


4«)  U*SY*A*W3  CnMH^tOW 


are  functions  of  the  visccelastic  ma¬ 
terial  loss  factor  *>  and  a  parameter  B 
defined  by  0 

B  }-  G(l+n2)1/2U,2/aEt>  (4) 

o 

being  a  measure  of  the  ratio  of  the  vis¬ 
coelastic  layer  stiffness  to  the  con¬ 
straining  band  stiffness.  The  other 
symbols  are  defined  in  the  nomenclature. 
It  will  be  noted  that  in  this  analysis 
Ep  and  do  not  depend  on  the  number  of 
layers  in  the  treatment  since  they  are 
derived  from  a  summation  of  properties 
of  typical  layers.  It  is  recognised 
that  the  first  and  last  layers  are  not 
typical  elements  of  the  treatment  and 
this  makes  equations  (2)  and  (3)  some¬ 
what  approximate  for  three  layers  or 
less;  however  the  accuracy  improves  as 
the  number  of  layers  increases. 

The  problem  has  therefore  been  re¬ 
duced  to  that  of  systematically  varying 
the  parameters  l' ,  t,  E,  G,  a,  b  and  n. 

In  order  to  make  the  problem  more  tracta¬ 
ble  the  values  of  G  and  n  were  taken  to 
be  those  appropriate  to  the  specific 
viscoelastic  material  used  in  the  tests, 
namely  3M-428*  produced  by  Minnesota 
Mining  and  Manufacturing  Company,  at 
room  temperature  and  over  only  a  narrow 
frequency  range  from  about  200  to  300 
cps.  For  this  case  G  *■  52.2  psi  and 
n  -  0.59. 


M  taunr*l.t>iT  r»CC  l*Y«» 
t«*t*  KM  ••  ♦•**<•***) 

Figure  1.  Multi-layer  alternately 
anchored  damping  treatment 

The  effect  of  the  treatment  can  than  be 
considered  in  terms  of  equivalent  com¬ 
plex  Young's  Modulus  EL(l+in  )  and  the 
problem  of  predicting  °the  effect  of 
the  damping  treatment  on  the  response  is 
thereby  greatly  simplified.  The  ex¬ 
pressions  for  Ejj  and  nQ  given  in  (1]  are; 

Ejj  -  k'  (h'/b (a+t)  ] 

-  fbEt,  .  V  ,,MT  +  RV.  (1) 

1  £'ilb(a+t)  V  ♦  V2' 

EL  f  t  I  ft'1  {MT  +  RV] 

•  •  -S.  -  -  —  -  (2) 

e  U+tJ  U'J  It2  +  v2. 

and 

kf  RT  -  MV 

IV  a  — 1  “  ■—  - -  ■  (3) 

D  k^  KT  +  KV 

where  M,  R,  T  and  V  are  functions  of  two 
parameters  a  and  b  alone  as  defined  in 
the  list  of  symbols,  a.  and  b  in  turn 


A  major  question  which  arises  is 
how  to  determine  the  "effective  length* 

L*  in  terms  of  length  of  viscoelastic 
material  t ’  and  tha  anchor  length  l"  as 
shown  in  Figure  1.  Involved  in  this 
question  is  the  relative  stiffness  of 
the  constraining  layer  and  structural 
adhesive  used  in  the  anchoring  area. 

The  assumption  made  in  the  following 
analysis  corresponds  to  the  case  dis¬ 
cussed  by  Lazan  et  al  {1J  in  which  the 
constraining  layers  in  the  anchored  ends 
are  considered  to  be  rigid  and  the  struc¬ 
tural  adhesive  is  allowed  to  deform  in 
shear  as  the  structure- is  strained. 

This  assumption  puts  the  point  of  ef  * 
fective  anchoring  (the  plane  section 
which  remains  plane  after  deformation) 
in  the  center  of  the  anchored  end,  as 
shown  in  Figure  2.  Therefore, 

!.•-«•+  f 

♦  3M-423A,  428B,  and  428C  are  commercially 
available  damping  tapes  consisting  of  an  alumi¬ 
num  foil  constraining  layer  and  a  pressure  sen¬ 
sitive  adhesive  damping  layer,  manufactured  by 
the  Industrial  Tape  Division,  Minnesota  Mining 
and  Manufacturing  Company.  Some  of  the  damp¬ 
ing  treatments  used  in  this  investigation  had  non¬ 
standard  boron-aluminum  or  steel  constraining 
layers  and  3M-428  dampi-  g  layer. 
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Figure  2.  Shear  deformation  of 
structural  adhesive  with  a  rigid 
anchor 

Sene  typical  graphs  of  E^  ar.d  a_ 
for  {"  «  1  inch  are  plotted  against  t* 
in  Figures  3  to  5  and  of  E^n^,  *  measure 
of  the  gross  damping  capacity  of  the 
treatment,  in  Figure  6. 


Figure  3.  Equivalent  free  layer 
properties  for  3M-428  with  various 
backing  materials  (76°F) 

It  is  seen  that,  for  a  particular  selec¬ 
tion  of  damping  and  constraining  layers, 
an  optimum  length  t’  exists  for  which 
is  a  maximum.  In  addition,  it  is 
of  interest  to  note  that  boron-rein¬ 
forced  aluminum**  constraining  layer 
gives  considerable  increase  in  damping 
with  no  increase  in  the  weight  of  the 

••Borsio-jj  -  Aluminum  Tape,  Hamilton- 
Standard1,*  E  ■>  3  x  107  psi 


treatment,  and  that  beryllium  gives  even 
higher  damping. 


Figure  4.  Equivalent  free  layer 
properties  for  3M-423  with  various 
thicknesses  of  aluminum  backing 
material  (76°F) 


Figure  5.  Equivalent  free  layer 
properties  for  3M-428  at  various 
temperatures 

Modal  Characteristics  of  5 true turn 

This  particular  investigation  is 
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concerned  with  the  use  of  a  multi-layer 
alternately  anchored  damping  treatment 
to  damp  resonant  vibrations  of  a  typical 
element  of  a  skin-stringer  structure. 

A  wide  variety  of  such  structural  con¬ 
figuration*,  is  utilized  in  the  aerospace 
industry.  The  structure  shown  in  Fig¬ 
ures  7  and  8  is  representative  of  the 
five  bay  test  specimens  used  in  this 
investigation. 


Figure  6.  Values  o £  n-.E-.  for  3M-428 
with  various  bi'king  materials 


Figure  7.  Overall  geometry  of 
structural  specimen 

It  has  been  shown  {2,  3)  that  the  normal 
codes  of  this  type  of  structure  fall  in 
frequency  bands,  each  of  which  is  bound¬ 
ed  on  the  low  side  by  a  mods  in  which 
the  stringers  predominantly  twist,  known 
as  the  stringer  twisting  mode,  and  on 
the  high  side  by  a  mode  in  which  the 


stringers  mainly  bend,  known  a®  the 
stringer  bending  mode. 


Figure  8.  Detail  geometry  of 

structural  specimen 

When  the  assumption  is  made  that  the 
edge  conditions  along  the  frame  rivet 
lines  are  simple  supports,  then  these 
normal  modes  can  be  represented  as: 

w  “  sin 

In  the  particular  geometry  tested,  the 
ratio  of  the  distance  between  frames  to 
the  distance  between  stringers  wa3  about 
2.2,  so  that  the  lowest  band  of  modes 
(m  »  1,  n  •>  1,  2,  3,4,  5),  generally 
characterized  by  the  absence  of  nodal 
lines  within  any  of  the  bays  of  the 
structure,  is  reasonably  well  separated 
in  frequency  from  the  other  bands  (e.a. 
the  m  ”  2,  n  •  1,  2,  3,  4,  5  band  having 
one  nodal  line  down  the  structure  center- 
line  parallel  to  the  frames  and  the 
m  »  1,  n  ■  6,  7,  8,  9,  10  band  having 
nodal  lines  parallel  to  the  stringers 
along  the  center  of  each  bay) .  This  is 
not  always  the  case,  as  it  is  possible 
with  higher  ratios  of  frame  spacing  to 
stringer  spacing  to  have  frequency  bands, 
such  as  the  m  ■  1,  n  m  1-5  band  and  the 
m  "  2,  n  ”  1-5  band,  which  overlap. 

The  subsequent  analysis  and  expeji- 
mental  investigation  was  confined  to 
damping  of  the  symmetric  modes  in  the 
first  frequency  band  and  no  attempt  was 
made  to  consider  damping  of  the  higher 
modal  bands.  It  is  certain,  however, 
that  these  higher  modal  bands  could  also 
be  damped  by  proper  placing  of  the  damp¬ 
ing  treatment. 

The  structure  considered  in  the 
analysis  was  idealized  as  one  having  end 
conditions  identical  to  the  other  string¬ 
ers  even  though  the  actual  structure  was 
somewhat  different.  The  m  •  1,  n  »  1, 

3,  5  modes  and  their  partial  derivatives, 
as  calculated  by  the  Transfer  Matrix 
technique  ere  shown  in  Figures  9  to  11, 
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along  with  the  calculated  resonant 
frequencies  (4] . 


*, 


Figure  9.  Theoretical  node 
shapes  $n(A) 


& 
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Figure  10.  Theoretical  values 

Of  *^(A) 


Figure  11.  Theoretical  values 

of  a*(A) 

Elastic  Strain  Energy  in  Damped  Skln- 
S'tnncer  Stru'ctura 

Let  the  structure  vibrate  in  a  r.cde 
W  «  ♦  (A)  Sin(’5)  where  A  -  jc/L  end 
5  «  y?l  and  the  function  Sin(fJ)  repre¬ 
sents  the  node  shape  in  the  y-diroction 
and  is  assumed  not  to  vary  with  mode 
number  n.  As  a  concrete  example,  let 
the  structure  consist  of  five  identical 
bays  with  six  equally  spaced  stringers, 
which  are  all  assumed  to  be  of  identical 
geometry.  The  frames  are  assumed  to  be 
rigid  and  the  transverse  displacements 
at  the  frames  are  taken  to  be  zero. 

Pinned  edge  conditions  are  assumed  at 
the  frames,  although  the  experimental 
end  conditions  appear  to  lie  scxr.evhera 
between  the  pinned  and  clamped  end  con¬ 
ditions.  Figures  7  and  8  show  the  panel 
dimensions  and  structural  details.  The 
total  strain  energy  in  the  damped  struc¬ 
ture  is: 

Usn  *  Upn  *  £  Usnj  +  URK5  II  <5) 

where  U  Is  the  strain  energy  stored  in 
the  panel  skin,  U  is  the  strain  energy 
stored  in  the  j  th  J stringer  and  0^^,  ^ 
is  the  strain  energy  stored  in  the  damp¬ 
ing  treatment,  which  occupies  a  part  of 
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the  surface  of  the  par;#*.  The  strain 
energy  in  the  frame  is  ansyreed  to  h4* 
tero.  A  viscoelastic  damping  treatment 
is  added  to  a  central  area  cf  each  bay 
(KEG  ID  and  the  remainder  of  the  panel 
iREG  D  i 9  left  uncovered.  Equation  <5! 
include#  the  elastic  strain  energy 
stored  in  the  damping  treatment,  for 
the  damping  treatments  considered  in 
this  paper,  the  area  referred  to  a* 

•fits  51  will  he  mall  in  cec’rsris'-ci  with 
the  total  surface  area  cf  the  panel  and 
vs  11  be  located  at  the  center  of  each 
bay.  The  location  and  *Sic  cf  PIC.  II 
is  not  essential  to  the  analysis  of  the 
atrarn  energies,  provided  that  it  is 
•wall  in  relation  to  the  total  panel 
area  #o  that  the  analysis  will  be  appli¬ 
cable. 

(a)  Strain  Energy  U  in  Panel  SMn 


Integration  of  the  second  ter®  in  .Eg 
tien  (S)  by  part#  yield*! 

;» 

3,,  *  —•  | 
pn  4t»  j  n 

'  t 


*  ~V~  5*  (D1J 


4  ilik 1  ti) 

.  Evaluating  the  constant*  in  equation  (f) 
In  in- lb- sec  urs'ts  give#;  ..  . 


r  t 

t?pn  -  .OllSljj  (fl*(Dl* 


An  expression  for  the  strain  energy 
stored  in  a  panel  has  been  given  by 
Tiooshanho  151  s 

1  f 

V  -v  !<(K  4  w  )* 

pn  e  ;  l  **  yy 

0  i  o 

-2(l-v)lM  H  -W  dxdy  <6) 

x*  n  ay  J 

substituting  x/L  •  a  and  y/t  «  &  and 
niaiplifying: 

.WlI  [  !..1„  i.  1„  i 


♦  3272  l«a.'Dl5 


♦  112.01*^(4)  J 2 )  di^ 


A  numerical  evaluation  of  the  integral# 
involved  in  Equation  (10)  is  given  in 
Appendix  A. 

(b)  Strain  Energy  In  the  Stringers 

The  strain  energy  in  a  stringer  has 
been  evaluated  by  tin  ($3: 


«  * 

0  m  ~..y.  j  M  1  +  —  SJ  I  r  l 

Pn  2  [t-  *4  ««  0  .-I|c 

o  o  v  vsnj  2  »s 

*■  a 


<Wxyy)idy 


4  FF  *44  V4  4 

4  211^1  W'  d4dS 
tJLl  i.  j 


Since  W  »  *n(4)  Sin(v{)  for  the  particu¬ 
lar  panel  under  investigation,  equation 
(7)  yields! 


4  1„  <V3<Sy 


+  cc  ^)tiy 


o  - 

p  *  <tJ 


f1 

I  <<*n< 
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where  tha  suoscript  j  refers  to  the  j  th 
string--.  Performing  the  indicated 
operation#  on  W  and  simplifying  yields; 

°*nj  “  iFIF  u'Auj,3*8ini’<ds 


+  ^-^ii-^[*^(4)l2di|  (3) 


♦  - r1  {♦  (A.)  ]Jsini»4d4 

2i5  J0  n  J 


+ _  {«a(4j) l2cosJ*id« 

2  ft2  o 


S3 


.‘E 


For  the  panel  used  in  this  Investigation, 
data  was  available  (<)  for  the  numerical 
values i 

E  -  107  lb/ln J 


L  -  32.3  in 
f  »  13.5  in 


h  «*  .05  in 


C  -  1.42  t  10  ’  in* 

C,  „  -  1.3825  x  lo'2  in6 

Wfl 

I  -  3.9S3  x  10"2  in* 
n 

G  -  3.76  x  10G  Ib/in * 


treatment  Kay  be  considered  to  fc~?  the 
•  aria  distance  fro»  the  neutral  i>!<  and 
is  therefore  subjected  to  the  #*.*■«  s.s x  i  - 
nos  total  strain,  “her*  will  be  rx> 
appreciable  change  In  the  distance  from 
the  neutral  axis  far  four  layers  or  lots 
of  the  3M-423A  tape  used  in  the  test*. 
Scr>«  effort  ray  be  noticeable  for  five 
or  six  layers  but  it  should  8* ill  be 
small.  Kith  equivalent  free  layer  ro.'u- 
lua  values  are  developed  only  In  the 
direction  cf  primary  strain  (peryondicz- 
lar  to  the  stringers  for  the  preser. t  in¬ 
vestigation)  and  the  mod  ;  1 u»  vs  lues  in 
the  ether  direction,  parallel  to  the 
stringers,  will  be  several  orders  of 
magnitude  lets.  Since  the  flexure  is 
also  small  in  the  transverse  direction 
for  the  mode*  in  question,  there  is 
little  loss  of  accuracy  in  ignoring  the 
e-ergy  dissipated  cr  stored  due  to  two- 
dimensional  flexure  in  the  damping  trn-s.t- 
ment.  Therefore: 


12  *  I  °II 


(vxx)2  dx  dy 
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(M^J  1  dx  dy  (14) 


Evaluating  the  constants,  the  equation 
for  U  .  becomes: 

en  j 

V)  " 

♦  3912.5(^(4^)*  (13) 

in  in- lb-sec  units. 

(c)  Strain  Energy  TT  in  the 

Eg ■. itvaAent  Fro-':  Lsysr 

Consider  a  free  layer  damping  treat¬ 
ment  covering  an  area  RUG  II  of  the 
panel.  Any  other  type  of  damping  treat¬ 
ment  which  can  be  represented  in  terms 
of  an  equivalent  free  layer  treatment 
can  be  analyzed  in  the  same  manner.  The 
actual  treatment  considered  in  this 
paper  is  the  alternately  anchored  mul¬ 
tiple-band  treatment  proposed  by  L-aian 
and  discussed  in  the  analysis.  Thi3 
particular  analysis  assumes  that  the 
surface  strain  in  the  member  ia  reason¬ 
ably  uniform  over  the  treatment  area  and 
that  the  treatment  thickness  is  small 
compared  to  the  panel  thickness.  The 
first  assumption  should  be  net  as  long 
ea  REG  11  is  small  in  comparison  with 
the  panel  dimensions  in  the  direction 
of  primary  strain.  The  second  assump¬ 
tion  ia  used  for  the  Bake  of  simplicity 
so  that  each  layer  of  the  damping 


vhera  D. ^  is  the  flexural  rigidity  of 
the  pxa*e/dasping  layer  combination 
allowing  for  the  shift  of  the  neutral 
axis  and  D  is  the  flexural  rigidity  of 
the  undamped  panel  about  the  center  of 
the  skin  thickness. 

(d)  Total  Strain  Energy  in  the  Carped 

Structure 

If  an  equivalent  free  layer  treat- 
rent  ia  added  to  the  structure.  Equation 
(5)  r.ay  new  be  written: 


sn  4i,J 
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l  U* 

j-1 


Wxx  dxdy 
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(i)}2  *  l^-(»n(4)l3 


'  0  ^ 

2  •  2  t  5  ^*1 

— T-t^Un1!  di 


If  d  *  ♦  (a)  Sin<»«)  a*  before:  the  ex-- 

pres*icnnfor  U  can  be  rewritten  a*: 

sn 


DfH  6 

°Bn  ”  4L J  *  °*nj 


t« *  (4) )  JsinJ9fdi<34 


REG  II 


14 *  (4)  1  3 sin3 * Sd.'idS  (18) 


REG  II 

An  expression  for  D^j  which  includes  the 
effect  of  the  shift  of  the  neutral  axis 
of  the  panel  due  to  the  damping  treat¬ 
ment  haa  been  developed  in  Reference  (7) 


Eh3A  EDh3s 

DII  “  24 (1-v3 )  +  24  (1-v3) 


-  ed/e 


(1-H3c)3  +  M-»(2M->Ns)e]3 


(1+N  e) 3 


(2S+1+H3e)3  -  (1-H;e)  3 


(1+S  e)3 

where  N  "  ratio  of  the  equivalent  damp¬ 
ing  layer  thickness  to  panel  thickness 
<h)  . 

So  that: 


Eh’fH  r 

n  m  . .  ,** .  +  l  tj  4. 

■a.  4  8L3  (1-v3 )  J-l  snj 


Ehsf 

♦  - - - —  JA-2  J  t«"(*}]:ain3'««d&ds 

48I.3(l-v3>  B 

REG  II 


BSDh3f 

♦  — — - —  [**  (fi)3J3inJ*e<5id5  (23) 

48E3 (1-v3 )  n 
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ruivalent 


Consider  a  bean  section  of  un¬ 
stretched  length  »L/J  (where  J  ia  the 
number  of  spans  and  i  is  the  ratio  of 
equivalent  free  layer  treatment  length 
to  span  length  in  the  x  direction)  and 
assume  the  radius  of  curvature  in  the 
x  direction  is  constant  over  the  treat¬ 
ment  area  (See  Fig.  12).  Consider  a 
fiber  within  the  viscoelastic  material 
some  distance  z  from  the  neutral  axis. 


Energy  Dissipated  in  the  E; 
free "Layer  Treatment 


Figure  12.  Deformation  of  element 
of  free  layer  treatment 

The  elongation  of  this  fiber  is  readily 
shewn  by  elementary  bending  theory  to  be: 

x  -  wxx  <24) 


Considering  the  fiber  as  a  stretched 
spring,  the  spring  stiffness  is  given 
by 


BEST  wniable  COPX 


vh*te  (t  in  *n  incremental  value  of  * 
end  8  is  the  ratio  of  the  width  of  th» 
treatment  to  the  vidth  of  the  span  in 
the  y  direction.  The  extensions!  vctfc 
done  per  cycle  which  equals  the  enercy 
dissipated  per  cycle  in  a  spring  of 
Stiffness  k,  lose  factor  t  ,  and  dis¬ 
placement  X  is  (7]i  " 


<!>Pn  -  "Dx‘k 


where  5 r»D ^  1®  the  portion  of  the  energy 
dissipated  per  cycle  for  one  fiber. 
Substituting  Eq  (24)  and  (25)  into  Eq 
(2C)  and  further  assuming  that  the 
curvature  varies  slowly  the  treatment 
length  L'  v«  have 


ed  r  wnD)(*^*)Wxx 


Since  the  curvature  in  the  y  direction 
and  the  treatment  width  in  the  y  direc¬ 
tion  are  both  snail,  the  above  analysis 
ia  valid  for  a  panel,  particularly  in 
view  of  the  low  stiffness  of  the  treat- 
rent  in  the  y  direction  ccstpored  with 
that  in  the  x  direction. 

Effective  Systen  t^ss  Factor* 

A  parameter  generally  considered  in 
dadoing  analysis  is  the  system  loss 
factor  ■>  .defined  aa : 

%7i 


where  ia  the  total  energy  dissipated 
within  the  structure  per  cycle  ar.d  L’sr, 
is  the  total  energy  stored  1 8 J .  The 
energy  dissipated  within  the  structure 
can  be  represented  as 


REG  IIj^ 

is  the  average  W  2  i-n  reg  1Ii*  the  por¬ 
tion  of  REG  II  in  scan  i.  Integrating 
both  side3  of  the  equation  over  the 
thickness  and  letting  J  «  5  results  in 


D  -  D_  tD 
an  Bn  on 


It  is  frequently  difficult  to  determine 
D  ,  the  energy  dissipated  in  the  nomi¬ 
nally  undamped  structure,  oo  it  ia  con¬ 
venient  to  define  a  new  dajiping  parameter 
n'  where 


1  'E° 


u"d 


(M+N)h 
z2dz  (28) 


where  the  symbol  1  is  used  to  indicate 
i=l 

that  the  value  of  D„  must  be  determined 
On 

for  each  span  and  added  to  give  the 
total  energy  dissipated  and  xh  ia  the 
distance  of  the  neutral  axis  from  the 
common  surface.  Recognizing  that 
W  ■»  ♦n(i)sin»4  in  the  a  th  mode,  Eq  (23i, 
in  the  case  of  panels,  reduces  to 


Rewriting  Eq  (31)  as 


2»U  U 
on  l  sn 


It  is  now  seen  that  n’  is  related  to  n 
by  sn  sn 

nar,  ”  (0,n/U„  )  a-  n '  (35) 

sn  on  cn  sn  sn 

where  n  can  be  determined  using  ex¬ 
on 

perimental  data  as  described  later. 


„  .  1  :y.“> 

Dn  i-1  JL*(X-vd)j 


(M+N) h 


1(4 *  (4)  1 2sin2  * i  I  z2dz  (29) 

<-  n  JJKh 

The  integral  in  the  above  equation  ha3 
been  evaluated  (7)  30  that: 


5  *Erih3i8fs„B(i"  (i)  )2sin2->« 

l  —5 - 5 - 2 -  (30) 

(-1  24L3(l-v2)J 


The  theoretical  value  of  n’  can  be 

an 

calculated  by  substituting  Eq  (30)  and 
Eq  (23)  into  (Eq  (33). 


5  E_h315fn-Bt»'(A)]23ir.2»4 

r  _ D  n 

iLl  48L3(1-v2)J7 


where  T  is  defined  as: 
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to  evaluate  Eq  5451  for  several  eon fig - 
EhJ(ll  Eh’/tA-J)  orations  of  damping  tape#.  Saw  results 

V  m  - 0 —  4  -  f,  i  are  plotted  in  figure®  13  -  14  for  <«1. 

48Lj  (1-v* )  48t,l(l-vJ)  n 


Cn  ■  !*“(&) 1 JslnJ  »SdSdS  (37) 

REG  11 

and  Hn  is  given  by  Eq  (17).  Dividing 
numerator  and  denominator  by 
Ejjh3f/48I,5  (l-v£p  and  simplifying, 

5 

I  u:t4nJtsin2,s)(H)  B 

V n  „  1"1  n _ J 

D  fill  48L3(l-v3)  6 

\—JL  + - r  „ 

\  o  J^h  H  j-X  an3 


+  (B  +  |  (A-2)Hcn)J  (38) 

where  %  "  <l-v^)  /  (1—v2)  and  e  *  Ejj/E. 
Now,  recognising  that 

5  - 

Cn  “  ^  I  t4;<4)l5sin3*«  (39) 

i«l  n 

and  dividing  both  numerator  and  denomi¬ 
nator  by  the  numerator,  Eq  (38)  reduces 
to 


Figure  13.  Theoretical  and  experi¬ 
mental  variation  c£  n’  with  l'  for 
3M-423  tape  (3  layers?*1 


L*"T7*.  jT  t-  » 


The  parameter  Cn  has  been  evaluated  in 
Appendix  B.  It  ia  seen  that  Cn  ia  nearly 
independent  of  the  mode  but  does  depend 
on  the  coverage  as  in  Figure  20.  n’ 
will  therefore  be  approximately  thesn 
some  for  every  mode  provided  and  eq 
are  independent  of  frequency.  Minor 
variations  will  occur  in  practice  as  a 
result  of  oD  and  Jb  changing  with  fre¬ 
quency.  A  computer  program  was  written 


Figure  14.  Theoretical  and  experi¬ 
mental  variation  of  nla  with  ■£*  for 
3M-428  with  Bo/A t  backing  (6  layers) 

The  parameter  n'  physically  repre¬ 
sents  the  actual  damping  factor  only  if 
the  structure  has  no  inherent  damping. 

It  could  be  used  as  a  first  order' ap¬ 
proximation  to  the  damping  factor  in 
structures  where  the  inherent  structural 
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damping  vaa  known  to  be  low,  for  example 
in  the  vsrti-on  of  outer  space,  or  it 
could  bo  us ad  in  conjunction  with  £q 
(35)  to  determine  the  actual  damping 
factor  ns  defined  by  haran.  The  ratio 

of  t?  to  V  has  boon  evaluated  in 
on  sn 

Appendix  C  and  is  found  to  be  very  close 
to  unity,  varying  from  about.  O.SS  to 
0.99. 

EXPERIMENTAL  INVESTIGATION 

The  experimental  portion  of  this 
investigation  was  conducted  with  the 
equipment  shown  in  Figure  15. 


( 

..  4 


'  V  j  '  ,  '1 

’  1  *■ 

Figure  15.  Overall  view  of 
experimental  apparatus 

A  skin-stringer-frame  specimen,  such  as 
shown  in  Figures  7  and  8,  was  attached 
to  a  fixture  which  consisted  of  two 
aluminum  I-beams  connected  at  their 
flanges  with  1/2  inch  aluminum  plates. 
Although  the  fixture  va3  assumed  to  be 
rigid,  it  was  carefully  tested  to  in¬ 
sure  that  no  fixture  resonances  existed 
in  the  frequency  range  of  interest  for 
the  panel  (200-300  cps) .  The  specimen- 
fixtu~e  combination  was  mounted  on  the 
table  of  a  1200  force  pound  electro¬ 
magnetic  shaker. 

Input  acceleration  was  controlled 
with  an  accelerometer  mounted  on  top  of 
one  of  the  frames.  Control  accelerom¬ 
eter  location  was  selected  to  minimize 
variations  in  the  input  acceleration 


along  the  frame*.  Panel  response  waa 
measured  using  a  0.5  gram  micrc-tsir.ia- 
ture  piezoelectric  accelerometer  placed 
in  various  position*  cn  the  vibrating 
panel.  The  0.5  gram  accelerometer  was 
considered  to  be  about  the  heaviest 
which  could  be  used  on  this  panel  and! 
still  have  negligible  rasa  loading 
effects  on  the  specimen  rode  shapes  and 
frequencies  (43.  Signal  conditioning 
of  the  accelerometer  output  signal  was 
accomplished  by  using  an  accelerometer 
amplifier  with  a  metered  output  cali¬ 
brated  to  read  acceleration  directly  in 
g’s.  The  response  of  the  panel  waa 
measured  at  various  positions,  both  un¬ 
damped  and  with  various  damping  configu¬ 
rations  consisting  of  alternate  layers 
of  metallic  backing  material  and  visco¬ 
elastic  dar.oing  material  one  inch  wide. 
Configurations  tested  had  half  inch  or 
one  inch  anchored  ends  l “  and  0.5,  0.75, 
1.25,  and  2.0  inches  of  viacoelastiq 
material  l '  and  both  aluminum  (E»IQ'pai) 
end  boron- aluminum  (Bo/Af)  or  steel 
IE  •  3  x  10'  psi)  backing.  Anchoring 
at  the  ends  waa  effected  with  Eastman 
910  adhesive.  The  treatment  was  applied 
with  the  longer  dimension  perpendicular 
to  the  stringers. 

Since  mo3 t  viscoelastic  materials 
are  temperature  dependent  and  the  damp¬ 
ing  mechanism  utilized  was  one  of  energy- 
dissipation  as  heat,  a  thermocouple  was 
installed  within  the  viscoelastic  ma¬ 
terial  and  the  temperature  monitored  xn 
all  three  inodes.  Temperature  variations 
with  frequency  were  negligible  with  re¬ 
spect  to  the  room  temperature  variations 
of  3-5“F.  To  all  intents  and  purposes, 
temperature  was  constant  throughout  this 
investigation. 

Initially,  acceleration  amplitude 
measurements  were  taken  in  both  the 
transverse  (y)  and  longitudinal  (x)  di¬ 
rections  and  the  mode  shapes  so  deter¬ 
mined  are  shown  in  Figure  16  and  17. 


Figure  16.  Measured  transverse 
mode  shapes  for  undamped  panel 


It  was  determined  that  the  mode  shape 
in  th®  transverse  direction  remained 
constant  within  the  limits  of  experi¬ 
mental  error,  for  all  five  bays,  and  all 
Code  shape*,  both  damped  and  undamped. 
The  transverse  normal  mode  shape  was 
approximately  a  half  sine  wave  as  shown 
in  Figure  16.  The  transverse  mode  shape 
did  tend  to  flatten  near  the  frames  (at 
y  *  0  and  y  •  t) ,  but  it  did  not  depart 
greatly  from  the  assumed  sin©  form. 
Kessurad  longitudinal  mode  shapes  of  the 
panel  damped  with  three  alternately 
anchored  layers  of  3M-428A  tape  are 
shown  in  Figure  18,  and  mode  shapes  for 
the  panel  damped  with  a  similar  configu¬ 
ration  of  six  layers  of  boron  reinforced 
aluminum  constraining  layers  and  3.M-423 
adhesive  are  shown  in  Figure  19. 


& 


to  predict  *i*  from  energy  calculations 
based  on  the  theoretical  mode  shapes. 


A 


A 


Figure  18.  Typical  measured  mode 
shapes  for  damped  panel  with  3M- 
428A  tape  (3  layers),  £'  *  0.75" 

It  can  be  seen  that  the  theoretical  and 
measured  undamped  mode  shapes  agree 
reasonably  well,  the  largest  variation 
occurring  in  the  second  and  fourth  spans 
for  mode  3.  In  addition,  the  measured 
mode  shapes  for  the  panel  damped  with 
three  layers  of  3M-428A  tape  are  in 
reasonable  agreement  with  the  undamped 
measurements.  However,  the  influence 
of  the  heavier  and  stiffer  six  layer 
(Bo/Af)  configuration  on  the  mode  shapes 
can  be  seen  in  Figure  19. 


Figure  17.  Measured  longitudinal 
mode  shapes  for  undamped  panel 

There  was  appreciable  scatter,  about 
+10%,  in  the  measurements  for  the  un¬ 
damped  panel  and  similar  scatter  in  the 
damped  panel  measurements.  One  source 
of  the  observed  scatter  was  probably 
the  micro-miniature  accelerometer.  Ob¬ 
served  acceleration  values  showed  a  de¬ 
pendence  on  the  exact  position  of  the 
accelerometer  on  the  panel  and  the  lo¬ 
cation  of  the  accelerometer  lead. 


Typical  experimentally  determined 
values  of  ngn  are  compared  with  the 
theoretical  predictions  in  Figure  13  and 

14.  These  values  of  n*  are  calculated 
sn 

from  the  relationship,  derived  from 
equations  (35)  and  (D15) , 


n 


* 

sn 


n  n 


(42) 


A  comparison  of  the  theoretical 
mode  shapes  in  Figure  9  with  the  measured 
mode  shapes  for  the  undamped  and  damped 
panels  in  Figure  17-19  gives  an  indica¬ 
tion  of  the  accuracy  of  the  analysis  used 


where  a  and  4(1)  are  calculated  from 
n  n 

measured  mode  shapes  of  the  undamped 
structure  based  on  the  response  measure¬ 
ments  presented  in  Figure  17  with  the 
assumption  that  the  mode  shape  in  the 
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f, 
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transwrco  direction  is  a  half  sins 
wave.  A  (a)  is  tha  observed  asplif lec¬ 
tion  factor  for  tho  damped  panel  as 
plotted  against  &  in  Figures  13  and  19. 


m  o*  e  «  c*  -t> 

* 
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Figure  19.  Measured  mode  shapes 
for  damped  panel  with  3M-428 
adhesive  and  Bo/A/  backing  (6 
layers) 

It  should  be  noted  that  differences  In 
the  mode  shapes  caused  by  the  damping 
treatment  were  neglected  and  A  (0.5)  was 

used  in  each  case.  r,  was  calculated 
on 

from  equation  (D14)  using  the  measured 

values  of  A  .0.5)  for  the  ur.damced 
n 

structure.  U^/U  m  vas  taken  to  be 
on  cn 

unity  since  the  error  introduced  by  this 
assumption  (based  on  theoretical  values 
of  0  /U  in  Appendix  C)  is  small  com¬ 
pared  to  experimental  scatter.  Table  1 
shows  the  values  of  parameters  in  Eq  (42) 

U3ed  for  determination  of  n 1 

8  n 

DISCUSSION 

Comparison  between  the  theoretical 
predictions  and  the  experimentally  de¬ 
termined  values  of  n8n  shows  that  the 
theory  was  generally  successful  in  pre¬ 
dicting  tne  axnount  of  damping  that  could 
be  expected  from  the  application  of  a 
multi-layer  alternately  anchored  damping 
treatment  on  this  type  of  structure.  It 
is  noted  that  the  theoretical  analysis 
wa3  more  accurate  for  the  cases  in  which 
tha  measured  mode  shapes  agreed  fairly 


closely  with  the  theoretical  rode  eh ap«#. 
In  moos  3,  where  the  variation  between 
theory  and  measurement  was  th*'  greatest, 
the  theory  conri stent ly  predicted  higher 
values  of  nj  than  were  observed  experi¬ 
mentally.  This  teams  reasonable,  since 
if  the  experimental  mo da  chape  is  normal¬ 
ized,  the  curvature  in  the  first  and 
fifth  spans  is  lever  than  predicts!. 

Thus  the  damping  treatment  experience* 
less  strain  than  considered  in  the 
theory.  Deviation  between  theory  and 
experiment  for  tho  six  layer  Bo/A/  con¬ 
figuration  can  be  explained,  in  part, 
by  tha  fact  that  tha  mode  shape*  changed 
due  to  the  adoition  of  tha  damping 
treatment. 

Aa  previously  discussed,  the  theory 
in  this  paper  is  based  on  the  assumption 
that  L’  ■  /’  ♦  i“,  or  that  the  constrain¬ 
ing  layer  is  rigid  in  the  anchor  area 
and  that  shear  deformation  occurs  in  tha 
structural  adhesive,  as  shown  in  Figure 
2.  Actually  this  io  one  of  the  limiting 
cases  considered  by  Lazan  «t  al  11). 

The  other  limiting  case  is  when  th® 
structural  adhesive  ia  considered  to  be 
rigid  in  shear  and  the  constraining  lay¬ 
ers,  in  the  anchor,  strain  the  came  as 
the  structure.  In  this  latfir  case 
L’  «  f*.  Experimental  measurements  fl] 
indicate  that  L*  *  f  *  t"/2  might  be  a 
more  valid  assumption  (i.e.  the  point  of 
effective  anchoring,  or  ur.distorted 
normal  olane,  is  midway  between  the  in¬ 
side  edge  of  the  anchor  and  the  center 
of  the  anchor).  The  effect  of  making 
this  assumption  on  ths  six  layer  Bo/Af 
data  is  shown  by  the  da3hed  line  in 
Figure  14,  with  a  resulting  increase  of 
correlation  between  theory  and  experiment. 

SUMMARY  AND  CONCLUSIONS 

It  has  been  shown  that  effective 
analysis  of  a  multi-layer  alternately 
anchored  damping  treatment,  applied  to 
a  skin-stringer  structural  element,  can 
be  accomplished  using  the  concept  of  an 
equivalent  free  layer  damping  treatment 
and  energy  calculations  based  on  mode 
shapes  generated  by  a  transfer  matrix 
analysis.  Numerical  results  have  been 
presented  demonstrating  the  effects  of 
changes  in  constraining  layer  stiffness, 
adhesive  thickness,  temperature,  and 
length  for  a  damping  treatment  utilizing 
a  commercially  available  damping  adhesive. 
Furthermore,  properly  optimized  and 
appropriately  located  on  the  structure, 
thi3  "type  of  damping  treatment  can  give 
significant  damping  for  very  small 
addition  of  weight.  In  the  case  con¬ 
sidered  for  the  six  layer  boron/aluninun 
conf iguration,  structural  loss  factors 
were  increased  by  about  0.04  with  3 
graun3  of  damping  treatment  per  span  or 
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about  1.3%  increase  in  the  weight  of 
the  skin.  This  weans  that  resonant 
amplification  factors  for  the  lightly 
damped  modes  in  the  untreated  structure 
were  reduced  by  a  factor  of  about  five. 
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Appendix  A 


NUMERICAL  RESULTS 

Consider  the  numerical  evaluation  of  U  and  0  .  based  on  an  assumed  mode  nor¬ 

malized  at  the  center  of  the  panel  (4  «»  .5)?  Actual"3  energy  values  would  have  to  be 
factored  by  the  proper  number  to  reflect  true  displacements.  Curves  of  ♦  (4)  ,  4^(4) , 
and  4" (4)  are  plotted  in  Figures  9  to  11  based  on  calculations  using  a  Transfer 
Matri2  Technique  [4].  The  data  only  includes  five  points  for  each  bay  so  that  the 
curves  are  somewhat  approximate.  Specific  integrals  involved  in  the  present  analysis 
are  given  in  Table  2. 


It  would  be  possible  to  determine  numerical  values  for  U  based  on  a  one  inch 
displacement  at  the  center  of  the  panel  ix  desired;  however,  ”  vhat  figure  is  not  a 
particularly  useful  parameter  in  this  analysis,  so  only  the  ratios  of  energies  will 
be  considered.  The  same  curves  are  used  to  evaluate  U  .,  and  Table  3  shews  the 

values  used  in  the  evaluation  of  1)  .  3 

snj. 
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TABLE  1 

Measured  Data  for  Undamped  Structure 


a 

0.228 

0.599 

2.03 

n 

V*s> 

37 

69 

30 

n 

0.0061 

0.0037 

0.0693 

on 

TABLE  2 

Data  for  Theoretical  ?<odes 


42  (4)d a 


] 

U' 

n 

o 

''k 

< 


(4)]2d4 


(4)]2d4 


U  /U 
on  sn 

(N 

» 

.16) 

u  /u 

on  sn 

(N 

.32) 

U  /U 
on'  sn 

<N 

MX 

.48) 

U  /U 
on'  sn 

(N 

at 

.64) 

U-./U 
on  a*r 

<N 

X2 

.80) 

U  AJ 
on  sn 

(N 

XX 

.96) 

3 

5 

0.258 

0.245 

58.5 

50.0 

39. -JO 

45,888 

.990 

.989 

.973 

.971 

.950 

.948 

.924 

.920 

.893 

.883 

.855 

.849 

EVALUATION  OF  C 

n 

The  equation  for  Cn  is 


Apoendix  B 


JH  48LJJ(l-v2)  1  U 

Cn  "  T-ZZZZ  =Z=  + - 5'  —  =  ‘B-U 

I  t4’ (4) ] 23in2*4  Eh *£  F  [ $ " (4) ] 2  sin2 *  4 
i-1  i-1  “ 

where  the  summations  shown  in  the  denominators  are  over  the  central  regions  of  the 
panel  only  so  the  sin2 *4  term3  can  be  dropped  from  the  analysis  since  they  are 
approximately  1  at  the  centers  of  each  span.  Using  this  approximation,  the  ex¬ 
pression  for  C  reduces  to 
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-  ♦ 


l  U»nj 


T  [*-(&) 3 2  Eh H  I  I*- <a)l 2 
i«i  n  1-1  n 

Evaluating  the  constants  a-, .5  substituting  Eg  (13)  gives: 


I  t^un2 


-f  -»---- -  l  i  1.387(0’  (a  . )  3 2  <•  3912.5Un(i,))2)  (B.3 

2  -Htal  n  J  DJ 

I  (<(fi))2  31 

i-i  n 

Recognising  that  H  is  the  value  of  the  integral  in  Eq  (10)  and  talcing  the  values 
f rea  Table  3,  it  i8  possible  to  determine  the  values  of  Cn  as  below  for  X<<lt8<<l. 

ci  “  Lro-ow  +  tMz  <209,8>  ’  0,790  *B-' 

c3 "  TiTgrr-  *  WJZ7?  U34,6)  “  °-808  <B,! 

cs  “  +  SiHeiT  <140>  “  0,767  lB,< 


For  other  values  of  x,  8  J  [i"(45]2  haa  to  b*  evaluated  numerically.  Results  of 

i-1  n 

these  evaluations  are  given  in  Figure  20. 

TABLE  3 

Numerical  Values  for  the  Strain  Energy  in  the  Stringers 
Based  on  Theoretical  Modes 


Sj/4) 

♦  i<4) 

1.3871^(4)1* 


3912. 5I$2 (a) ] 2 


1.3S7U'(4)]2 

♦  s(4) 

3912.5[*3  (h)  ]  2 

♦  £(4) 

1. 387 j  (4)1* 


Figu.ro  20.  Variation  of  Cn  with  coverage 


Aooendlx  C 


EVALUATION  OF  U  /U 

on  an 

UM  and  U8n  are  given  by  Eg  (23)  with  and  without  REG  II,  respectively i 


EhJfH  6 

S—  -t  T  o 


V 


4 3 1. 3  (1-v2  )  »n3 


«n  Eh 3 fa. 


—  +  .1.  u»m  + 


Eh3£ (A- 2) 


L  » -  . 

48L3  (i-v2 )  J”1  ‘  48L3(l-v2>  “ 


UJ  ♦ 


B2_h  3 1 


(C.l) 


48LJU-v2) 


3<n3 


where 


Ji”  (J) ] s3in2nidad« 
n 


(C.2) 


REG  II 

Dividing  numerator  and  denominator  by  Eh3f/4SL3 (1-v2 )  and  simplifying  results  in 


U 


i  +  IBfLii-il  \  „ 

n  Eh 3 1  jii  sn3 


S"  H  +  -8L-3  (l--'j2)  l  Os  ♦  (A-2+Be/x)lcnJ 
n  Eh3f  j-1  803  n 


(C.3) 


Now,  again  recognizing  that 


t_  “  41  I  (i"U)]2sin2*« 
n  J  ,  n 


(C.  4) 


and  dividing  numerator  and  denominator  by 
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(C.5) 


U 

U 


on 

an 


ViS 

C  / A  S  +  A-2  +  Ee/x 
n 


Values  of  U  /U  were  calculated  for  several  cases  and  are  listed  in  Table  2. 
on  an 


Appendix  D 

RESPONSE  OF  THE  SKIN  STRINGER  STRUCTURE  ON  THE  SHAKER 

Let  the  structure  be  made  of  a  material  of  effective  complex  modulus  E(l+in  ). 
Let  X  exp(iut)  be  the  input  of  the  shaker  at  the  frames  where  the  frames  are  asiumed 
to  regain  rigid  and  let  W(x,y)  exp(iut)  be  the  response  of  the  panel  relative  to  the 
frames  so  that  a  moving  coordinate  system  is  being  cjnsidered.  Expanding  W  as  a 
series  of  normal  modes  results  in 


W(x,y)  =  l  Wn$n(*/L)  sin*y/f 
n 

The  equation  of  motion  becomes 


(D.l) 


or 


DU+iO^W  “  P“2tw  +  X  )  =  0 

O  0 


(D.2) 


D (l+in„) ?4W  -  pw2W  =  pw2X 
o  o 


(D.3) 


and,  for  the  n  th  normal  mode, 

Dv',in(A)  sin»S  =»  pw2  ♦n(A)sinn«  (D.4) 

Substituting  Eq  (D.l)  into  Eq  (d.2)  results  in 

v'*yD(l+in  )  W  A  (A)sin*5  -  ow2y  W  a  (A)sinnJ  =  pi»2X  (D.5) 

L  on  n  n  u  n  n  o 

where  n  is  the  value  of  n  appropriate  to  the  n  th  mode.  Expanding  X  as  a  series 
of  norm§2  modes  also  gives  °  ° 


Xo  -  y  Xn$R (x/L) sinny/f 


(D.6) 


A  (A)  sinit  AdAdA 
n 


(A  (A) ] 2sin2^AdAd6 


(D.7) 


Now,  substituting  E:c;  (D.6)  into  Eq  (D.5)  and  using  Eq  (D.4)  , 

y  U+inon)  Wnpu2An (A) sinnJ  -  pu2ywnAn  (A)  sin*4  = 

“  pw2yx  A  (A)sin*S 
**  n  n 


(D.8) 
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and  performing  a  term  by  term  comparison 


(1+inon>piJnWn  "  °“2wn  ’  pu2*n 

therefore , 

M  _  °nXo  lu/uv)  2 
^  ‘  l+inOB  -  (“/“n> 2 

and  using  Eg  (D.l), 


W  -  Xo  l  ~ 

n 

The  actual  displacement  at  any  point 


(u/ u 
n  n 


l+in„„ 

on 

is  U  1 


) 2i  (A) sin» 4 
n _ 

-  { u/u n)  2 

«  W  +  X  ,  and 
o 


(D.9) 


(D. 10) 


(D. 11) 


U 


a  (u/u  )24  (£)sin»4 

x  (l+[  — - - - 2 - ] 

n  1+iron  -  (u/un)2 


(D.  12) 


and  since  both  U  and  X  are  harmonic  functions  of  time,  and  U  and  Xq  are  the  output 
and  input  accelerations  as  wouid  be  measured  by  an  accelerometer : 


a  (u/u  ) 2* (A) sinr4 

i+j  -2 - s — n - 

n  1+iri  -  (u/u  )2 
on  n 


(D. 13) 


If  n  is  much  let 3  than  1,  then  resonance  occurs  at  u  -  u  ,  the  undamped  resonant 
freqSency.  The  amplification  factor  for  the  undamped  panel  at  resonance  can  then 
be  expressed  as 


u_ 

a  4  (A)sin*5 
it  n  n 

a  *  (A)sinwA 
.  n  n 

X 

0 

in 

on 

"on 

(D.14) 


a  4  (A)sinn4 

since  -2—2 -  is  much  greater  than  1.  When  the  amplification  factor  at  the 

non 

center  of  a  panel  is  considered,  the  sine  term  in  Eq  (D.14)  can  be  dropped  since 
it  will  be  one.  If  additional  damping  is  added  to  the  structure,  Eq  (D.14)  becomes 


An(A) 

Vn(4) 

(D.15! 

nsn 

SiMBOLS 

A 

Dimensionless  parameter,  see 

B 

0 

Dimensionless  parameter,  see 
equation  (4) 

A  (A) 

equation  (21) 

Resonant  amplification  factor, 

b 

/  2  Bo  sin  4/2,  where 

4  “  tan"-'-  n 

n 

a 

see  equation  (D15) 

Thickness  of  damping  material 

C 

Uniform  torsion  constant  of 
stringer  cross  section  (in4) 

a 

(in) 

/~2  Bo  cos  4/2,  where 

C 

n 

Dimensionless  parameter,  see 
equation  (41) 

6  »  tan~l  n 

Cvs 

Warping  constant  of  stringer 
cross  section  with  respect  to 

B 

Dimensionless  parameter,  see 
equation  (22) 

axis  in  outer  surface  of  skin 
(in6) 
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D  Bending  stiffness  for  ikin 
Eh,/12(l-v2) (lb-in) 

D  _  Bending  stiffness  of  panel  in 
region  XI  with  damping  treat¬ 
ment  ? op lied 

D_  Energ  dissipated  per  cycle  in 
damping  treatment  (lb/in) 

D  Total  energy  dissipated  per 

cycle  in  tit.-  damped  structure 
(lb/in) 

D  Energy  dissipated  in  the  un¬ 

treated  strucf.ui  ■  (lb/in) 


l'  Length  of  viscoelastic  layer 

l"  Length  of  anchored  end  in  the 
damping  treatment  (ini 

M  a  sinha  cotsb  -  b  cosha  sinb 

m  Mode  number  in  the  y  direction 

N  Ratio  of  thickness  of  equiva¬ 
lent  damping  layer  to  thickness 
of  panel  skin 

n  Mode  r»i  -,.er  in  the  x  direction 
R  a  cosha  t inb  +  b  sinha  cos b 


E  Young's  raoiulus  of  structural 
material  (psi) 

E_  Storage  modulus  of  the  equiva¬ 
lent  free  layer  damping  treat¬ 
ment  (psi) 

G  V2 

G  Shear  modulus  of  the  stringer 
material  (psi) 

H  Dimensionless  parameter,  see 
n  equation  (16) 

h  Thickness  of  the  panel  akin 
(in) 

I  Moment  of  inertia  of  equivalent 
free  layer  damping  treatment 
about  the  neutral  axis  of  the 
panel  (in1*) 

I  Moment  of  inertia  of  stringer 
n  about  centro idal  axis  (in1*) 


T  2  cosha  cosb  +  M  +  2 

t  Half  the  thickness  of  a  con¬ 
straining  layer  (in) 

U  Transverse  displacement  of 
panel  relative  to  fixed  area 
(in) 

0  Total  strain  energy  stored  in 

n  damped  structure  (in-lb) 

U  Strain  energy  stored  in  panel 
pn  skin  (in-lb) 

U  ,  Strain  energy  stored  in  j  th 

-1  stringer  (in-lb) 

U0„r  TT  Strain  energy  stored  in  damp¬ 
ing  treatment  (in-lb) 

V  2  sinha  sinb  +  R 

W  Transverse  displacement  of  the 
panel  relative  to  frames  (in) 


C  Number  of  spans 

k  Stiffneoa  or  spring  constant 
(lb/in) 

k!  Storage  constant  for  the  j  th 
^  band-adhesive  unit  (ratio  of 
in-phase  component  of  force  to 
displacement) (lb/in) 


Partial  derivatives  with  re¬ 
spect  to  indicated  variable 


(i.e. 


32w,  32w 
Tx?  axdy 


etc. ) 


X  Elongation  (in) ,  see  equation 
(24) 


kj  Ixsss  constant  for  the  j  th 
•*  band-adhesive  unit  (ratio  of 
out-of-phase  force  to  dis¬ 
placement)  (lb/in) 


X  Amplitude  of  shaker  input 

0  X  exp(iiut) 
o 

x  Coordinate  along  frames 


L  Length  of  skin-stringer  speci¬ 
men  (in) 

L'  Distance  between  effective 

fixed  points  on  ends  of  multi¬ 
layer  damping  treatment  (in) 

l  Width  of  skin  stringer  speci¬ 
men  (in) 


y  Coordinate  along  stringers 

z  Coordinate  normal  to  panel 
surface 

o  Dimensionless  parameter,  see 
equation  (D.7) 

8  Ratio  of  width  of  damping 
treatment  to  width  of  panel 
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A  x/L 

«  y/£ 

Cn  See  equation  (37) 

n  Loss  factor  of  damping 
material 

nD  Loss  factor  of  equivalent  free 
layer  damping  treatment 

nQr]  Loss  factor,  in  n  th  mode,  of 
untreated  structure 

nsn  System  loss  factor  in  n  th 
mode,  see  equation  (31) 

n^n  Damped  system  loss  factor  in 
n  th  mode  assuming  zero  in¬ 
itial  damoina,  see  equation 
(33) 


X  JL'/L,  fractional  coverage  of 
damping  treatment  in  x  direc¬ 
tion 

v  Poisson's  ratio  of  structural 
material 

vD  Poisson's  ratio  of  equivalent 
free  la’_er  damping  treatment 

*n  Normal  mode  shape  in  x 
direction 

it 

*A  slcee'  IT1 

i2t 

t"  Curvature,  — ~ 

n  3A2 

X  (l-v2)/(l-vJ) 
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OF  A  TWO-LAYER  DAMPING  TREATMENT 
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The  temperature  range  of  an  effective  layered  damping  treatment 
is  extended  through  the  use  of  two  layers  of  viscoelastic  ma¬ 
terials  having  different  glass  transition  temperatures  with  the 
outer  layer  having  the  higher  transition  temperature.  In  this 
manner,  when  the  inner  layer  is  within  its  transition ' region , 
the  outer  layer  is  still  glassy  and  the  treatment  acts  essen¬ 
tially  as  a  constrained  layer  treatment.  At  higher  temperatures 
the  outer  layer  is  in  its  transition  region  and  the  system  re¬ 
sponds  a3  an  unconstrained  layer  treatment.  Experimental  and 
theoretical  results  are  presented  for  the  vibrations  of  a  beam 
with  a  two  layered  damping  treatment.  The  treatment  is  then 
optimized  with  respect  to  thickness  ratios  to  produce  good 
damping  over  a  wide  temperature  range. 


INTRODUCTION 

Many  damping  treatments  utilizing 
high  damping  viscoelastic  materials  have 
been  developed  for  the  reduction  of  vi¬ 
brational  amplitudes  in  structures.  In 
certain  applications  where  plate  or  beam 
like  structural  members  are  subjected  to 
a  wide-band  acoustical  environment,  the 
layered  surface  treatments  are  often 
well  suited.  Of  these,  the  unconstrain¬ 
ed  layer  surface  treatment  has  been  one 
of  the  mo3t  widely  used  because  of  its 
ef f activenes3  and  simplicity  of  appli¬ 
cation  (1).  To  introduce  high  damping 
into  structures  by  this  means,  it  is 
necessary  to  use  a  viscoelastic  material 
that  exhibits  both  a  relatively  high 
Young's  modulus  and  a  high  loss  factor. 
Unfortunately,  most  available  viscoelas¬ 
tic  materials  have  a  high  modulus  only 
in  the  glassy  region,  where  the  loss 
factor  is  very  small,  and  a  high  loss 
factor  in  the  transition  region,  where 
the  modulus  falls  rapidly  with  increas¬ 
ing  temperature.  The  effectiveness  of 
the  unconstrained  layer  damping  treat¬ 
ment  is  thus  generally  restricted  to  a 
narrow  temperature  range  around  the 
transition  temperature. 

A  variation  of  this  damping  treat¬ 
ment  is  the  constrained  layer  treatment, 
where  an  additional  layer  of  a  stiff 


material,  usually  metal,  i3  used  to  con¬ 
strain  the  viscoelastic  material  thereby 
inducing  large  shear  strains  and  hence 
high  damping  [2]  .  The  effectiveness  of 
this  treatment  depends  on  having  a  high 
loss  factor  and  a  relatively  lew  stiff¬ 
ness  for  the  constrained  layer.  As  in 
the  case  of  the  unconstrained  xayer, 
this  treatment  is  most  effective  over  a 
limited  temperature  range  near  the  tran¬ 
sition  temperature. 

To  overcome  some  of  these  difficul¬ 
ties  and  extend  the  temperature  range  of 
ar.  effective  layered  damping  treatment 
it  has  been  proposed  to  apply  a  damping 
treatment  composed  of  two  layers  of  vis¬ 
coelastic  materials  having  different 
glass  transition  temperatures  with  the 
outermost  layer  having  the  higher  tran¬ 
sition  temperature.  When  the  inner 
layer  is  within  its  transition  region, 
the  outer  layer  is  still  glassy  and  the 
treatment  acts  essentially  as  a  con¬ 
strained  layer  treatment.  At  higher 
temperatures  the  outer  layer  goes  into 
its  transition  region  and  the  system  re¬ 
sponds  as  if  an  unconstrained  layer 
treatment  were  applied.  This  technique 
thus  admits  the  possibility  of  inducing 
damping  in  structures  over  a  much  wider 
temperature  range  than  that  possible 
with  a  single  damping  material  treatment 
in  either  constrained  or  unconstrained 
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layer  configurations. 

The  analysis  required  for  this 
problem  includes  the  two  limiting  cases 
of  a  constrained  layer  and  an  uncon¬ 
strained  layer  treatment  a3  specific 
cases.  The  analysis  is  carried  out  con¬ 
sidering  the  shear  deformation,  flexural 
stiffness,  axial  stiffness,  and  damping 
of  each  of  the  two  layers  which  are 
treated  as  linear  viscoelastic  materials 
and  is  an  extension  of  the  analysis  of 
Rosa,  Ungar,  and  Kerwin  (3]  to  include 
all  of  these  effects.  The  analysis  then 
allows  the  optimisation  of  a  treatment 
of  any  two  specific  materials  by  varying 
the  thickness  ratios  of  the  layers  to 
obtain  the  highest  damping  over  a  re¬ 
quired  temperature  range  and  for  a  given 
frequency  range. 

This  paper  presents  a  detailed 
analysis  of  the  vibrations  of  a  beam 
with  a  two  layered  damping  treatment  for 
arbitrary  material  properties  and  geome¬ 
tries.  The  results  are  then  applied  to 
specific  material  treatments  and  are 
compared  with  experimental  results  for 
several  geometries.  The  given  treatment 
is  optimised  with  respect  to  thickness 
ratios  to  produce  good  damping  over  a 
wide  temperature  range. 


♦  Rotation  of  cross  section 
p  Mass  density 

o  Normal  stress 
t  Shear  stress 
u  Frequency 
n  Reference  frequency 
1  Wave  number 

*  Superscript  denoting  dimension¬ 
less  quantity 

ANALYSIS 

The  equations  of  motion  for  the 
three  layered  beam  are  derived  by 
writing  the  separate  equations  for  each 
layer  and  combining  them  while  insuring 
continuity  of  displacements  and  trac¬ 
tions  at  the  two  interfaces.  The  base 
beam  is  denoted  by  subscript  o,  the  two 
additional  layers  by  subscripts  1  and  2 
as  shown  in  Figure  1. 


SYMBOLS 

E  Young's  modulus 
G  Shear  modulus 
h  Thickness 
I  Moment  of  inertia 
M  Bending  moment 
N  Axial  force 
Q  Transverse  shear  force 


t  Time 

u  Axial  displacement 

V  Transverse  shear  force 

w  Transverse  displacement 

x  Cartesian  coordinate  along 
beam  axis 

&  Log  decrement 


Figure  1.  Notation  for  three¬ 
layered  beam 


n  Material  loss  factor 
ng  Composite  loss  factor 
X  Wave  length 


The  base  beam  is  treated  according 
to  the  elementary  Bernoulli-Euler  beam 
theory  considering  axial  forces,  the 
two  additional  layers  are  analyted 
taking  into  account  shear  deformation 
as  well  as  axial  forces  and  flexural 
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Several  simple  cases  are  derivable 
from  the  general  set  of  equations  (22) . 
The  equations  for  a  single  unconstrain¬ 
ed  layer  where  shear  deformation  is  con¬ 
sidered  are  given  in  [4]  and  can  ue  ob¬ 
tained  by  setting  ht  =  0  in  (22) .  The 
equations  for  a  symmetrical  sandwich 
beam  [5]  are  obtained  by  setting  S *  =  E„ 
and  hj  =  h„.  To  suppress  the  effect  of 
shear  deformation  in  the  top  layer  take 
(  ^  -"k,)  “  0  while  insuring  the  product 

Gthj($3f  *  '*’»)  ,  which  represents  the 

shear  force,  be  non-zero  by  taking  Gt 
as  infinite.  The  symmetrical  sandwich 
beam  equations  can  be  further  simplified 
by  taking  E„I0  and  EiI,  =  0,  i.e.  by 
neglecting  the  flexurai  rigidity  of  the 
facings  and  furthermore  by  neglecting 
the  flexural  rigidity  of  the  core,  E, I,  , 
which  is  a  valid  assumption  for  soft 
core  materials  [6]  . 

It  is  to  be  noted  at  this  point 
that  the  previous  equations  are  for  a 
three  layered  beam  of  materials  which 
exhibit  elastic  behavior.  Damping  or 
viscoelasticity  in  the  two  top  layers 
is  to  be  incorporated  later  through  the 
use  of  the  correspondence  principle 
once  the  solution  for  the  elastic  case 
is  obtained. 


where  SI  is  a  reference  frequency  taken 
for  convenience  as 

SlZ  -  -pQ  (26) 

For  simplicity  it  is  assumed  that  the 
two  added  layers  are  incompressible, 
i.e.  E  =  3G  in  all  the  equations.  The 
resulting  frequency  equation  is  reduced 
to  the  form 

+c,*'r  )  (27) 

where  the  following  terms  have  been  de¬ 
fined  as 

c,  “  A  0*h’)  * 

+  £,«,*)  +  (>  +  E,xh,*+  £'h\) 

4-  4  A,  A*)  4-  fZ /i  A, A*  0* A,  4^t) ~J 

Ci  *  “io^~  I A  0>'*+  Ai')  (l  *  £th,1+t£<'k1hx) 

4  £,  £,  h'  (  h,  4  33),  A,  -iV  4  7h,  )  4/,,A,^V 

4  lA,)iil  +  K,+4M<Anl)  4  £,h*)ti  (fi'ht  4/)'A,'J 


Equations  (22)  are  solved  for  the 
case  of  a  wave  travelling  in  the  x  di¬ 
rection  with  frequency  uj  and  wave  number 
j.  The  displacement  components  are 
taken  in  the  form 

w  «  W  exf>£i (jx-rof)] 

U,  -  U  exp[i 

.  r.„  .-.-i  (23) 

V,  -  ■?,  expliO-x-^JJ 

~ft  -  ^  exp[i  (iX-wf)J 

The  wave  number  3  is  related  to  the  wave 
length  of  the  vibration  *  through 

3  *  S?  (24) 


4  *4 £)£«  A .  J 


cj- 


E,£ihrh? 

loa 


(/44-,A,4/iA.) 


4- 


(28) 

K  4f,A, 


£i  A,  h. 


[ 


/Z  £t  A,h,  4  -f£,  (A,1 4  A,1)  4  A,  A, 


Substitution  of  the  displacements 
(23)  into  the  equations  of  motion  (22) 
and  cancelling  the  factor  exp ( i (jx-"i ) ] 
leads  to  a  set  of  four  homogeneous  equa¬ 
tions  in  the  variables  W,  U,  Y,  ,  and  . 
For  a  non-zero  solution,  the  determinant 
of  the  coefficients  must  be  zero.  Non- 
dimensional  quantities  are  introduced  in 
the  form 

£,*  =  £,/£. 

£,*  »  £,/*'. 

=  h.V  (25) 

Cb'*- 

h ,*  «  h,/A. 

h,*  •  hx/h. 


(e,K  +£th,)  4  £,(slh,‘  + 


X  -  [  3£,A,!  4  £,  F,  A,  A,‘  4-ff,A,A, 

+■  £,  A,'/>,  J 


All  quantities  in  the  above  definitions 
(28)  refer  to  the  dimensionless  para-  ■ 
meter  gi”en  by  (25)  with  the  stars 
omitted  for  simplicity. 
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The  solution  for  the  three  layered 
elastic  beam  given  by  (27)  can  be  easily 
extended  to  the  case  of  two  viscoelastic 
layers  through  the  introduction  of  the 
complex  moduli 


£,  -~E,0*iy •) 
— -  Ex(i  +  i 7.) 


(29) 


and  through  the  introduction  of  a  com¬ 
plex  freguency  in  the  form 


£ »('+ 


(30) 


where  S  is  the  logarithmic  decrement 
and  where  free  vibrations  become  free 
damped  vibrations  of  the  form 

cxp(iuit)  exp(-  t)  (31) 


Solutions  tc  the  resulting  complex 
frequency  equation  are  obtained  by  set¬ 
ting  the  real  and  imaginary  portions 
equal  to  2ero  identically  and  solving 
the  two  resulting  equations  simultan¬ 
eously. 


The  special  case  for  zero  wave 
number  or  infinite  wave  length  is  deri¬ 
vable  from  equation  (27)  by  taking  the 
limiting  case  as  x*  approaches  zero. 
Neglecting  x* 1  and  x*  terms  compared 
to  unity  leads  to  the  solution 


a j 


*  -  Ci~* 


aCl+hf+hf) 


(32) 


which  is  the  elementary  beam  solution 
and  is  derivable  independently  by  as¬ 
suming  plane  section  remain  plane  and 
perpendicular  to  the  deformed  cross- 
section. 


The  equations  were  solved  numeri¬ 
cally  with  the  aid  of  an  I EH  7094  com¬ 
puter  using  complex  Fortran  IV  language. 


EXPERIMENTAL  INVESTIGATION 

In  order  to  demonstrate  the  effec¬ 
tiveness  of  this  two  layered  damping 
treatment,  two  viscoelastic  materials 
with  different  transition  temperatures 
were  selected. 

The  first  was  a  viscoelastic  ma¬ 
terial  known  as  LD-400,  manufactured  by 
the  Lord  Manufacturing  Company,  Erie, 
Pennsylvania,  which  has  a  transition 
temperature  of  approximately  80  F.  The 
second  was  3M-428  adhesive,  supplied  by 
the  3M  Company,  St.  Paul,  Minnesota, 
which  has  a  transition  temperature  of 
approximately  -40  F.  The  mechanical 
properties  of  these  two  materials  are 
presented  as  Figures  2  and  3.  These 
materials  were  applied  as  a  two  layered 
damping  treatment  by  coating  them  on  a 


7.0  in  long  aluminum  cantilever  beam 
with  the  LD-400  being  the  oufer  layer 
and  the  3M-428  being  the  inner  layer. 
The  thickness  of  the  aluminum  beam  '-a3 
.064  in. 


Figure  2.  Mechanical  properties 
of  LD-400  [7] 

For  test  purposes,  the  complex 
modulus  apparatus  and  its  associated 
electronic  equipment  were  used  as  illus¬ 
trated  in  the  block  diagram  of  Figure  4. 
With  the  specimen  clamped  in  the  mount¬ 
ing  fixture,  a  harmonic  force  of  con¬ 
stant  amplitude  was  applied  to  the 
driving  transducer  by  the  oscillator. 

The  output  signal  was  sensed  by  the 
pickup  transducer  and  then  plotted  on 
the  recorder  after  being  amplified.  A 
frequency  response  spectrum  such  as  that 
in  Figure  5  was  obtained  in  this  manner 
at  various  temperatures.  The  frequen¬ 
cies  at  which  each  of  the  modes  of  vi¬ 
bration  occurred  were  measured  and  the 
composite  loss  factor  ~n  in  each  mode 
was  measured  by  the  half-power  bandwidth 
method.  The  composite  loss  factor 

was  then  determined  as  a  function  of 
temperature  for  a  frequency  of  100  cps. 
Experimental  results  were  obtained  for 
several  different  thicknesses  of  damping 
treatments  over  a  temperature  range  from 
-30°F  to  +160°F. 

DISCUSSION  AND  CONCLUSIONS 

The  problem  of  optimizing  the 
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the  best  damping  over  a  wide  temperature 
range  at  a  fixed  frequency  of  100  cps. 
Results  from  a  large  number  of  calcula¬ 
tions  narrowed  the  possible  range  of 
optimum  thicknesses  in  which  the  total 
thickness  of  the  damping  layers  also 
had  to  be  considered.  The  damping  at 
100  cp3  is  shcvm  in  Figure  7  for  several 
thickness  ratios. 


Figure  7.  Effect  of  thickness 
rati  os  on  damping 

It  is  immediately  obvious  that  the  damp¬ 
ing  due  to  two  layers  in  the  initial 
arbitrarily  chosen  thicknesses  as  shown 
by  the  solid  line  can  be  improved  by 
choosing  other  thicknesses.  There  is 
little  to  choose  between  the  two  curves 
for  h,*  *>  0.1  and  h,*  =  0.2  for  the  same 
h,*,  i.e.  the  results  are  insensitive  to 
the  thickness  of  the  middle  layer  in 
this  range.  The  overall  damping  can  be 
increased  by  increasing  ht*  from  1  to  2 , 
howevar,  this  increase  of  damping  comes 
at  the  cost  of  nearly  doubling  the  com¬ 
bined  weight  of  the  two  damping  layers. 

It  was  decided  from  the  theoretical  re¬ 
sults  shown  in  Figure  7  that  the  combi¬ 
nations  ht*  «  0.1  h,*  =  1.0  and  h,*  =  0.1 
h,*  =  2.0  provided  high  damping  over  an 
acceptable  temperature  range. 

Two  cantilever  beams  were  coated 
with  the  two  layers  of  damping  material 
described  above  in  the  thicknesses 
mentioned.  The  experimental  values  of 
the  composite  loss  factor  were  obtained 
over  a  wide  temperature  range  at  100  cps 


and  are  presented  in  Figures  8  and  9 
along  with  the  theoretical  predictions. 


Figure  8.  Experimental  results  for 
h j*  «  0.1,  h**  -  1.0 


Figure  9.  Experimental  results  for 
h,*  «  0.1,  h.*  -  2.0 
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It  is  seen  that  there  is  excellent 
agreement  between  experimental  and  theo¬ 
retical  results. 

The  results  of  this  analysis  and 
the  associated  experiments  indicate  that 
the  technique  of  damping  structural  vi¬ 
brations  by  applying  a  two-layered  treat¬ 
ment  of  viscoelastic  materials  having 
different  transition  temperatures  pro¬ 
vides  a  high  degree  of  damping  over  a 
wide  temperature  range.  This  is  illus¬ 
trated  in  Figure  10  where  the  results 
at  100  cps  are  presented  for  a  single 
unconstrained  layer  of  LD-400  and  for 
the  same  layer  with  an  additional  thin 
layer  of  3M-428  in  the  middle. 


Figure  10.  Comparison  of  uncon¬ 
strained  and  two-layered  damping 
treatments  j 

It  is  seen  that  good  damping  can  be  ob¬ 
tained  over  a  much  wider  temperature 
range  through  the  use  of  this  two  layer¬ 
ed  treatment  with  little  sacrifice  in 
the  amount  of  damping  due  to  a  single 
unconstrained  layer  treatment. 

The  advantages  of  this  technique 
are  highly  dependent  upon  the  proper 
choice  cf  thicknesses  of  the  two  layers. 
In  addition,  the  stiffnesses,  damping, 
and  temperature  dependence  of  the  two 
materials  will  affect  the  results.  It 
should  be  noted  here  that  only  limited 
information  is  available  to  adequately 
specify  a  desired  range  concerning  the 
separation  of  the  two  glass  transition 


temperatures.  It  can  be  stated  though, 
that  if  the  difference  is  too  great,  the 
damping  in  the  intermediate  range  may 
decrease  to  an  undesirable  level.  Cal¬ 
culations  should  thus  be  carried  out  to 
determine  the  effectiveness  of  any  spe¬ 
cific  damping  treatment  of  the  type 
proposed  in  this  paper.  The  analysis  is 
presented  here  to  allow  the  calculation 
of  damping  for  any  combinations  of  ge¬ 
ometry  and  mechanical  properties  without 
the  necessity  of  making  assumptions  re¬ 
garding  relative  magnitudes  of  damping 
or  stiffness  and  is  thus  broadly  appli¬ 
cable  . 
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The  purpose  of  the  investigation  reported  herein  was  to  establish 
theory  for  examining  the  effectiveness  of  a  viscoelastic  coating  for 
damping  shock  response  in  an  elastic  plate.  The  developed  theory 
centers  around  a  governing  differential  equation  and  boundary  condi¬ 
tions  for  a  simply-supported  rectangular  plate  with  an  attached  vis¬ 
coelastic  layer.  The  solution  of  this  equation  leads  to  response 
formulas  for  determining  the  amplitude  of  lateral  motion  for  a  gen¬ 
eral  shock  input  and  then  for  some  specialized  cases,  namely;  a 
concentrated  impulsive  load  at  the  center  and  a  concentrated  step 
load  applied  at  the  center.  The  formulas  are  applied  to  an  illustra¬ 
tive  example  which:  (a)  illustrates  how  they  can  be  used  on  a  practi¬ 
cal  problem,  and  (b)  shows  that  damping  of  shock  response  by  this 
concept  is  feasible  in  a  typical  case. 


INTRODUCTION 

The  attachment  of  viscoelastic  material 
to  elastic  beams,  plates  and  other  structural 
components  for  the  sake  of  damping  vibrations 
or  reducing  noise  has  become  a  widespread 
practice  over  the  past  decade.  In  these  appli¬ 
cations  the  input  has  been  a  steady-state  force, 
pressure  or  edge  motion.  The  present  invest¬ 
igation  has  studied  the  application  of  this  con¬ 
cept  to  problems  of  shock  response  reduction; 
that  is,  where  the  input  is  a  suddenly  applied 
force  or  edge  motion  and  the  response,  natur¬ 
ally,  is  transient. 

The  mechanism  of  layered  plate  shock  and 
vibration-damping  is  simple.  The  structural 
(elastic)  and  dissipative  (viscoelastic)  layers, 
being  bonded  together,  are  forced  to  undergo 
motion  of  the  same  amplitude  in  the  transverse 
direction.  Therefore  the  motion  of  the  total 
plate  is  restricted  by  the  viscoelastic  layer,  in 
which  energy  dissipation  occurs.  The  viscoe¬ 
lastic  layer  is  generally  a  rubbery  cr  plastic 
material.  Shear  deformation  in  such  materials 
is  usually  accompanied  by  a  substantial  amojnt 
of  energy  dissipation.  On  the  other  hand,  these 
materials  have  little  or  no  dissipative  capacity 
in  pure  dilatational  motion.  Consequently,  in 


the  design  of  layered  plates  for  vibration  damp¬ 
ing  one  essential  objective  is  to  arrange  and 
proportion  the  layers  so  that  the  deformation  of 
the  viscoelastic  layer  will  be  shearing,  or  dis- 
tortional.  rather  than  dilatational,  to  as  great 
an  extent  as  possible. 

The  foundation  for  the  results  reported 
herein  is  a  governing  differential  equation  for 
the  flexural  motion  of  an  elastic  plate  with  a 
layer  of  viscoelastic  material  attached  to  one 
face.  The  mathematical  and  physical  details  of 
the  derivation  of  this  equation  are  withheld  from 
this  paper  since  they  are  contained  in  a  previous 
publication  by  the  author.  The  equation  is  pre¬ 
sented  herein  with  only  its  underlying  assump¬ 
tions  and  limitations  given. 

The  results  of  the  solution  of  the  equation 
are  response  formulas  for  calculating  the  trans¬ 
ient  response  (specifically  the  deflection  time- 
history)  for  a  plate  struck  at  the  center  by  a 
sudden  force.  The  transient  solution  to  the  pro¬ 
blem  was  obtained  by  the  use  of  Fourier  series 
and  the  so-called  principle  of  elastic-viscoe- 
lastic  analogy;  the  latter  technique  involving 
Laplace  transforms. 
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The  equation  is  solved  for  a  plate  with 
simply  supported  boundaries.  Response  ex¬ 
pressions  for  step  force  loading  and  also  for 
impulsive  loading  are  derived,  and  the  effect¬ 
iveness  of  some  actual  damping  materials  is 
explored  In  a  numerical  example, 
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mode  numbers 

undamped  natural  frequency 

damping  coefficient 

root  of  characteristic  equation 

damped  natural  frequency 


asterisk,  (  )  coefficient  of  Fourier  expansion 
of  (  ) 


r 


E 
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plate  linear  dimensions 

thickness  of  i1*1  layer 

distance  from  reference  plane 
to  interface  between  layers 

Young's  modulus 


The  plate  being  considered  is  composed  of 
one  layer  of  elastic  material  and  a  second  layer 
of  viscoelastic  material.  The  equation  of  motion 
for  the  plate  was  derived  by  the  use  of  the  princ¬ 
iple  of  elastic-viscoelastic  analogy  [3]  .  The 
procedure  employed  for  applying  this  principle 
is  as  follows; 

i)  First,  derive  the  equation  of  motion 
and  boundary  conditions  for  a  perfectly 
elastic  two-layered  plate. 


T.T 


retardation  time,  relaxation  ii) 

time 

stiffness  constant,  E/  1-i*2 


Next,  obtain  the  Laplace  transforms 
of  the  differential  operators  in  the  con¬ 
stitutive  equation  for  the  viscoelastic 
material. 


Vi 


Poisson's  ratio 


^i 

*i 


shear  modulus 
shear  coefficient 


p-x  density 

q(x,y,  t)  applied  lateral  load 

Q(x, y).q(t)  space-dependent  and  time- 

dependent  parts  of  applied 
lateral  load 


w(x,y,t) 
w8t(x,  y) 


V/(t) 


plate  transverse  displacement 

transverse  displacement  of 
perfectly  elastic  plate  under 
static  load 

ratio  of  dynamic  to  static 
transverse  displacement  at 
center  of  plate 


iii)  Finally,  apply  the  Laplace  transform 
to  both  sides  of  the  equation  of  motion 
for  the  perfectly  elastic  plate,  substitu¬ 
ting  the  elastic  constants  of  the  layer 
which  is  to  be  made  viscoelastic,  the 
transformed  viscoelastic  operators. 

The  first  step  of  this  procedure,  obtaining  the 
equation  of  motion  and  boundary  conditions  for 
a  two-layered  perfectly  elastic  plate  was  accom¬ 
plished  by  the  author  in  £1]  following  previous 
work  by  Ren  and  Yu  f2j  .  The  main  difference 
between  the  theory  derived  by  the  author  in  R] 
and  the  earlier  theory  of  £  2J  is  that  the  auftors 
theory  was  developed  specifically  for  the  solu-  . 
tion  of  practical  damping  problems,  and  thus 
embodies  several  simplifying  assumptions  that 
the  more  classical  theory  of  £2]  does  not.  As 
a  result  of  these  assumptions  the  equation  led 
to  formulas  that  are  adaptable  to  engineering 
problems,' 
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EQUATION  OF  MOTION  AND  BOUNDARY 
CONDITIONS 

The  plate  cross-section  is  shown  in  Fig. 

1.  The  thickness  of  the  upper  (structural)  layer 
is  hj.  The  lower  (damping)  layer  has  thick¬ 
ness  hj.  The  reference  plane  is  arbitrarily 
located  at  a  distance  r  above  the  interface 
between  the  layers.  The  x  and  y  axes  lie 
in  the  reference  plane  and  the  z  axis  is  nor¬ 
mal  to  it,  as  shown.  The  nomenclature  used 
in  this  part  of  the  analysis  is  the  same  as  in 
[2],  The  theory  embodies  the  assumptions 
that  the  structural  material  is  thin,  stiff  and 
elastic  while  the  damping  material  may  be  re¬ 
latively  thick,  soft  and  viscoelastic.  The  theory 
neglects  coupling  of  extensional  and  flexural 
motion  (an  effect  determined  in  [2j  to  be  neg¬ 
ligible)  and  shear  deformation  in  the  structural 
layer,  which  is  also  negligible  in  practical 
cases.  Shear  deformation  is  included  in  the 
viscoelastic  layer  where  it  is  of  importance. 

As  the  theory  is  intended  for  situations  where 
flexural  motion  predominates  over  in-plane 
(thickness -shear,  thickness -twist  and  exten¬ 
sional)  motion,  rotatory  and  in-plane  inertias 
are  also  neglected.  The  assumptions  stated 
above,  when  applied  to  the  plate  geometry,  re¬ 
sult  in  the  following:  (See  Fig.  1). 


In  deriving  tsie  equation  it  was  assumed  that 
the  material  01  layer  2,  the  damping  material, 
is  incompressible.  This  is  known  to  be  a  reas¬ 
onable  assumption  for  actual  damping  materials, 
and  it  simplifies  the  equation  since  it  implies 
that  €2  -  4^2  where  £is  E/l-.k'2  and  jj  is 
the  shear  modulus.  Also,  the  shear  coefficient 
in  the  damping  layer,  ji2  .  *s  assumed  to  have 
its  "engineering"  value  of  unity.  The  following 
sixth  order  equation  results  from  all  of  the  dis¬ 
cussed  assumptions; 

4h  3  ,  h  3  h  3  2  *  6 

*Vt \j,Vw 


,  2  2  l  2  2 

+  U-4_jL)  V  ></>  lhr/52h2)  "  =  _L  V  )£1 

3  3 

(1) 


Eq.  (1)  reduces  to  the  equation  for  a  single- 
layered  plate  of  thickness  h.  if  we  let  h2 — *  0. 

In  that  case,  r— *hj/2  see  Eq,  (3)  and  v.o  obtain 
the  familiar  equation 


i)  Normals  to  the  reference  plane  re¬ 
main  straight  and  unextended  after 
deformation. 


— -llli  —  y*w  -^h;  w  =  q  (2) 

12(l-Vi2) 


ii)  Normals  to  the  reference  plane  in 
layer  1  remain  normal  to  the  refer¬ 
ence  plane  after  deformation,  while 
In  layer  2  they  need  not. 

iii)  There  exists  a  plane  (the  reference 
plane,  z  =  0)  which  is  undeformed. 

Statements  (i)  and  (ii)  imply  that  the  transverse 
shear  strains  in  layer  1  and  the  transverse  nor¬ 
mal  strains  in  both  layers  are  zero.  While  it  is 
known  that  in  general  a  fixed  neutral  (undeformed) 
plane  does  not  exist  in  a  vibrating  two-layered 
plate  with  layers  made  of  different  materials, 
it  has  been  shown  that  the  coupling  between  ex¬ 
tension  and  flexure  is  negligible  in  practical 
cases,  on  the  basis  of  this  and  some  other  assum¬ 
ptions  an  approximate  neutral  plane  location  is 
determined  later. 

The  problem  as  outlined  up  to  this  point 
leads  to  two  coupled  differential  equations  hi 
two  variables:  w,  the  lateral  deflection  and 
the  rotation  angle  in  the  damping  layer.  A 
single  uncoupled  equation  in  w,  the  lateral  de¬ 
flection,  was  obtainable  by  eliminating  )?2<  hut 
only  for  the  case  of  a  simply  supported  plate. 


The  stated  assumptions  are  satisfied. if  the  re¬ 
ference  plane  is  located  according  to  the  follow¬ 
ing  equation: 


(1- 


(  h  2 
2  2 


*lhf 


(3) 


(1+ 


*2h2 

Cjhj 


The  boundary  conditions  of  simple  support  are 


satisfied  if: 

,2  „ 

at  x=0,  a: 

*  =  C>  w  -  0 

c»x2 

at  y=0,  b: 

W  =  JLZ.  =0 

VISCOELASTIC  MATERIAL  PROPERTIES 


It  is  shown  in  linear  viscoelasticity  theory 
that  the  Laplace  transform  of  the  shear  differ¬ 
ential-operator  (in  the  case  of  an  incompress¬ 
ible  material)  completely  defines  the  material 
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behavior.  There  are  a  number  of  tests  from 
which  this  function  can  be  determined,  such  as 
stress  relaxation  tests,  creep  tests,  constant 
strain  rate  tests  and  sinusoidal  input  tests. 
Mathematical  functions  (exponentials,  etc.  )  can 
be  employed  and  their  parameters  adjusted 
so  that  the  functions  agree  to  some  approxima¬ 
tion  with  experiments.  The  functions  chosen 
are  often  those  describing  the  behavior  of  dis¬ 
crete  element  models  composed  of  linear  springs 
and  Newtonian  dashpots,  which  are  combined 
into  one-dimensional  arrays.  One  of  the  simp¬ 
lest  models  employed  is  the  so-called  standard 
linear  solid  model,  shown  in  Fig.  (3).  Its  stress- 
deformation  characteristic  for  shear,  as  given 
by  the  Laplace  transform  of  its  shear  differen¬ 
tial  operator  f?J  is; 


Ji(p)  -  ju 


1  +  Tp 


where  T  is  a  retardation  time;  T  is  a  relaxa¬ 
tion  time  and  the  material  properties  n.  T  and 
T  are  related  to  the  model  constants  of  Fig.  (3) 

t>y 


g1+g2 


T  s  *1 


More  complex  models  can  be  constructed 
by  combining  more  and  more  springs  and  dash- 
pots,  The  theory  presented  in  f  1 7  ,  cif  which 
the  present  paper  is  a  summary,  implies  the 
use  of  any  finite  number  of  parameters  (relax¬ 
ation  times  and  retardation  times,  for  example) 
to  represent  the  viscoelastic  behavior  of  a 
material.  However,  when  a  large  number  are 
attempted,  even  the  simplest  of  problems  can 
lead  to  mathematical  and  numerical  difficulties. 
For  this  reason  most  stress  and  vibration 
analyses  have  been  limited  to  two,  three  and 
four  element  models. 

The  general  expression  for  the  trans¬ 
formed  shear  operator  can  be  written  as 


shown  in  J^3_]  that  the  roots  of  tiie  polynomials 
of  Eq.  (7)  must  all  be  real  and  negative. 

The  accuracy  and  validity  of  viscoelastic 
representation  by  discrete  element  models  has 
been  studied  by  several  authors.  The  common 
approach  has  been  to  study  how  various  models 
respond  to  stresses  which  vary  sinusoidally 
with  time.  From  a  knowledge  of  their  behavior 
under  sinusoidal  stresses,  their  behavior  under 
any  prescribed  loading  can  be  inferred  by  Four¬ 
ier  synthesis.  The  major  conclusions  reached 
in  these  studies,  which  are  generally  in  agree¬ 
ment,  can  be  summarized  as  follows 

i)  Most  real  viscoelastic  solids  do  not 
behave  even  approximately  like  Voigt 
or  Maxwell  bod''es.  Except  for  certain 
compounds  of  low  molecular  weight, 
more  complicated  models  are  required. 

ii)  The  simplest  models  to  possess  most 
of  the  general  features  of  real  viscoe¬ 
lastic  deformation  are  the  three-element 
models;  however,  due  to  the  fact  that 
there  are  only  three  material  constants 
with  which  to  curve-fit  the  response  of 
an  actual  material,  and  these  are  usu¬ 
ally  not  sufficient  for  wide  time  of 
frequency  ranges,  the  use  of  these 
models  is  limited  to  a  restricted  range 
of  time  or  frequency.  For  wide  ranges 
of  time  or  frequency  the  results  are 
qualitative,  at  best.  Nevertheless,  the 
three-element  models  are  a  realistic 
approximation  to  the  observed  results 
over  a  frequency  range  of  perhaps  one 
decade. 

RESPONSE  OF  A  SIMPLY-SUPPORTED  ELASTIC 
PLATE  WITH  AN  ATTACHED  VISCOELASTIC 
LAYER 

For  a  simply-supported,  perfectly  elastic, 
two-layered  plate,  the  response  problem  is  com¬ 
pletely  defined  by  the  equation  of  motion  and  the 
boundary  conditions,  Eqs.  (1)  and  (4),  respect¬ 
ively. 


It  has  been  determined  that  for  real 


materials,  the  orders  Kj  and 


K  2  of  the  poly¬ 


nomials  of  Eq.  (7)  must  either  be  the  same,  or 


must  be  greater  by  one 


It  is  also 


The  existence  of  only  even  spacial  de¬ 
rivatives  in  Eq,  (1)  and  its  boundary  conditions 
makes  it  suitable  for  spacial  solution  by  a 
Fourier  sine  series.  Application  of  the  stand¬ 
ard  Fourier  series  technique  reduces  Eq,  (1) 
to  an  infinite  number  of  uncoupled  equations  in 
the  Fourier  coefficients.  Denoting  the  m,  nt!l 
coefficient  by  w*  (m,  n,t),  the  solution  can  be 
written  as 

es> 

w(x,  y,  t)  =  -i.  Y'  w*(m,  n,  t)sin  sinJZfy 
ab  L  a  b 

m,n=l  (8) 
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equation: 


To  obtain  a  solution  for  w  (m,  n,  t)  with  layer  2 
viscoelastic,  the  aforementioned  principle  of 
elastic -viscoelastic  analogy  is  used.  Replace¬ 
ment  of  the  elastic  constant  for  layer  2,  JU2.  with 
the  corresponding  viscoelastic  operator,  jj2(p), 
yields  the  transformed  equation  for  the  plate 
witha  viscoelastic  second  layer.  Then  to  obtain 
w*(m,  n,  t),  the  inverse  Laplace  transform  of 
the  equation  is  taken.  For  convenience  the  coe¬ 
fficient  w*  (m,  n,  t)  was  factored  into  wst*(m,  n), 
the  m,  ntb  component  of  deflection  under  static 
load  for  a  perfectly  elastic  plate,  and  D(m,n,  t), 
the  m,  dynamic  magnification  factor.  After 
application  of  the  Laplace  transform  technique 
and  much  algebraic  manipulation,  the  two  fact¬ 
ors  were  obtained  in  the  following  form: 

wgt(m,n)  =fH/p2  J+ £1Kjq*(m,  n)  (0) 


'  c. 

E  ffv^(va  k>3+ak-2)  pk 

k=0  1  J 


Tne  complex  conjugate  roots  of  eq.  (12)  are 
denoted  (-  ^  +  iiO),  Other  definitions  appli¬ 
cable  to  Eq.  (10)  are 


h  * 

fl# 2j+«iK)/M]1/2;M  =  (1+4  2  /2)(f>lhl^h2) 


where  f)  is  the  ro,  ntb  undamped  natural  fre¬ 
quency,  that  is,  the  m,  nth  natural  frequency 
if  the  plate  is  perfectly  elastic,  and 


h22  2 
h  =  i  +  4  —  r 


■)  c  2  h.  . 

J  =  r2/+  4(r  h2  + 

-h,3  hi  2,  h  2  „  , 

KlT2-+hl(-21*r)i(4i  7  +7) 

and  q*(m,n)  is  the  m,  n**1  Fourier  coefficient  of 
the  applied  load  expansion. 

The  formula  for  the  m,  nlh  magnification  factor, 
which  is 

K  _  2  A 


p  =  +  <jK) 


where  is  a  damping  coefficient.  Formulas 
for  the  magnification  factors  for  some  special 
cases  have  been  derived  as  follows: 

If  the  load  q(x,  y,t)  is  applied  as  an  instan¬ 
taneous  shock,  or  impulse,  then 


D(m,  n,t)  =  F  A  - Li — _ 

&  kUn-\.)2+c 


+  Oo-^e'^O-e*^*^4 


cos^t) 


Finally,  assume  that  the  load  is  a  concen- 


K  2  t  -^(t-r) 

D(m,  n.t)  =  £  A^  jjt  j  <\{T  )Le  sinov(t-r) 

k_-°  <v\>2+«2  ^ 


-Ak  <t-  T)  -<V  \)  (t-  n 

+  ^o'\^e  f1_e  coS(y(t-  DjjdT 


contains  several  quantities  that  require 
explanation.  The  coefficients  A^  are  given  by 

K 

T-  a ji-K)*  (U) 

- - — 

k  K 

IL  (V\) 

./=  0 
Xt  k 


trated  force,  P,  striking  the  center  of  the  plate, 
(x=a/2,  y  =  b/2).  Then  the  response  at  the  cen¬ 
ter  of  the  plate  is  given  by 

wf§bt)  =  i-  f  rH/(p2J+€,K)3D(m,n,t) 

2  7  abm,n=2,3,5"'  mn 


NUMERICAL  EXAMPIJE 


where  the  Aj-'s  are  real  roots  of  the  polynomial 
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A  numerical  example  is  solved  to  demon¬ 
strate  the  application  of  the  theory,  and  also  to 


investigate  the  effectiveness  of  representative 
damping  materials  applied  in  various  thick¬ 
nesses  to  a  rectangular  steel  plate.  The  plate 
is  simply-supported  and  has  the  following  geo¬ 
metric  and  material  properties: 

a  -  40  in  Ej  =  30  x  10^  psi 

b  =  40  in  Vj  =  0.  3 

h.  =  3/8  in  =  7.40  x  10'4lbsec2/in4 

In  the  example,  the  viscoelastic  behavior 
of  the  damping  material  in  shear  is  represented 
by  the  standard  linear  solid  model  described 
previously.  In  accordance  with  the  theory,  the 
material  is  assumed  to  be  incompressible.  Thus, 
its  viscoelastic  behavior  is  completely  defined 
by  its  transformed  viscoelastic  operator  for 
shear,  Eq.  {  5  ),  or  by  the  three  parameters 
p,  the  elastic  shear  modulus;  T,  a  retardation 
time;  and  T,  a  relaxation  time.  The  elastic  shear 
moduli  of  actual  damping  materials  vary  over  an 
extremely  wide  range,  from  about  50  psi  for 
some  rubbery  materials  to  200,  000  psi  or  more 
for  stiff  plastics.  In  the  present  example,  re¬ 
presentative  values  are  taken  as  ,u=100  psi,  then 
10,000  psi  and  finally  100,000  psi. 

Pairs  of  numerical  values  of  T  and  T  are 
used  which  correspond  to  light  damping,  (T  = 
0.0041  sec.  and  T  -  0.  00334  sec.  ),  and  heavy 
damping,  (T  =  0.0090  sec.  and  T-  0.00152  sec.), 
in  the  frequency  range  for  this  problem.  The 
density  of  the  damping  materials  is  assumed  to 
be  1.  4  x  10'4  lb  sec^/in-4.  The  damping  mater¬ 
ials  are  applied  in  thicknesses  of  one,  two  and 
three  times  the  thickness  of  the  basic  plate.  The 
various  cases  described  above  are  summarized 
in  Table  1. 

The  static  and  dynamic  characteristics  of 
the  plates,  (i.  e.  ,  static  deflection  influence 
coefficients,  natural  frequencies  and  decay  rates) 
are  given  in  Table  1  for  the  m=  1,  n-  1  mode.  As 
the  response  series  converge  fairly  rapidly,  the 
first  term,  the  (1,  1)  mode,  gives  a  fair  approx¬ 
imation  to  the  total  response  and  indicates  trends 
which  hold  true  when  the  higher  mode  contribu¬ 
tions  are  added. 

Examination  of  the  term  w*t  (1,1)  reveals 
the  reduction  in  static  deflection  due  to  the  addi¬ 
tion  of  damping  material.  The  reduction  is  not 
significant  in  the  case  of  the  flexible  material 
where  ^  -  10,000  psi.  Calculations  (not  shown) 
were  also  made  for  materials  with  an  elastic 
shear  modulus  of  100  psi  but  these  indicated  no 
noticeable  effect  of  damping  material  on  either 


static  or  dynamic  response. 

The  decay  rates  are  observed  to  increase 
with  the  thickness,  stiffness  and  damping  capa¬ 
city  of  the  attached  materials  as  expected. 

The  applicable  equation  for  the  driving 
point  response  due  to  an  impulsive  loading  is 
Eq.  (16)  with  D(m,  n,  t)  given  by  Eq.  (15).  The 
plate  characteristics  given  in  Table  1  were  sub¬ 
stituted  into  these  equations  and  the  response 
time-histories  calculated  and  plotted  by  com¬ 
puter.  A  comparison  of  sample  results  for 
m,  n  =  l  with  those  for  rn,  n  *  1,  3;  m,  n  =  1,  3,  5 
and  m,  n  -  1  to  7  indicated  that  the  series  con¬ 
verge  fairly  rapidly  and  that  the  m,n=l,3  solu¬ 
tion  gives  a  fairly  good  approximation,  with  the 
m,  n-1  terms  giving  the  dominating  contribution. 

The  effects  on  response  of  the  attached  damping 


materi 

als  were 

i) 

a  reduction  in  amplitude 

ii) 

an  exponential  decay  of  amplitude 
with  'ime 

iii ) 

introduction  of  an  out-of-phase  com¬ 
ponent 

iv) 

a  change  in  natural  frequency 

The  peak  value  of  w/i  for  the  case  where  a 
heavy  damping  material  was  applied  in  three 
times  the  plate  thickness  is  0.  0093  for  the 
plate  with  damping  and  0.0165  for  the  plate 
without  damping,  indicating  a  reduction  of 
40.  6%  due  to  damping.  Fig.  (5)  shows  time- 
histories  of  the  responses  for  this  case  and 
two  other  cases  where  the  same  material  is 
applied  in  thicknesses  of  one  and  two  times 
the  basic  plate  thickness,  i.e.,  h2/hj=  1  and2. 
The  response  of  the  undamped  plate  h2/hj  =  0  is 
shown  for  comparison.  In  calculating  these 
responses  we  let  m  and  n  equal  1  and  3. 

This  example  has  thus  shown  that  a  good 
damping  material,  applied  in  a  thickness  three 
times  that  of  the  basic  plate,  reduces  the  shock 
response  by  a  very  sizeable  amount. 
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DISCUSSION 


Mr,  Ungar  (Bolt  Beranek  and  Newman) : 

I  am  struck  "fey  a  problem.  That  is,  that  some 
of  the  excitation  that  you  have  used  has  a  very 
broadband  spectral  character,  whereas  you  said 
that  the  model  that  represents  your  material 
only  applies  to  a  very  narrow  tend.  How  diffi¬ 
cult  would  it  be  to  generalise  your  analysis, 
say,  and  to  use  empirical  data  to  represent 
material  properties,  say,  measured  data  for  the 
material  since  you  eventually  have  to  do  nu¬ 
merics  anyhow— use  actual  material  data  In  the 
numerical  calculations? 

Mr.  Jones:  Well  I  do  not  know  if  that  could 
be  done  easily  with  the  formulation  as  it  stands. 
As  far  as  I  know,  numerical  data  are  usually  in 
the  form  of  shear  modulus  or  I033  factor  as  a 
function  of  frequency.  My  analysis  is  really  in 
the  time  domain,  so  that  there  would  have  to  be 
some  conversion.  Of  course,  I  could  have  done 
an  analogous  type  of  analysis  in  the  frequency 
domain.  Maybe  that  is  what  will  have  to  be  done 
in  that  case. 

Mr.  Arena  (Loyola  University  of  Loa 
Angeles):  With  regard  to  incorporating  time 
dependent  viscoelastic  material  properties,  there 
are  theoretical  relationships  to  convert  from  a 
frequency  dependency  to  a  time  dependency  of, 
say,  modulus  of  elasticity,  and  the  loss  factor 
is  also  involved.  I  think  it  could  be  Incorporated 
as  a  time  function  which  might  be  used  in  your 
equations. 

Mr.  Jonas:  Yes  that  i3  correct,  U  emperi- 
cal  data  were  used,  I  think  there  would  still  have 
to  be  some  curve  fitting  to  ascertain  that  the 
variation  of  properties  with  frequency  is  fairly 
close  to  that  of  the  model  used. 

Mr.  Foster  (University  of  Missouri):  Will 
your  equations  be  in  your  paper  when  it  is 
published? 


Mr.  Jones:  Yea. 

Mr.  Foster:  Is  the  viscoelastic  material 
a  plate  that  is  attached  through  the  surface 
tractions  to  the  other  plate,  as  the  previous 
speaker  did? 

Mr.  Jones:  Yes  exactly  the  same  as  the 
plate  that  has  been  called  unconstrained  layer 
or  free  layer  plate. 

Mr,  Nicholas  (Air  Force  Materials  Lab.): 
Would  you  care  to  comment  on  the  use  of  the 
standard  solid  model?  The  reason  I  bring  up 
this  question  is  that  the  model  that  you  chose 
exhibits  lower  damping  at  the  higher  frequencies, 
and  since  this  is  a  transient  problem,  I  think  you 
might  want  to  put  in  high  damping  at  high  fre¬ 
quencies.  You  did  seem  to  have  high  frequency 
components  in  the  response,  or  i3  this  just  an 
arbitrary  choice? 

Mr.  Jones:  It  was  fairly  arbitrary.  It  was 
chosen  more  for  simplicity  than  for  realism. 

The  formulas  that  I  derive  in  this  paper  permit 
the  use  of  any  number  of  sp ring- das hpot  ele¬ 
ments,  and  therefore  any  number  of  independent 
parameters  to  describe  the  damping  behavior. 

Mr.  Nicholas:  At  the  beginning  I  thought  I 
understood  you  to  say  that  the  energy  was  dis¬ 
sipated  in  shear  deformation  of  the  viscoelastic 
layer,  did  you  not  mean  extensional  deformation? 

Mr.  Jones:  Actually  I  think  it  is  a  combina¬ 
tion.  There  is  some  shear  deformation  in  this 
type  of  plate  if  the  free  layer  is  thick  enough. 

Mr.  Nicholas:  Usually  you  get  the  most 
shear  deformation  if  you  constrain  it.  Unless 
you  go  to  a  real  high  frequency  or  high  thick¬ 
nesses  it  is  mostly  an  extensions!  deformation. 
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VIBRATIONS  OF  SANDWICH .PLATES  KITH  ORTHOTROPIC 
FACES  AND  CORF. 
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and 
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The  equations  for  stress  and  stress  resultants  (moments  and 
forces)  are  derived  for  a  rectangular  sandwich  plate  with 
orthotropic  core  and  faces  through  the  extreni zat ion  of  the 
complementary  energy  integral.  These  and  the  dynamic 
equilibrium  equations  are  used  to  obtain  the  equation  of 
motion  for  transverse  vibrations  including  the  rotatory  and 
shear  effects.  Tne  panel  consists  of  two  membrane  type 
orthotropic  and  distinct  faces  and  one  soft  orthotropic 
core.  The  method  of  development  can  be  used  for  any 
number  of  faces  and  cores;  only  the  constants  will  change 
when  considering  additional  layers.  The  frequency  equation 
for  the  free  transverse  vibrations  of  a  simply  supported 
plate  is  obtained  by  assuming  a  double  trigonometric 
series  solution.  The  natural  frequencies  are  tabulated 
for  a  selected  example  to  illustrate  the  effect  of  face 
orthotropy . 


INTRODUCTION 

Vibrations  of  sandwich  plates 
with  isotropic  faces  and  isotropic  or 
orthotropic  cores  have  been  considered 
by  many  authors.  Yu  [1]  considered 
the  one  dimensional  case,  including 
transverse  shear  deformation  and 
rotatory  inertia,  for  faces  and  core 
which  are  assumed  to  be  isotropic. 
Cheng  (2]  presented  the  flexure  theory 
for  isotropic  membrane  type  faces 
and  weak  orthotropic  core.  Liaw  and 
Little  [3]  extended  Cheng's  theory 
to  a  plate  composed  of  any  number  cf 
isotropic  faces  and  orthotropic  cores. 
Falgout  [4]  used  the  method  of  super¬ 
posing  bending  deflections  and  deflec¬ 
tions  due  to  transverse  shear  to 
derive  the  differential  equation  of 
free  transverse  vibrations  of  plates 
for  isotropic  faces  and  cores. 

Jacobson  [5]  used  Cheng's  assumptions 


to  study  the  effects  of  orthotropic 
cores  on  the  free  vibrations  of  simply- 
supported  plates.  The  present  invest¬ 
igation  is  also  based  on  membrane 
faces  and  weak  core  construction; 
however,  the  faces  and  the  core  are 
considered  to  be  orthotropic. 

The  sandwich  plate  under  dis¬ 
cussion  consists  of  homogeneous  and 
orthotropic  membrane  type  faces  of 
different  thicknesses  and  materials. 

The  transverse  shear  stress  carried 
by  the  faces  is  negligible  and  the 
normal  stress  is  uniformly  distributed 
across  its  thickness.  Thus,  the 
flexural  rigidity  of  an  individual 
face  is  neglected.  The  core  is 
considered  homogeneous,  orthotropic 
and  thick  relative  to  the  faces. 

The  entire  transverse  shear  stress 
is  carried  by  the  core  and  is  uniformly 
distributed  across  its  thickness.  All 
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other  stresses  in  the  core  are  con¬ 
sidered  negligible.  Thus,  the  plate 
falls  within  the  membrane  face  - 
weak  core  category  (2,  3,  6].  The 
analysis  is  within  the  scope  of  small 
deflection  theory. 


P  »  transverse  load  per  unit 
area 

Rap  -  P 

at* 

•  cotb  shear  parameter 


NOMENCLATURE 


A  »  amplitude  of  free  vib¬ 
rations  with  m  and  n 
half  waves 

a,b  »  length  and  width  of 
plate 

c  »  distance  between  face 
centers  (See  Fig.  1) 

Dx,Dy  »  flexural  rigidities  of 
7  the  plate 

DXy  *  torsional  rigidity  of 
the  plate 

D*  «  constant  defined  by 
Eq.  (2S) 

e i i > e i v  *  elastic  constants  for 
_  „  the  ith  face 


1/(«,X«»y  '  e*!5 


Gxi>c’yz 


■  shear  moduli  of  the  core 


t  ,t  ■  thickness  of  upper  and 
1  1  lower  faces,  respective- 


V  »  complementary  energy 

x,y,2  «  coordinate  axes  (See 

Fig.  tj 

w  »  transverse  deflection 


w  ,a  ,? 

»  i  i 

w  ,a  ,F 
2  2  2 


cix'eiy 


generalized  boundary 
displacements 


“.8  *  Lagrange  multipliers, 

rotations 


-  strains  in  the  ith  face 


X  ,...,A  •  Lagrange  multipliers 


h  n  thickness  of  the  core 


°ix’°iy’ 


«  mass  per  unit  area 


stresses  in  the  ith  face 


D*  ♦  2D, 


Hx  "  Dx  +  Dxy 

«y  "  Dy  +  Dxy 

I  «  mass  moment  of  inertia 

per  unit  area 

L  ,L  ,L  «  plate  constants  defined 
1  1  J  by  Equations  (27),  (28), 

and  (29) 

m,n  »  number  of  half  waves  in 
x  and  y  directions, 
respectively 

M, ,My  -  bending  moments  per  unit 
width 

M  v  -  twisting  moment  per 

7  unit  width 


»  natural  frequency 


3xJ  ‘  3y3 


3x*  3xi3yi 

„  3" 


ANALYSIS 

The  stress-strain  relations  for 
the  ith  orthotropic  face  are  defined 
[7]  as 


Qx»Qy 


shear  forces  per  unit 
width 


eix*ix  +  Tiy 
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°iy  “  eiyeiy  +  eiEix 

(2) 

Tixy  *  GiYixy 

(3) 

The  stress  resultants  at  any 
may  be  expressed  in  terms  of 
stresses  and  plate  dimensions 
in  Fig.  1,  as 

section 

the 

,  shown 

M„  -  ct  o 

X  1  IX 

(4) 

>  ct  <J 
y  1  ly 

(S) 

yt. -  a  - -yf 


^xy 

Qx 


Ct  T 

i  ixy 


hTxz 


Qy 

»  hx 

7  - 

t  0 

♦  to  ”  0 

1  IX 

2  2  X 

t  a 

+  t  a  „  *  0 

*  iy 

2  2y 

(6) 

(7) 

(8) 

(9) 

(10) 


The  strain  energy  of  the  faces 
and  core  may  be  written  in  terms  of 
the  stresses  in  a  manner  similar  to 
that  of  Liaw  and  Little  [3).  Eqs.  (4) 
through  (8)  and  (12)  through  (14)  are 
used  as  the  constraint  conditions  in 
conjunction  with  arbitrary  Lagrange 
multipliers.  Thus,  the  modified 
complementary  energy  can  be  written 
as 


V 


«/*  / 
o 


net  f  e 

O  1  1  >y 


ii 

t 


f  e  )o 
i  :yJ 


i 

ix 


t 


T 

ixy 


t  T 
2 


2xy 


o 


(ll) 


where  Eqs. 

(9)  through  (11) 

indicate 

the  absence 

of  forces  in  the 

x- 

y 

plane.  The 

static 

equations 

of 

equilibrium 

for  a 

differential 

plate 

element  [7] 

are 

^x  + 

3Mxy 

-  Qx  -  0 

(12) 

3x 

3y 

-  qy  -  o 

(13) 

»y 

3x 

3QX 

_ t  + 

P  -  0 

.(14) 

3x 

3y 

(t  f  e  ♦  ii  f  e  )  & 
J  i  ix  tj  2  2XJ° 


2(t  f  e* 

iii 


fr  +  li  ) 

“I  4.  G 

C  jUj 
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t2 

1L  f  e*)o  o 
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♦  X 

h 
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-  Qx) 

3x 
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3My 
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3y 
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(24) 


3QX  3QV 

W  (5x“  +  *  P5]  dxdy 


- 

0 

*  *,*V 

+  a  M 

1  X 

1  dy 

x*0 

■  f a 

|w  Qv  ♦  S  M 

♦  a 

b 

1  dx 

0 

1  2  V  2  xy 

2  y 

y  *0 

(IS) 

where 

f 

i 

«  l/(e  e 

IX  ly 

-  e*2 ) 

(16) 

£ 

k 

»  l/(e  e 

-  e«2) 

(17) 

2 

2  x  2y 

2 

The 

first  integral 

in  Eq. 

(IS) 

is  the  strain  energy  of  the  faces 
written  in  terms  of  the  stresses  in 
the  upper  face  with  the  use  of  Eqs. 

(9)  through  (11).  The  second  integral 
is  the  strain  energy  of  the  core.  The 
third  integral  defines  the  constraint 
conditions  where  X  through  X  ,a,8, 
and  w  are  arbitrary  Lagrange  ’multipli¬ 
ers.  The  line  integrals  represent  the 
work  done  at  the  boundary  due  j:o  the 
generalized  displacements  w  ,  w  , 
a  ,  a2 ,  8 i i  and  Kj  .  11 

The  complementary  energy  is 
minimum  when  the  first  variation  of 
V  with  respect  to  each  stress  and 
stress  resultant  vanishes  [8],  The 
minimization_of  Eq._(lS)_yields  wi  * 

w  «w,a»a»a,8  "8  “8  and 

2  12  1  2 

a  set  of  equations  that  is  reduced 
by  the  use  of  Eqs.  (4)  through  (11) 
to  the  following  equations: 

M_  -  D  —  +  d*  —  (18) 

3y 


n  C  t  *  L  j 

n  ■  11 

y  -  2 

lib j -Lj 


Li  1»»  "1<2 


(2S) 


t  t  cJG  G 

D  »  1  l  1  j 

xy 

t  G  +t  G 
11  2  2 


(26) 


L  »  t  f  e 
i  i  i  iy 


_ L  f  e 

t  1  jy 


(27) 


2 

tl 

t  f  e*  +  —  f  e* 


(28) 


t  f  e  ♦  —  f  e 


i  i  ix 


2  2  X 


(29) 


l/hGxz 

(30) 

1/hGy, 

(31) 

The  constants  Dx  and  Dy  are  the 
flexural  rigidities  in  the  principal 
directions  of  orthotropy,  DXy  is  the 
twisting  rigidity,  1/SX  and  l/Sy  are 
the  shear  rigidities  of  the  core,  w  is 
the  transverse  deflection  (positive 
downward) ,  and  a  and  8  are  the 
rotations  of  a  cross  section  about  the 
y  and  x  axes,  respectively. 


Dy  —  +  D*  — 

7  3y  3x 


-xy 


,38 
Jxy  Ijx 


3^ 


(19)  THE  EQUATION  OF  TRANSVERSE  MOTION 

The  dynamic  equations  of 
equilibrium  of  a  differential  plate 

(20)  element  including  the  effects  of 
transverse  and  rotatory  inertia  are 


a 


x^x 


3w 

3x 


8  -  so 

y  7  3y 

where 

D  «  c’tfLj 
x  - 

L  i  L j - L2 


(21) 

(22) 

(23) 
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3M 

3  2  rt 

_ 2. 

♦  -  Q_ 

-  : 

0  L* 

3x 

3y 

3t 2 

3M 
— X 

3Mxy 

♦  ^  -  n 

-  i 

3*8 

3y 

3x  y 

3t2 

3Q. 

3QV 

3lw 

X 

♦  _ HL  »  p 

-  P 

3x 

3y 

St1 

(32) 

(33) 

(34) 
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isotropic  when  Sx  *  Sy,  and  the  effect 
of  shear  on  deformation  is  removed  when 
Sx  ”  Sy  ”  0.  When  the  faces  are 
isotropic  and  rotatory  inertia  is 
neglected,  Eq.  (38)  becomes  similar 
to  that  given  by  Jacobson  [S].  When 
considering  the  static  flexure  problem, 
all  terms  involving  time  must  be 
removed.  Equation  (38)  then  becomes 
similar  to  that  given  by  Cheng  [2] 
when  the  faces  are  chosen  to  be 
isotropic  and  of  identical  materials. 


A  different  notation  for  the 
elastic  constants  is  used  by  Libov  and 
Batdorf  [9] ,  and  Plantema  [10].  These 
constants  are  defined  by  the 


following: 

•  1 


Sx  Ey 


V 

(44) 

0X) 

(45) 

(46) 


where  Ex,  E  are  elastic  moduli  and 
vx,  are  Poisson's  ratios  in  the 
x,  y  directions,  respectively.  The 
above  constants  are  related  to  those 
used  in  this  investigation  in  the 
following  manner: 


£x  *  vx  £y 
I  - 


(47) 


NATURAL  FREQUENCIES  OF  A  SIMPLY 
SUPPORTED  PLATE 

When  -the  forcing  function  P  is 
equal  to  zero,  Eq.  (38)  represents  the 
equation  of  motion  for  free  vibration. 
The  following  assumed  solution  satis¬ 
fies  the  boundary  conditions  and  rep¬ 
resents  the  free  oscillations  for  a 
simply  supported  plate. 


w 


E  E 
m=l  n**l 


»sm 


mxx 

a 


sin 


w- 


sin  J1  t  (50) 

mn 


The  substitution  of  Eq .  (50)  in 
Eq.  (33),  and  neglecting  rotatory 
inertia,  yeilds  the  frequency  equation 


pQ* 

mn 


(PI) (P2)  ♦  (P3)(P4) 


PI 


SxSyDxy(P2) 


SxSy(P3) 


+  PS 
(51) 


where 


PI  -  DXySy(Sl)J  ♦  DxySx(S£A  1 

P2  -  DX(SI)“  ♦  2H(S1)*(5£)**  Dy(S£)‘ 


SxE/ 


Ex 


(48) 


e*  -  vyEx  -  vxEy  (49) 

When  the  face  is  isotropic,  these 
constants  become 

•  v  ■  v„  * 
x  y 

Ex  -  Ey  - 

ex  ■  ey  ■ 


E 

E 

T^1 


P3  -  (D  D  -  HJ)  (21)  (— ) 

X  y  ah 


P4  -  s  (— )  *  ♦  s  (21)* 

7  a  b 


PS  -  S  D  (— )*  +  S  D  (££)* 
x  xv  a;  y  y 1  o' 


If  the  rotatory  inertia  effect  is 
not  neglected,  then  the  frequency 
equation  is  a  lengthy  cubic  equation 
in  fl*  . 
mn 
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As  an  example  to  illustrate  the 
effect  of  face  orthotropy  on  fl  ,  a 
plate  with  the  following  dimensions 
and  properties  was  selected: 

a  «  b  »  36  in .  , 


t  »  t  *  0.1  in., 
1  2 

h  -  0.4  in. , 


Gxz  “ 

18  x  105  psi, 

G 

y* 

10  x  10s  psi, 

e  « 

e  -  1.6  x  10‘ 

psi 

IX 

2  X 

e.y  - 

e  -  1.6  x  10‘ 

Jy 

psi 

e*  »  e*  =  0.16  x  10‘  psi . 
12  r 


G  -G  "  0.5S  x  10‘  psi. 

1  2  r 

These  chosen  constants  yield  a  degree 
of  orthotropy  Dx/Dy  •  1.  The  values 
of  e  and  e  were  then  increased 

IX  2  X 

to  yield  Dx/D  .  «  2.  and  Dx/D  *  3. 
Resulting  natural  frequencies  computed 
from  Eq.  (SI)  are  given  in  Table  1, 
where 


CONCLUSIONS 

The  equation  of  transverse  motion 
of  a  sandwich  plate  subject  to  the 
stated  assumptions  is  derived.  The 
effects  of  shear  and  rotatory  inertia 
are  included.  This  equation  may  be 
reduced  for  plates  of  simpler  con¬ 
struction,  i.e.,  for  any  combination 
of  isotropic  or  orthotropic  faces  and 
a  core.  Further,  the  equation  may  be 
used  for  the  study  of  static  flexure 
by  deleting  all  time  dependent  terns. 

This  analysis,  by  including  face 
orthotropy,  may  prove  useful  in  view 
of  the  -’"icreased  use  of  reinforced 
plastics,  fiberglass,  etc.,  as  facing 
materials. 
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TABLE  1 


Effect  of  Face  Orthotropy  on  Natural 
Frequency 


The  values  given  in  Table  1 
indicate  that  as  the  face  orthotropy 
increases,  the  deviation  of  the 
frequencies,  from  those  obtained  by 
assuming  isotropy,  increases. 
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THE  NATURAL  MODES  OF  VIBRATION  OF  BORON-EPOXY  PLATES 


J.  E.  Ashton 
J.  D.  Anderson 

General  rummies 
Fort  Worth,  Texas 


An  analytical  and  experimental  study  of  the  natural  frequencies  and  mode  shapes 
of  square  boron-epoxy  composite  plates  is  presented.  The  plates  considered  are 
laminated  plies  of  orthotropic  boron-epoxy  material.  Since  the  laminations  are 
symmetric  about  the  mid-plane,  the  plates  are  considered  analytically  as  aniso¬ 
tropic  homogeneous  plates.  The  analysis  is  based  on  the  Rltz  method,  using 
Hamilton's  principle.  Fully  fixed  boundary  conditions  are  considered.  The  exper¬ 
imental  program  utilized  six  plates  each  fabricated  of  eight  plies  of  boron-epoxy 
material.  Natural  frequencies  and  Chladni  figures  have  been  determined  for  each 
plate  and  compared  to  the  analytical  predictions.  Excellent  agreement  was  ob¬ 
served. 


INTRODUCTION 

The  advent  of  the  widespread  use  of  fiber- rein¬ 
forced  composite  materials  has  widened  Interest  In 
the  natural  modes  of  vibration  of  composite  plates. 
This  paper  presents  an  experimental  and  analytical 
study  of  the  natural  frequencies  and  mode  shapes 
of  square,  flat  boron-epoxy  composite  plates. 

The  plates  considered  are  lamLnated  of  plies  of 
orthotroplc  boron-epoxy  material.  However,  since 
the  principal  axes  of  orthotrepy  of  the  plies  that 
make  up  the  plates  are  not  maintained  parallel  to 
the  plate  edges,  the  plates  are  mathematically 
equivalent  to  generally  anisotropic  plates.  Dynamic 
analyses  for  such  generally  anisotropic  plates  3re 
not  available  in  the  literature,  and  an  analytical 
technique  has  thus  been  developed.  This  analytical 
technique  Is  based  on  the  Rltz  method,  using  Hamil¬ 
ton's  principle.  The  assumed  deflection  series  uses 
a  49-term  expansion  of  characteristic  functions  of 
unit  length  beams.  Fully  fixed  boundary  conditions 
are  considered.  The  analytical  solution  yields  both 
natural  frequencies  and  characteristic  shapes. 

The  experimental  program  utilized  six  13-  x 
13-in.  plates  fabricated  of  9  plies  of  boron-opoxy 
composite  material.  The  edges  were  fixed  to  pre¬ 
vent  translation  and  rotation.  The  natural  frequen¬ 
cies  and  mode  shapes  were  determined  by  mechan¬ 
ically  abating  the  plate  fixture  at  discrete  frequen  - 
cies  with  activated  aluminum  granules  spread  on 
the  surface.  Frequencies  were  recorded  and  photo¬ 
graphs  taken  of  the  node  lines  at  the  resonant  fre¬ 
quencies. 


The  natural  frequencies  and  mode  shapes  were 
calculated  for  each  of  the  plates  tested,  using  lam¬ 
ina  properties  as  determined  from  sandwich  beam 
tests.  The  plate  stiffness  quantities  were  calcu¬ 
lated  from  the  lamina  properties  and  orientations 
using  the  theory  of  laminated  plates.  Excellent  a- 
greement  between  the  analytical  and  experimental 
results  was  observed.  A  minimum  of  six  and  a 
maximum  of  eleven  of  the  analytically  determined 
shapes  were  Identified  experimentally. 

ANALYTICAL  FORMULATION 

The  method  of  solution  used  herein  Is  Hamilton’s 
principle,  with  the  energy  solution  obtained  by  means 
of  the  Rltz  method.  Young  [l]  has  used  this  tech¬ 
nique,  using  beam  characteristic  shapes  to  approx¬ 
imate  the  deflected  shape,  to  obtain  solutions  for 
clamped  Isotropic  plates.  Basically,  the  same 
analysis  procedure  Is  used  here,  extended  to  in¬ 
clude  the  effects  of  anisotropy. 

The  solution  is  obtained  by  equating  the  poten¬ 
tial  energy  of  the  plate  (shown  In  Fig.  1)  In  bending 
to  the  kinetic  energy  of  the  plate  and  requiring  this 
equivalence  to  be  stationary.  That  is, the  solution 
Is  obtained  from  the  requirement: 

V  -  T  =  stationary  ”alue  (1) 

where 

V  =  potential  energy  due  to  bending 

T  =  kinetic  energy  of  the  plate. 
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\ \ v\ \ \” \\\\\ \ \ 

Figure  1  Plate  Geometry 


The  potential  energy  due  to  bending,  for  the 
plate  shown  In  Figure  1,  can  be  written  as  fellows: 


V  =  1/2 


fM]  *  [X]  dx  dy 


[?.']  =  My  =  plate  moment  resultants 
Mips- 


[X]=  Xy  =  plate  curvatures 
2Xxv 


W  =  normal  deflection 

and  a  comma  denotes  partial  differentiation. 

For  anisotropic  materials: 

[M]  =  [D]  [X]  (3) 

where  [D]  is  a  fully  populated  symmetric  matrix. 
2  the  plate  in  Figure  1  is  fabricated  of  n  plies  erf 
an  orthotropls  material,  the  elements  of  the  £d] 
matrix  can  be  written  as  follows  [2]  : 
u 

Dij  ftk  ~  hk-l) 

k=l 


S  S  N  N 


VsVj  Nvi  ^ 


(ei]>k  *<*“  each  layer  are  given  below  in  terms  of 
the  ortfcotropic  elastic  constants  cf  the  layer  and 
the  orientation  (^(given  with  respect  to  axes  paral¬ 
lel  to  the  plate  edges): 

diK°cn  C08\  +  2<c12  +  2CSS  )• 
k  k  k 

2  2^4 

sin  0^  cop  ^  +  C^2  aln  4. 

k 

*12  -<C1L  +  C22  *  ^66  >* 

k  k  .  g  k 

slc\  cos2^  +  (sln49fc  +  cos^) 
^2^  =  CUk  8ta4®k  +  2(C12k  +2CC8k)* 

sin2^  coa2^  +  C22,  coa4^ 

+  (C12k  *  C22k  +  2C66k>  8l°30k  cos  ®k 
^2^  =  *  C1Z&  *  2C£8k^  stl“9k  008  ®k 

+  (c12j.  *  c22k  +  2C66k>  sin  8*  coa3^ 
C6Sk  =(Ciik+C22k-2C12jc-2C68k). 

sin28k  Cos\  +  Cgg^  (sln40k  +  cos4^) 


p,  - 

Ei 

*“'11 

1  "V12 

V21 

C,o 

=  V2X  E1 

12 

X*V12 

E2 

V21 

c22 

*  v12 

v2i 

C66 

=  G12 

Figure  2  Layer  Coordinates  and  Orientation 
for  Laminates 


4> 

where  E1(  E2,  V12  =  V2J  -g^  , .  GJ2  are  the  elastic 

constants  of  the  orthotropic  material. 

Substituting  expression  (3)  into  expression  (2), 
the  following  result  is  obtain'd: 

-iff  {DU  w2,^*  2Di2  W(;ct* 

W.yy  +  D22  W2  .  yy 

*4w.^<d16  w>s5  +  E28  WIyy 

+  °86  w*xy)}  <*  dy- 
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The  kinetic  eusrcy  Is  Riven  by  the  foilow'ng  ex- 
prn*j:on:  /*  <« 


l  2  i  i  2 

T=i«)/»b  ff  W  ds  dj  (?) 

J°f 

where  P  -  msusa  density 

u)  c  angular  frccueacy  of  vibration. 

fn  order  to  find  a  edution  for  W  that  obeys  con¬ 
dition  (’/  (approximately),  the  deflection  function 
is  expanded  in  the  fo! lowing  form: 

7  7 

W  =  £  £  a,.  Z  (a)  Z,  <y)  (8) 

l“l  J«1  J  J 


alJ  *  parameters  to  be  determined 

Zj  (y)  «  characteristic  9h»pe  of  the  i'1*  natural 
frequency  of  a  damped -damped  beam 

'  coeh  (  *  pO  -  coa  (  <  ( y) 

-  a[(slnh(<  j  y)  +  Oj  sln{<  (  yi) 

(tha  constants  f  j  and  a(  am  tabu¬ 
lated  la  Reference  3). 

The  series  (8)  satisfies  the  beti-dary  corrii- 
done  of  aero  deflection  and  7-ero  six p«!  along  the 
four  ^igES. 

With  the  assumed  series  (8)  for  the  deflection, 
the  condition  (1)  becomes  sn  ordinary  maxinum- 
minlmum  prebiaa  in  the  49  variables  eij-  Sbb- 
ct ‘biting  (8)  Into  (6)  and  (7)  and  using  condition  (1), 
tho  following  act  of  Una  nr  simultaneous  equations 
is  obtained: 

7  7 

-  2  I  dUcmn  *mn  -  -gL  . 
0‘H*  m=l  n=l  <?dk 


co  ph  ab 


dikmn  =  DU  ^im  ^lkn  Jj 


to  v5r*  ‘5ml  oka  ) 
*  ^22  ^lin  ^3kn  fax1  *  2 • 


<*8mt  *4kn  +  + 


n  'W1  TT 


+  2D:e  <*4im  *6ck  ♦  ♦4mi  ^eto)- 

vT  ♦  4DS6  *2lm  *2kn  ob 


.  P  <1  »  -) 

■% -jo  *i« z)^> *  •{. 

%  *./* ZiW>x  zi^’x 

+3Ij  '  £  zi  w*«  zjW-«  dr- 

%  -  /  ziw‘*  ZJ «  * 
v5tJ 

*«,  "/  ziW.«Z]W-*&- 

"he  integrals  above  have  been  given  in  Reference  3. 

Equations  (9)  define  a  dlrorcto  specie!  eigenvalue 
problem.  The  solution  of  this  eigenvalue  pr.  .-  -*> 
yie'dsthe  natural  frequencies  and  the  correopc  .  . 
shapes. 

The  abcrvi.  analysts  has  been  programmed  for  an 
J3M  360-65  digital  computer.  Thin  program  has 
been  used  to  prod  let  natural  frequencies  and 
characteristic  shapes  for  tho  plates  investigated 
experimentally. 

EXPERIMENTAL  INVESTIGATION 

Six  panels  were  tasted,  each  having  a  different 
combination  of  lamina  orientation*.  The  configura¬ 
tions  are  given  in  Tnble  1  in  terms  of  the  prlnclpa  1 
axis  of  orthotrepy  of  the  laminae.  The  panels  we  re 
fabricated  of  NARMCO  5505  boron-epoxy  preiro- 
pregsated  tape  (NARMCO  Materials  Division  of  the 
Whittaker  Corporation). 

Table  1  PANEL  CONFIGURATIONS 

Panel  Fiber  Orientations 

A  0o/90o/30o/0O/0O/90O/90°/00 

B  *  at  0° 

C  45°/ -45°/ 45°/-450/ -45°/ 45°/-45°/ 45° 

D  0°/  45°/-45o/90o/90%45o/-45°/0° 

E  -22. 5°/-22. 5°A67.  5°/-67.  5°/-67. 5°/ 

♦€7.5°/-22.5%22.5° 

F  8  at  46 3 
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Each  panel  was  In  turn  clamped  Into  a  relatively 
stiff  frame  constructed  of  3-  x  3-  x  3/8-in.  struc  - 
turai  steel  angles  welded  at  each  corner  (Fig.  3)  , 
A  1-ln.  wide,  1/2-in.  thick  steel clampingbar  fast¬ 
ened  on  each  side  of  the  frame  with  3/8-in.  bolts 
on  1  1/4 -in.  centers  gripped  1/2  in.  of  each  edge 
of  the  panels.  This  reduced  the  unsupported  span 
of  the  panels  to  12  x  12  in. 


Figure  3  Mechanical  Vibration  Test  Setup 


The  clamping  frame  was  suspended  above  two 
electromechanical  shakers  on  soft  rubber  cord. 
The  shaker  heads  were  attached  to  opposing  sides 
of  the  frame  through  mechanical  iuses  attached  to 
rigid  angle  brackets  bolted  to  the  sides  of  the  frame. 
The  shaker  attachment bracketswere  located  in  turn 
on  the  major  axes  of  the  panel  and  at  the  panel  cor¬ 
ners  to  prevent  overlooking  modes  whose  ncdc  lines 
corresponded  with  particular  shaker  attachment  lo¬ 
cations. 

The  shakers  used  were  two  100-pound  force  elec¬ 
tromechanical  shakers  driven  by  a  common  power 
supply.  Synchronization  of  the  shakers  in  phase  or 
180  degrees  out  of  phase  was  accomplished  by  a  se¬ 
lector  switch.  Frequency  control  was  accomplished 
wita  a  variable  frequency  oscillator. 

When  excited  at  a  natural  resonance  frequency, 
apanelwill  vibrate  in  a  characteristic  mode  shape. 
The  shape  la  visualized  by  sprinkling  a  loose  ma¬ 
terial  on  the  surface  of  the  panel.  This  material 
is  bounced  off  the  moving  areas  of  the  panel  and 
accumulates  on  the  node  lines  where  there  is  rela¬ 
tively  little  motion.  At  frequencies  between  reso¬ 
nances,  there  are  no  stationary  node  lice  3  and  the 
loose  material  bounces  randomly,  forming  no  pat¬ 
tern. 

Activated  aluminum  granules  were  found  to  have 
all  of  the  properties  required  for  the  loose  material 
The  granules  used  were  much  coarser  than  sand, 
yet  were  light  and  resilient.  Their  light  coloring 
provided  an  excellent  contrast,  for  photographic 
purposes,  against  the  black  color  of  the  panels. 


With  the  granules  on  the  surface  of  the  panel, 
the  input  frequency  was  slowly  Increased  until  the 
motioe  cf  the  granules  Indicated  a  resonant  condi¬ 
tion.  The  frequency  was  then  tuned  to  produce  the 
most  clearly  defined  model  pattern,  the  frequency 
recorded,  the  power  cut  off,  and  the  pattern  photo¬ 
graphed.  Tlie  upward  frequency  sweep  was  then 
continued  until  the  next  resonance  was  encountered, 
tuned  in,  and  recorded.  This  was  continued  through 
the  frequency  range  of  interest.  The  same  proce¬ 
dure  was  repeated  with  the  shakers  oppositely 
phased,  with  the  shakers  attached  on  the  other 
major  axis  of  the  panel  and  at  opposite  corners  of 
the  frame  during  in-phase  and  out-of-phase  opera¬ 
tion.  Other  shaker  conditions,  after  the  Initial 
sweep  through  the  range,  repeated  most  of  the  mo¬ 
dal  patterns.  However,  some  modes  not  previously 
excited  became  so  because  the  node  lines  coin¬ 
cided  with  the  shaker  attachment  points. 


DISCUSSION  AND  RESULTS 

A  set  of  natural  modes  from  the  fundamental  fre¬ 
quency  ».p  through  approximately  1000  Hz  was  de¬ 
termined  for  each  panel  configuration.  The  modes 
demonstrated  an  interplay  of  two  dominant  charac¬ 
teristics,  geometry  and  stiffness.  Configurations 
A  and  B  had  the  major  stiffnesses  coincident  with 
the  major  geometric  axes  (specially  orthotrcpic) 
and  the  modes  were  rectangular.  The  other  config¬ 
urations  involved  varying  amounts  of  anisotropy, 
with  Panel  F  representing  the  extreme  of  ail  45-de¬ 
gree  layup.  Generally,  the  lowest  frequency  model 
were  foundto  be  geometrically  controlled.  The  ef¬ 
fect  of  anisotropy,  which  causes  a  skewing  and 
bending  of  the  modal  patterns,  became  more  pro¬ 
nounced  as  the  frequency  was  increased. 

The  stx  to  twelve  lowest  natural  frequencies  and 
characteristic  shapes  of  the  panels  huve  been  cal¬ 
culated  with  the  anisotropic  plate  analysis  proce¬ 
dure  described  above.  The  lamina  properties, 
based  on  General  Etymamica  sandwich  beam  tests 
[  4  ],  were  taken  as  follows: 

E1  =  3.1xl07  E2=  2.7  x10s 

v12  =  .28  G  =  .75  x  10s 

The  density  was  taken  as  .  192  x  10-3  pound-sec- 
ond2/lnch,V 

Matched  sets  of  experimentally  photographed 
node  lines  and  analytically  predicted  node  lines  for 
56  natural  modes  are  presented  in  Figures  4  through 
9.  The  observed  and  calculated  frequencies  are 
given  In  the  figures.  The  agreement  between  pre¬ 
dicted  and  observed  nodal  lines  is  excellent.  The 
agreement  between  observed  and  predicted  fre¬ 
quencies  is  fair. 


84 

BEST  PiVMLPvBlt  GOPX 


IfV^JOnCy  •  JV»  *4 


»rnfwrv»  .  h/ 


•  J*>  h| 


•n»«w,  •  rw  »| 


*fwj  j#»v  i  *  *>  ^ 


.  fM  ht 


‘ 

! 

: 

L.  _ 

n 

: 

i 

t 

L.....I 

_ J 

; 

i 

! 

•  S{1  h» 


Figure  4  Frequencies  and  Mode  Shapes, 
0°  -  90°  Plate 
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Figure  6  Frequencies  and  Mode  Shapes, 
+  45°  Plate 
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Figure  8  Frequencies  and  Mode  Shape*, 
+  22.5°  +  67.5°  Plate 
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frequency  •  106  hi 


frequency  •  215  hi 


Frequency  •  239  hi 


frequency  •  323  hi 


frequency  •  334  hi 


Frequency  •  365  hi 


Figure  9  Frequencies  and  Mode  Shapes, 
8  Plies  @  45° 
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In  addition  to  the  matched  natural  modes,  there 
were  several  unidentifiable  resonant  modes  within 
the  frequency  range  considered  with  the  analysis 
procedure.  These  are  as3urncdtobe  modem  associ¬ 
ated  with  membrane  or  In-plane  stress  v/hich  un¬ 
doubtedly  exist  In  these  panels.  Some  effects  can 
also  be  expected  from  frame  resonances  which 
are  believed  to  be  above  500  Hz. 

Tee  experimentally  determined  frequencies  ver¬ 
sus  the  analytically  predicted  frequencies  for  the 
identified  natural  modes  are  shown  In  Figure  10. 
The  predicted  frequencies  average  approximately 
10  percent  higher  than  the  observed  frequencies. 
This  effect  Is  probably  due  to  the  assumption  of 
full  clamping  at  the  boundaries  for  the  analytical 
predictiona,  since  the  experimentally  Imposed 
boundary  conditions  provide  less  than  rigid  fixity. 
Unfortunately,  the  specific  contribution  of  this  ef¬ 
fect  would  vary  from  panel  to  panel,  depending  on 
the  tightening  of  the  clamping  bolts,  and  the  panel 
configuration. 


Figure  10  Experimental  Vs  Analytical 
Frequencies 


CONCLUSIONS 

Experimental  Investigation  confirms  Hint  this  lin¬ 
ear  energy  analysis  procedure  yields  cccurcie  pre¬ 
dictions  of  the  natural  vibration  mode  shapes  and 
frequencies  of  laminated  boron-epoxy  plates.  It  also 
demonstrates  that  the  effects  of  anisotropy  cn  the  dy¬ 
namic  response  are  often  quite  pronounced. 


REFERENCES 

1.  Young,  D. ,  "Vibration  of  Rectangular  Plates  by 
theRitz  Method,"  Journal  of  Applied  Mechanic.". 
December  1950. 

2.  Plater,  K.  S. ,  et  al. ,  Analysis  of  Structural 
Laminates,  ARL-76,  September  1961. 

3.  Young,  D. ,  and  Felgar,  R.  P.  ,  Tables  of 
Characteristic  Functions  Representing  the  Nor¬ 
mal  Modes  of  a  Vibrating  Beam,  University  of 
Texas,  Publication  No.  4913,  1949. 

4.  Shockey,  P.  D. ,  and  Waddoups,  M.  £., 

■  "Strength  and  Modulus  Determination  of  Com¬ 
posite  Materials  with  Sandwich  Beam  Tests,  " 
presented  to  the  American  Ceramic  Society 
Meeting,  Chicago,  Illinois,  September,  1963. 


ACKNOWLEDGEMENT 

This  work  was  sponsored  by  the  Air  Force  Materials 
Laboratory, Research  and  Technology  Division,  Air 
Force  Systems  Command,  United  States  Air  Force, 
under  Contract  No.  AF33(515)-5257. 


91 


NATURAL  MODES  OF  FREE-  FREE  ANISOTROPIC  PLATES  * 


J.  E.  Ashton 

General  Dynamics 
Fort  Worth,  Texas 


An  analytical  study  of  the  natural  frequencies  and  characteristic  shapes  of  free- 
free  plates  Is  presented.  The  plates  considered  are  rectangular  and  laminated 
of  orthotropic  plies.  The  principal  axes  of  orthotropy  are  not  maintained  paratlel 
to  the  plate  edges.  The  analytical  solutions  are  obtained  with  the  Rltz  method 
using  beam  characteristic  shapes  to  approximate  the  de  lected  shape.  Solutions 
are  presented  which  ..lustrate  the  effect  of  varying  (1)  the  orientation  of  the  plies, 
(2)  the  stacking  sequence,  and  (3)  the  degree  of  orthotropy. 


INTRODUCTION 


The  advert  of  the  widespread  use  of  fiber- 
reinforced  composite  materials  has  renewed  In¬ 
terest  In  Tae  analysis  of  plates  composed  of  lam¬ 
inated  orthotropic  mstarlals.  This  paper  presents 
an  analysis  of  the  natural  frequencies  and  charac¬ 
teristic  shapes  of  free-free  rectangular  plates. 
The  plates  considered  are  laminated  of  orthotropic 
material,  but  the  principal  axes  of  orthotropy  of 
tholaminaa  are  not  maintained  parallel  to  the  edges 
of  the  plate.  The  Influence  cf  anisotropy  on  the 
dynamic  frequencies  and  characteristic  shapes  is 
investigated,  as  isthe  effect  of  varying  the  stacking 
sequence  and  orientations. 

ANALYS3  TECHNIQUE 


The  method  of  solution  used  in  this  analysis 
Is  Hamilton's  principle,  with  the  energy  solution 
obtained  by  means  of  the  Rita  method.  A  3fi-term 
series  of  beam  characteristic  shapes  Is  used  to 
approximate  the  deflected  shapes. 


The  potential  energy  due  to  bending,  for  the 
plate  shown  In  Figure  1,  can  be  written  as  follows: 


V  =  1  Cm] [X]dx  dy 


where 


Cm]  = 


(i) 


plate  moment  resultants 


W,  XX 

M- 

Xy 

2  A 

xy 

-  plate  curvatures  = 

W,yy 

2W,xy 

W  =  transverse  deflection 
and  a  comma  denotes  partial  differentiation. 


For  anisotropic  materials 

M  ■  [D]  [X]  (2) 

where  D  Is  In  general  a  fully  populated  matrix 
of  stiffness  coefficients  which  can  be  defined  in 
terms  of  the  elastic  constants  of  orlhotrcptc 
laminss  and  related  orientations  of  the  principal 
axes  of  orthotropy. 

Substituting  Equation  (2)  into  Equation  (1)  and 
expressing  the  curvatures  in  terms  of  deflection, 
the  potential  energy  can  be  expressed  in  terms  of 
an  integral  over  the  area  involving  the  stiffness 
termj  and  the  deflection. 


The  kinetic  energy  Is  given  in  terms  of  the  de¬ 
flection  by  the  following  expression: 


T  =  l/2o 


jUowlng  exc 

47' 


dx  dy 


(3) 


♦This  paper  not  presented  at  Symposium. 
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whore 


p  =  mass  density 

h  *  plate  thickness 

<i)  ■=  angular  frequency  of  vibration. 

An  approximate  solution  can  be  obtained  by 
equating  the  potential  energy  to  the  kinetic  energy 
and  requiring  this  energy  balance  to  be  (approxi¬ 
mately)  stationary.  In  the  present  analysis,  the 
deflection  is  assumed  in  a  series: 


6  6 


W 


H  1  aij  zt<x)  Zj(y) 


(4) 


1=1  J=1 

where 

=  parameters  to  be  determined. 

In  this  study,  the  functions  Zj(x)  and  Z^(y) 

were  taken  as  the  characteristic  shapes  of  free-free 
vibrating  beams  [l].  Although  these  functions  or.ly 
approximately  satisfy  the  boundary’  conditions  of 
aero  moment  and  shear  on  the  plate  boundary,  they 
allow  the  edge  to  deflect  and  take  ar.y  slope,  arid 
thus  provide  a  good  approximation  to  the  true  free 
edge  boundary  conditions. 

The  condition 


V  -  T  *  stationary  value 


(5) 


can  be  approximately  satisfied  by  substituting  the 
series  (4)  into  expressions  (1)  and  (3)  and  differen¬ 
tiating  the  energy  balance  V  *  T  with  respect  to 
This  results  in  the  following  systems  of  simul¬ 
taneous  equations  which  can  be  solved  to  give  the 
natural  frequencies  and  related  mode  shapes: 

6  6 

—  =  T.  dikmn  amn  =  —  =  <n2  ph  ab 

a8ik  ^  *aik  (6) 


where 

d 


ikmn  n  3im  ikn  12 


*5nk  ^mi  %kn>  L 
ab 

+  D22  *Um  ^3kn  “7  +  2D16* 

D 


(  *, 


6mi  ^kn  +^6im  '!4nk^ 
+  2D26<*4im*6nk 


1 

b2" 


4D  \If  «J/  - 

66  2im  2kn  ab 


and 


Z^x)  Z^(x)  dx 

Z,  (x) ,  Z  (x),  dx 
i  x  ]  x 

Z  (x),  Z  (x),  dx 
1  *x  )  XX 


Z.  (x),  Z  (x)  dx 
i  ’  x  J 


Z  (x),  Z  (x)  dx 
i  XX  j 


Z  (x).  Z  (x)  dx 
i  XX  j 


The  integrals  are  tabulated  In  Reference  1. 


RESULTS  AND  DISCUSSION 

A  wide  variety  of  results  has  been  calculated 
to  illustrate  the  effects  of  anisotropy  on  both  the 
natural  frequencies  and  mode  shapes.  Thirty-six 
terms  have  been  used  for  all  calculations.  The 
comparisons  presented  below  are  restricted  to 
square  plates  (a  =  b)  so  that  the  effects  of  aniso¬ 
tropy,  and,  in  particular,  the  effects  of  lamination 
angles  and  sequence,  can  be  observed  with  a  mini¬ 
mum  variation  in  geometry.  The  natural  frequen¬ 
cies  are  presented  in  terms  of  the  parameter  >.  de¬ 
fined  such  that 


2 

<o 


(7) 


where  E2  Is  the  smaller  of  the  two  principal  elas¬ 
tic  moduli.  The  major  Poisson's  ratio  term  (  v12 ) 
for  the  orthotropic  laminae  considered  here  has 
been  taken  to  be  .3. 

Orthctroplc  Layers  With  Varying  Orientations 


94 


The  first  four  natural  frequencies  and  mode 
shapes  of  plates  composed  of  a  single  layer  of 
orthotropic  material  with  the  principal  axis  of 


Figure  2  Characteristic  Siapes  for  Variable 
Orientation 


orthotropy  at  angles  of  o,  22.5,  and  45  degrees 
with  rcapa-tt  to  the  plate  edges  have  been  obtained 
for  the  following  material  property  ratios: 


El 

S' 


10 


°12  -  <; 

T7 


The  [d]  matrix  for  theee  plates  Is  easily  com¬ 
puted  with  the  following  formulas  [2]: 


1 

12 


Cy  1,3 


(8) 


where 


^11  =  C11  ooa4e  +  2(C12  +  2CsS*  sla2®  * 


cos29  +  C22  sin'*® 


2  2 

C|2  *  (Cn  +  O  02  "  ^Cgg)  pin  9  cos  0 
+  C12  (sin^O  +  cos*8) 

C22  0  Cjj  ain^O  +  2(C  +  2Cgg)  sin2  9 

cos29  +  C22  cos'*© 

C^g  K  C^2  ~  2Cgg )  sln9  ccs  3  9  +  (C^2 

-  C22  +  2Cgg)  sln38  cos9 
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9  =  orientation  of  principal  axis  with  respect 
to  the  plate  edge. 

The  natural  frequency  parameter  X  is  presented 
for  these  orientations  in  Table  1.  Also  presented 
in  Table  1  are  the  analogous  results  neglecting  the 
anisotropic  coupling  terms  Dig,  D,g  (  orthotropic 
analysis)  as  has  been  frequently  done  in  the  past. 
Clearly,  these  terms  are  quite  significant  except 
at  0  degrees  (when  they  are  always  rero).  The  code 
lines. corresponding  to  these  frequencies  are  pre¬ 
sented  in  Figure  2.  The  effect  of  anisotropy  on 
these  shapes  is  also  quite  significant. 


Table  1  EFFECT  OF  ORIENTATION  FOR 
A  SINGLE  ORTHOTF.OPIC  LAYER 


Orientation 

0° 

22.5° 

45° 

*•1  Anisotropic 
Orthotropic 

22.1 

22.  1 

28.9 

40.  0 

30.4 

65.1 

^•2  Anisotropic 
^2  Orthotropic 

41.3 

41.8 

45.5 

65.6 

54.9 

103.3 

^3  Anisotropic 
*■3  Orthotropic 

134.7 

134.7 

148.3 

313.6 

158.  5 
203.4 

^•4  Anisotropic 
'*"4  Orthotropic 

317.0 

317.0 

320.4 

324.2 

245.7 
5+3.  4 

Effect  of  Alternating  Laminations 

To  Illustrate  the  effects  of  laminating  multiple 
plies  at  alternating  +  a  angles  (with  respect  to 
the  plate  edges),  several  j+50  lam  .nations  have 
been  considered.  The  material  property  ratios 
used  here  are  the  same  as  used  for  the  results  dis¬ 
cussed  above.  The  plate  stiffness  matrix  [oj  for  a 
plate  composed  of  n  plies  at  +  a  constructed  with 
midplarc  symmetry  Is  Identical  to  the  matrix  for  a 
plate  composed  of  a  single  layer  at  +  a  ,  except 
for  the  anisotropic  coupling  terms  Dlg,  D2(J. 
These  terms  can  be  computed  as  follows: 

D16,26  T  (C16,2S*k  ^  *  hh-l> 

(10) 

where  the  are  described  in  Fig.  3  and  the  (C^ik 
are  given,  for  each  lamina,  in  Eq.  (9).  For  ajH5° 
laminate,  Dlg  =  D?g  and  D^g  — ►  0  as  n  becomes 
large.  The  ratio  ^  Lg  presented  vs.  n  in 

Fig.  4.  The  first  tour  natural  frequencies  have 
been  calculated  for  n  =  1,  4,  3,  and  the  limiting 
(orthctropic)  case,  n — ►«.  The  frequencies  are 
listed  In  Table  2  and  the  mode  shape  a  are  shown  in 
Fig.  5.  Clearly,  the  plate  becomes  effectively 
stiffer  for  alterastiug  plies. 


Figure  3  Layer  Coordinates  and  Orientation 
for  Laminates 
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Figure  4  Variation  of  D16  Vs  N  for  +  45° 
Dll 

Laminate 


Table  2  EFFECT  OF  STACKING  SEQUENCE 


FOR  A  +15  PLATE 


Laminate 

A.1 

A2 

J-3 

U 

1  @  +45 

30.4 

54.9 

158.5 

245.7 

4  @ +45 

57.0 

59. 8 

239.6 

295.4 

8  ©  M5 

63.9 

92.7 

254.4 

463.2 

«©  +45 
(OriboU'cpic) 

65.1 

103.8 

203.4 

548.4 

Table  3  EFFECT  OF  VARIATIONS  El  Ej  /E, 


VS2 

*1 

*2 

*3 

*4 

10. 

30.4 

54.9 

133.5 

245.7 

7.5 

29.3 

50.6 

151.2 

194.6 

6.0 

27.7 

46.0 

140.8 

142.4 

2.5 

24.4 

40.7 

84.4 

129.0 

1.0 

16.7 

35.9 

54.7 

112.4 

CONCLUSIONS 

The  results  of  an  analysis  of  the  natural  mod  Me 
of  vibration  of  free-free  laminated  platea  Indicate 
that  the  natural  frequencies  and  the  characteristic 
shapes  U  such  plates  are  strongly  Effected  (1)  by 
the  orientation  of  the  principal  aaoa  of  crthotropy 
of  the  laminae,  (2)  by  the  ratio  cf  the  principal 
elastic  moduli,  and  (3)  by  the  stacking  sequence. 
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Variations  cf  Ei/E2 

The  results  previously  presented  considered 
that  the  orthctroplo  lamlnas  were  strongly  ortho¬ 
tropic,  t.  e. ,  Ej/Ej  “  10.  fa  tills  section,  a  g45° 
one-ply  plate  lo  considered  for  decreasing  values 
of  the  ratio  e1/E2;  In  particular  for  values  of 
Ej/Eg  =  10,  7.5,  5,  2.5,  and  1.  fa  order  to  con¬ 
verge  In  a  consistent  manner  to  tho  isotropic  case 
when  Ei/E2  =  1,  the  ratio  G^/^  ban  been  varied 
linearly  with  Ej  from  .5  when  Ej/Ec  =  10  to  .3  8  5 
when  E]/E2  =  1. 

The  first  four  natural  frequencies  are  presented 
for  these  values  of  Ej/E.,  In  Tnble  3.  The  associ¬ 
ated  mode  shapes  are  3rawn  In  Fig.  6.  Both  the 
frequencies  and  mode  shapes  make  a  continuous 
transition  from  the  highly  anisotropic  case  to  the 
Isotropic  case. 
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Figure  5  Characteristic  Slopes  for  +  45° 
LdmlMtee 
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ACOUSTIC  TEST  OF  BORON  FIBER  REINFORCED  COMPOSITE 


PANELS  CONDUCTED  IN  THE  AIR  FORCE  FLIGHT  DYNAMICS 
LAbORATCRY'S  SONIC  FATIGUE  TEST  FACILITY 

Carl  L.  Rupert 

Air  Force  Flight  Dynamics  Laboratory 
Vright-Patterson  Air  Force  Base,  Ohio 


This  experimental  program  was  performed  in  support  of  research  in 
airframe  application  of  advanced  composite  material.  The  principal 
objectives  were  to  determine  the  effects  of  fiber  orientation  on 
the  response  characteristics  of  a  series  of  boron-epoxy  panels  when 
exposed  to  a  high  intensity  sound  environment,  and  to  evaluate  their 
sonic  fatigue  resistivity.  The  panel  specimens  were  installed  In 
the  Air  Force  Flight  Oynamics  Laboratory's  Small  Scale  Acoustic  Test 
Facility  and  subjected  to  grazing  Incidence  impingement  at  sound 
pressure  levels  in  increments  up  to  160  d3  (re  .0002  dynes/cnr ) . 

The  pronounced  nonlinear  response  of  the  panels  is  discussed.  Rep¬ 
resentative  strain  levels  are  presented.  Strain  distribution  pat¬ 
terns  obtained  using  the  brittle  coating  technique  are  shown. 


INTRODUCTION 

The  demands  of  modern  aerospace  design 
stress  the  need  for  new  materials  with  superior 
elastic  properties,  better  strength-to-weight 
ratios,  and  extended  high  temperature  applica¬ 
tions.  An  example  is  the  recent  a^d  rapid 
development  in  advanced  types  of  fiber  re¬ 
inforced  composite  material  which  has  generated 
considerable  Interest.  Particular  emphasis 
has  been  directed  to  boron-epoxy  systems  and 
their  potential  application  in  flight  vehicle 
structure. 

This  paper  presents  some  of  the  results 
of  an  experimental  acoustic  test  program  con¬ 
ducted  in  the  Air  Force  Flight  Dynamics 
Laboratory  in  support  of  research  In  airframe 
application  of  advanced  composite  material. 

The  test  program  objectives  were  (1)  to 
determine  the  effects  of  fiber  orientation  on 
the  response  characteristics  of  a  series  of 
boron-epoxy  panel  specimens  when  exposed  to  a 
high  Intensity  sound  environment,  (2)  to  obtain 
fatigue  life  data,  and  (3)  to  photograph  strain 
distribution  patterns  from  each  panel  config¬ 
uration  using  the  brittle  coating  technique. 


DESCRIPTION  OF  TEST  SPECIMENS 

The  specimens  were  13  inch  square  flat 
panels  of  .030  inch  nominal  thickness,  laminat¬ 
ed  of  eight  plies  of  boron  fiber  reinforced 
composite  material.  In  this  type  of  construc¬ 
tion,  each  ply  is  essentially  orthotropic  as 
it  is  comprised  of  boron  filaments  aligned  uni- 
directionally  and  Imbedded  in  an  epoxy  matrix. 
The  matrix  material  was  Narmco  5505.  The  boron 
content  was  50!  by  volume. 

However,  the  panels  were  considered  to  be 
anisotropic  as  the  angular  orientation  of  the 
orthotropic  axis  of  each  ply  is  varied  In 
sequence  during  the  8-ply  lay-up.  The  ortho¬ 
tropic  axes  are  not  necessarily  maintained 
parallel  to  the  edges. 

The  six  test  configurations  are  listed  In 
Table  I.  Note  that  the  sequence  of  ply  lay-up 
Is  symmetrical  about  the  center  line.  Two 
configurations,  the  All  0°  and  All  45°,  were 
Included  for  academic  reasons  and  not  to  eval¬ 
uate  their  potential  strength.  All  specimens 
were  installed  fo-  test  with  the  0°  reference 
axis  oriented  vertically. 
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Fig.  1  -  Small  scale  acoustic  test  facility 


Fig.  2  -  Siren  room  and  test  set-up 


TA3LE  I 


Fiber  Orientation  for  8-Ply  Panel  Specimens 


Outer 

Ply 

Center 

Line 

Outer 

Ply 

r* 

90° 

0° 

90° 

0° 

90* 

0° 

0” 

0° 

0° 

0° 

Hi 

0° 

0° 

0° 

♦45° 

-45° 

+45° 

-45° 

-455 

+45° 

-45° 

+45° 

0° 

+45° 

-45° 

90° 

90° 

-45° 

+45° 

0° 

+22.5° 

-22.5° 

+67.5° 

-67.5° 

-67.5’ 

+67.5° 

-22.5° 

+22.5° 

+45° 

+45° 

+45° 

+45° 

+45° 

+45° 

+45° 

+45° 

TEST  INSTALLATION 

The  source  of  discrete  frequency  excita¬ 
tion  required  for  the  program  was  provided  by 
the  Small  Acoustic  Test  Facility  (1)  shown  in 
the  cut-away  of  Fig.  1.  It  is  equipped  with 
two  sirens  that  produce  a  maximum  power  output 
of  50  kw  over  a  freouency  range  of  50  Hz  to 
10  k  Hz  in  two  overlapping  increments.  The 
sirens  are  coupled  to  an  800  cubic  ft  termina¬ 
tion  chamber  by  a  16  ft  catenofdal  horn. 
Immediately  downstream  of  the  sirens  is  a  one- 
foot  square  test  section  in  which  sound  pres¬ 
sure  levels  (SPL)  up  to  174  d3*  can  be  attained 
and  in  which  the  panels  were  installed  singly 
for  exposure  to  qrazlnq  incidence  sound  energy. 
The  test  set-up  (Fiq.  2)  show:  the  panel  in¬ 
stalled  in  a  specially  designed  fixture  which 
in  turn  is  clamped  to  the  side  of  the  one-foot 
section. 

Instrumentation  war.  kept  minimal.  Strain 
qages  were  located  perpendicularly  to  each  pan¬ 
el  edge  on  centers,  plus  a  rosette  in  the  geo¬ 
metrical  center  of  the  panel.  Sound  pressure 
levels  were  monitored  hy  a  microphone  position¬ 
ed  near  the  test  panel  as  shown  in  Fig.  3.  A 
pulsed  frequency  signal  was  recorded  from  the 
siren  to  provide  a  frequency  tracking  reference 
for  response  amplitude  analysis. 

During  preliminary  check  runs  made  on  a 
"practice"  panel  it  was  discovered  that  an  in¬ 
crease  in  the  siren  air  temperature  of  only  10 
to  15  degrees  Fahrenheit  could  cause  the  panel 
to  expand  and  buckle  while  clamped  in  the  fix¬ 
ture.  This  tendency  to  "oil -can"  was  resolved 
by  heating  the  panel  while  It  remained  loose 
in  the  fixture  and  then  torquing  it  while  hot. 
Upon  removing  the  heat,  the  panel  remained  pre¬ 
stressed  in  the  fixture  so  long  as  the  siren 
air  temperature  did  not  exceed  the  pre-heat 
temperature. 


Fig.  3  -  Upstream  view  of  test  section 
showing  specimen  installed  for 
grazing  incidence  exposure 


*A11  SPL's  in  this  paper  are  referred  to  0.0002  dynes/cm^ 
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Fig.  4  -  Comparison  of 
damped  linear 
and  damped  non¬ 
linear  systems 


F#  ft  F| 

FREQUENCY  FREQUENCY 
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Fig.  5  -  Response  of  0o/+45°/-45o/90o 
panel  during  frequency  sweep 
at  constant  SPL 


RESPONSE  TESTING 

Sweep  frequency  data  were  required  to 
determine  the  linearity  of  strain  response  for 
Increases  in  loading,  and  to  select  the  max¬ 
imum  responding  mode  of  vibration  for  later 
tests-to-failure.  Consequently,  response  runs 
were  accomplished  for  each  panel  configuration 
at  SPL's  of  140  dB,  146  dB,  152  dB,  and  153  dS, 


i.e.,  by  sweeping  the  siren  frequency  from 
approximately  70  Hz  to  550  Hz  while  holding 
the  sound  pressure  level  constant.  Each  sweep 
run  was  monitored  by  a  recording  oscillograph. 

In  addition,  all  gage  and  microphone  outputs, 
and  the  tracking  signal  were  stored  on  magnetic 
tape  for  later  analysis. 

The  most  significant  aspect  of  the  response 
data  pertains  to  the  matter  of  strain  linearity 
with  respect  to  increases  in  sound  pressure 
level.  To  make  this  phase  of  the  test  more 
meaningful,  a  comparison  Is  made  between  the 
classical  damped  linear  and  damped  nonlinear 
response  curves.  These  are  shown  in  Fig.  4. 

Typically,  the  damped  linear  system 
resonates  at  a  natural  frequency  which  essen¬ 
tially  remains  constant  regardless  of  any 
Increases  in  the  magnitude  of  the  exciting 
force. 

In  a  damped  nonlinear  system,  the 
restoring  forces  are  not  proportional  to  the 
displacement.  The  example  shown  typifies  a 
^hard  spring"  system.  (A  "soft"  system  would 
bend  the  other  way.)  This  swept-over  appear¬ 
ance  of  the  nonlinear  response  curve  is 
explained  thus:  as  the  excitation  frequency 
Is  gradually  Increased,  the  vibratory  amplitude 
also  slowly  Increases  from  A  through  F  and 
continues  to  near  B  at  which  point  a  very 
slight  increase  in  frequency  causes  the  ampli¬ 
tude,  after  a  transitory  hesitation,  to  suddenly 
“jump-down"  to  C  at  which  point  stability  is 
regained  and  progress  toward  0  is  resumed. 


BESnVML^LtC0PN 
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Fig.  6  -  Family  of  response 
curves  for  a  damped 
nonlinear  system  at 
varying  levels  of 
energy  input 


Fig.  7  -  Data  from  the 

0°/+457-45790° 
panel  showing 
increase  in  natural 
frequency 
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Conversely,  with  a  gradual  decrease  in  frequency 
the  curve,  starting  at  D,  is  retraced  through  C 
to  near  E  where  the  amplitude  begins  to 
hesitantly  blossom  and  the  "jump"  phenomenon 
i'  again  encountered,  this  time  from  E  to  F 
where  stability  is  achieved  and  the  amplitude 
retraces  the  curve  toward  A.  Thus,  for  any 
frequency  falling  between  F2  and  F;  there  are 
two  values  of  amplitude  which  exist  while 
amplitudes  within  the  shaded  area  are  not 
attainable.  (2,  3) 

The  pronounced  nonlinearity  of  the  boron- 
epoxy  composite  panels  is  evident  in  the  Strain 
versus  Frequency  response  charts,  one  of  which 
Is  shown  in  Fig.  5.  This  Is  representative  of 
the  strain  gage  output  from  all  panel  config¬ 
urations  and  demonstrates  the  "jump"  effect 
that  is  peculiar  to  a  hard-spring  system  during 
increasing  sweep  frequency. 


This  concept  of  nonlinear  response  can  be 
expanded  to  include  a  family  of  curyps,  one  for 
each  level  of  energy  input,  as  shewn  in  Fig.  6. 
In  general,  the  effect  of  Increasing  the  ex¬ 
citing  force  is  to  increase  the  response 
amplitude  at  all  frequencies  while  extending 
the  resonant  peak.  A  plot  of  the  loci  of 
vertical  tangents  to  the  response  curves  defines 
the  region  of  instability.  The  natural  fre¬ 
quency  of  the  nonlinear  hard-spring  system 
follows  the  upper  boundary  of  this  area.  This  , 
is  exemplified  by  data  recorded  from  the 
07'i45°/90°  panel  for  each  Increment  of  loading, 
and  shown  in  Fig.  7,  demonstrating  that  the 
natural  frequency  shifted  upward  by  33  Hz  over 
an  18  d3  Increase  in  sound  pressure  level.  This 
is  a  typical  example  applying  to  all  panel 
configurations. 
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Fig.  8  -  All  panel  failure 


Fig.  9  -  Ply  separation  in  edge  of 
+457-457+457-45°  panel 


ENDURANCE  TESTING 

An  additional  objective,  obtaining  fatigue 
life  data,  was  achieved  to  an  extent  corranensurate 
with  the  limited  number  of  specimens  available, 
i.e.,  a  maximum  of  four  each  of  three  panel 
configurations,  and  three  each  of  the  remaining 
configurations. 


It  was  preferable  to  select  a  fatigue  test 
loading  that,  for  all  panel  configurations  would 
induce  failure  without  accumulating  an  excess¬ 
ively  large  number  of  test  hours.  Based  on 
strain  levels  observed  during  response  testing, 
it  was  estimated  that  160  dB  would  be  sufficient 
to  cause  failure  within  a  reasonable  period  of 
test  time. 

Subsequently,  all  specimens  were  tested  to 
failure  as  planned,  at  a  sound  pressure  level 
of  160  dB.  However,  it  is  necessary  to  examine 
and  account  for  those  test  variables  that  may 
have  Influenced  the  results  before  attempting 
to  evaluate  fatigue  life. 

For  example,  over-torquing  the  test  fixture 
caused  the  panel  specimen  to  distort.  This, 
when  combined  with  the  previously  described 
tendency  to  oil-can  made  panel  installation  a 
time  consuming  and  sensitive  procedure,  and 
repeatable  boundary  conditions  improbable. 

It  was  first  thought  that  failure  could  be 
detected  visually  while  the  panel  remained  in¬ 
stalled  in  the  test  fixture.  However,  post¬ 
failure  examination  of  the  first  several 
specimens  revealed  that  damage  in  the  outer 
plies  was  propagating  undetected  from  the  points 
of  incipiency  In  the  clamped  area  under  the 
test  fixture.  Thereafter,  all  specimens  were 
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Fig  10  -  Close-up  of  broken  Fig.  11  -  Example  c.:  extensive  damage 

filaments  in  clamped  incurred  before  failure  was 

area  of  +22.57-22. 5’/  detected 

+67. 57-67.  f°  parol 


routinely  renoved  front  the  fixture  at  regular 
inspection  intervals  and  the  suspected  areas 
examined  by  microscope  if  failure  was  not 
otherwise  evident. 

By  definition,  if  the  resonant  frequency 
fell-off  by  10X  during  an  endurance  run.  a 
failure  was  suspected  and  generally  found  to 
exist,  tnough  subsequent  examination  often 
revealed  the  extent  of  damage  to  vary  from 
severe  to  nea+ly  undetectable  ply  separation. 

To  the  other  extreme,  detection  of  an  incipien- 
cy,  sometimes  only  several  broken  filaments, 
by  microscope  during  routine  inspection 
intervals  also  was  technically  classified  as  a 
failure.  Consequently ,  "time-to-failure"  by 
itself  is  ambiguous  and  a  function  of  the  type 
of  failure  and  how  far  it  had  prrqressed  before 
detection.  "Time-to-dc'tecticn“  would  be  more 
appropriate  though  less  meaningful. 

After  establishing  an  SPt  of  163  o3  at 
the  start  of  each  run.  it  was  considered  good 
practice  to  explore  the  region  of  maximum 
response  in  order  to  search-out  the  knee  of 
the  curve.  This  was  done  tc  avoid  tuning-in 
the  specimen  too  fine,  experience  having  shown 
that  an  upward  drift  of  several  Hertz  ccu'd 
cause  the  amplitude  to  wander  off  into  the 
critical  "jump"  area. 

Specimen  failures  were  predictable  only 
with  regard  to  the  two  panel  configurations 
(All  0°  and  All  45°)  in  which  the  orthotrooic 
axes  of  all  plies  were  aligned  in  the  same 
direction.  The  failures  in  each  occurred 
parallel  to  filament  alignment  as  anticipated. 
As  an  example.  Fig.  8  shows  the  All  0°  config¬ 
uration  split  cleanly  in  two  places  along  the 
zero  (vertical)  direction. 


The  remaining  specimen  failures  are 
grouped  into  either  of  two  cl assi f ications, 
ply  separation  as  shown  In  Fig.  9,  Or  failures 
in  or  near  the  clamped  area  which  usually 
progressed  through  various  stages  of  damage 
before  detection.  An  example  of  near-incipient 
failure  is  evidenced  by  broken  filaments  in 
Fig.  10  while  in  Fig.  11  the  outer  plies  of  the 
specimen  had  chunked-out  befo:e  failure  was 
detected. 

Because  of  inconsistencies  and  difficulties 
in  detecting  specimen  failure,  fatigue  test 
data  are  not  presented.  Hcwever,  an  estimate 
of  relative  specimen  strength  can  be  derived 
from  a  comparison  of  the  response  data. 

Presented  in  Fig.  12  are  load  curves  for 
three  of  the  configurations  (+22.57-22.57 
+67.57-67.5°,  +4 57-4 5V +4 5°/ -45’,  and  0  7  907 
0790°)  which  fell  within  a  spread  of  200  micro¬ 
inches  strain.  This  spread,  also  represented 
by  the  shaded  area  in  Fig.  13,  is  bracketed  by 
the  three  remaining  configurations.  Above  the 
shaded  area  are  two  "no-life”  configurations 
(All  0°  and  All  45°)  with  strains  approaching 
2000  microinches  at  160  dB,  while  the  configu¬ 
ration  that  consistently  exhibited  the  lowest 
strain  was  the  07+457-45790°  specimen. 

Comparative  data  were  to  have  been  obtained 
from  an  isotropic  specimen.  A  single  aluminum 
panel  of  identical  geometry  was  available  at 
the  time  of  test.  This  panel  was  Inadvertently 
failed  while  recording  response  data  at  a  sound 
pressure  level  estimated  at  152  d3. 
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Fig.  13  -  Comparison  of  load 
curves  for  three 
panel  configurations. 
The  curves  of  fig.  12 
fall  within  the 
shaded  area. 


STRAIN  DISTRIBUTION  PATTERNS 

The  brittle  coating  method  of  strain 
analysis  was  successfully  employed  to  obtain  a 
graphic  record  of  the  distribution,  direction, 
location,  and  pattern  progression  of  tensile 
strains  induced  by  successively  applied  loads. (4) 

Briefly,  the  procedures  and  techniques  of 
the  brittle  coating  method  are  reviewed: 

1.  Clean  the  specimen  surface  thoroughly 
until  completely  free  of  all  dirt  and  grease, 
using  recommended  solvents  that  do  not  leave 
deposits  or  other  residue. 

2.  Spray  the  prepared  area  with  a  specially 
furnished  aluminum  under  coating  to  provide  a 
uniform  background  for  the  strain  sensitive 
coating. 


3.  In  accord  with  recommendations  bared 

on  prevailing  temperature  and  humidity  conditions 
select  a  coating  that  will  provide  the  required 
strain  threshold  sensitivity. 

4.  Dry  the  coating  according  to  specific 
instructions  for  the  type  of  coating  used.  An 
overnight  cure  was  typical. 

5.  Assuming  the  specimen  to  have  been 
successfully  loaded  in  the  planned  manner,  it 
is  necessary  to  "bring-out"  the  strain  pattern 
in  the  coating  by  some  process  of  crack 
detection.  The  process  used  in  this  program 
was  the  electrolyte  penetrant/electrified 
particle  method  which  has  the  advantage  over 
dye-etchant  techniques  in  that  the  process  can 
be  repeated  for  successive  loadings  without 
damaging  the  coating. 
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Fig.  M 


-  Resonating  tb •?  nonlinear 
system  by  Increasing 
the  energy  input  while 
holdirg  frequency  constant 


6.  If  the  resultant  strain  pattern 
appears  satisfactory,  obtain  phPtonnaphs. 
Hash-off  thu  oattern  and  repeat  the  loading 
process. 

The  series  of  brittle  coatings  used  in 
this  program  had  a  nominal  strain  threshold 
sensitivity  o'  500  microinches  ce"  inch  v^en 
dried  and  tested  at  recort-rnded  te-oeratures , 
and  a  crate  sensitivity  of  15U  micro''nch»s/inch. 
Since  the  coating  sensitivity  Is  affected  by 
temperature  change  1  30  mlcroinches/inch  per 
degree  F),  a  drop  of  only  12°F  often  ruined  the 
coating.  (5) 

This  tendency  to  crate  proved  critical  as 
the  spraying/drying  area  was  subject  to  drafts 
and  normal  day-night  temperature  fluctuations. 
Consequently,  the  only  effective  curing 
procedure  evolved  was  to  coat  the  specimen  at 
the  test  si°e,  provide  a  protective  wraroi.ng, 
and  isolate  the  area  during  overnight  cure. 

Merely  loading  the  specimen,  a  process 
which  entailed  its  exposure  tc  siren  air  flow 
(relatively  cool),  often  triggered  the  c rate 
tendency.  This  was  resolved  by  ocerating  the 
siren  air  supply  system  for  a  sufficient  time 
to  preheat  the  air  above  room  ambient  before 
Installing  the  scecimen  in  the  test  section. 

The  necessity  of  rigid  control  over  coating 
cure  temperature  and  test  temperature  cannot 
be  over  emphasized. 

A  set  of  well  defined  strain  patterns  is 
dependent  on  resonating  the  panel  at  the 
initial  load  near  the  strain  threshold  sensi¬ 
tivity  of  the  brittle  coating  and  choosing 
succeeding  load  increments  based  on  the  degree 
of  pattern  progression. 


The  initial  approach,  holding  the  S?L 
constant  while  trying  to  search-out  the 
resonant  frequency,  proved  unsatisfactory  as 
it  was  difficult  to  achieve  a  pronounced 
resonance  of  brief  duration  anu  to  predict  a 
load  increment  that  would  develop  the  strain 
pattern  in  well-spaced  stages. 

A  more  reliable  technique,  s^own  graphical¬ 
ly  In  Fig.  14,  was  to  select  a  frequency  for 
which  unstable  amolitudes  er e  kncvn  to  exist, 
and  while  holding  this  frequency  constant, 
slowly  Increase  the  SPt,  driving  the  ampli¬ 
tude  across  the  lower  boundary  of  the  region 
of  instability  at  which  point  the  panel  reson¬ 
ates  quite  abruptly  due  to  the  “jump"  phenom¬ 
enon.  This  procedure  was  successfully  used 
to  produce  a  series  of  strain  patterns  in 
progressive  sta.es  fc  each  of  the  s.x  panel 
conf . gyrations.  All  patterns  were  developed 
for  the  fundamental  response. 

A  representative  selection  of  strain 
pattern  photographs  Is  presented  for  comparison 
In  Figs.  15  through  20  shewing  the  general 
progress  of  pattern  development  for  each  con¬ 
figuration. 

Obtaining  quantitative  strain  measu-ements 
by  the  brittle  coating  method  was  not  a  part 
of  the  program  and  consequently,  the  procedures 
involved  are  not  treated  in  this  paper. 

However,  the  cracks  in  the  coating  occur 
normal  to  the  principal  tensile  strain,  and 
relative  strain  levels  are  indicated  by  crack 
density. 
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(a)  -  150  dB,  150  Hz  (b)  -  157  d8.  165  Hz 

Fig.  i5  -  Strain  distribution  patterns  for  0°/9C°/0*/90°  panel 
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(a)  -  152  dB,  155  Hz 


(b)  -  157  d3.  160  Hz  • 


Fiq.  16  -  Strain  distribution  patterns  for  All  0’  panel 
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(c)  -  157  dB,  180  Hz 


Fig.  17  -  Strain  distribution 
patterns  for 
+450/-450/+450/-45° 
panel 
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Fla.  18  -  Strain  distribution 
patterns  for 
0o/+45c’/-45o/S0° 
panel 


<c)  -  153  d8,  193  Hz 
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(a)  -  1 54  d3,  ISO  Hz  (b)  -  1S7  d3,  1S5  Hz 


(c)  -  1 59  dS,  190  Hz 


Fir.  1?  -  Strain  distribution 
patterns  for 

+22. 57-22. 5°/+67. 57-67. 5° 
panel 
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(c)  -  152  dB,  155  Hz  (d)  .  153  dB>  160  Hz 

f’S-  20  -  Strain  distribution  patterns  for  All  +45°  panel 
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(e)  -  154  dB,  165  H2 


(f)  -  156  dB,  173  Hz 


Fig.  20  (cont'd)  -  Strain  distribution  patterns  for  All  +45*  panel 


CONCLUDING  REMARKS 

1.  It  was  clearly  demonstrated  during 
response  tests  that  the  boron-epoxy  cor.oosite 
specimens  respond  in  a  manner  typical  of  a 
"hard-spring"  nonlinear  system.  This  behavior 
was  pronounced  in  all  panel  configurations  and 
is  attributed  to  membrane  stresses  resulting 
from  large  panel  deflections.  In  addition,  a 
comparison  of  strain  data  from  the  response 
tests  provided  a  basis  for  estimating  relative 
specimen  strength.  > 

2.  Since  it  is  not  certain  to  v»nat  degree 
the  endurance  data  were  Influenced  by  in¬ 
consistencies  in  detecting  failure,  specimen 


life  prediction;  are  not  undertaken.  A  single 
aluminum  specimen,  intended  to  orovlde  compar¬ 
ative  data,  failed  during  a  response  run  of 
brief  duration  at  an  estimated  8  dB  belcw  the 
fatigue  test  level  selected  for  the  composite 
specimens. 

3.  Strain  distribution  patterns,  from 
satisfactory  to  excellent,  were  photographed 
for  all  specimen  configurations.  The  patterns 
were  obtained  from  dynamic  loadings  using  the 
brittle  coating  method.  It  was  demonstrated 
that  this  technique  can  be  successfully  applied 
under  adverse  test  conditions  if  appropriate 
precautions  and  procedures  are  devised  to  meet 
the  requirements. 
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STRENGTH  CHARACTERISTICS  OF 
JOINTS  INCORPORATING  VISCOELASTIC  MATERIALS 

W.  L.  La  Barge  and  M.  D.  Lamoree 
Lockheed  California  Company 
Burbank,  California 


This  paper  describes  an  analytical  and  experimental  investigation  of 
the  load  carrying  capability  of  structure  incorporating  a  constrained 
layer  of  viscoelastic  material.  Included  in  the  study  are  the  effects  of 
the  viscoelastic  material  on  the  budding  strength  of  panels  under 
compression  loads;  on  the  strength  of  joints  under  static  tension  loads; 
and  on  the  fatigue  resistance  of  joints  under  axial  and  lateral  loads. 
The  objective  of  the  investigation  is  to  develop  procedures  for  esti¬ 
mating  the  very  important  stress  concentration  factor  of  structures 
incorporating  viscoelastic  material  as  a  function  of  the  local  detail 
design  6u  that  its  influence  may  be  properly  evaluated  in  optimizing 
the  structural  design.  The  work  described  herein  is  a  portion  of  a 
research  ar.d  development  program  being  conducted  currently  for  the 
Air  Force  Materials  Laboratory  at  Wright-Palterson  Air  Force  Base. 
The  purpose  of  the  program  is  to  develop  methods  of  fabrication  and 
evaluation  of  sonic  fatigue  resistant  aerospace  structures  Incorporat¬ 
ing  viscoelastic  materials. 


INTRODUCTION 

One  of  the  major  problems  confronting  the 
designer  of  modern  high  performance  jet  air¬ 
craft  is  that  of  sonic  fatigue.  The  obvious 
need  to  minimize  structural  weight  of  aircraft 
has  resulted  in  highly  efficient  design  concepts 
from  the  standpoint  of  strength -to -weight  ra¬ 
tios.  This  type  of  structure  is  especially  sus¬ 
ceptible  to  fatigue  failure  when  suojected  to  the 
high  intensity  acoustic  fields  of  modern'jet  en¬ 
gines.  It,  therefore,  becomes  necessary  to 
optimize  the  design  of  the  structure  from  the- 
standpoint  of  strength  and  weight  when  the 
acoustic  loading  is  added  to  the  other  design 
loads. 

Cne  of  the  means  of  reducing  the  vibratory 
response  level  of  structure  due  to  acoustic  ex¬ 
citation  Is  to  increase  the  amount  of  damping 
in  the  structure.  The  additional  damping  can 
be  obtained  by  an  "add-on"  damping  device; 

(for  example,  damping  tape)  or  it  may  be  de¬ 
signed  into  the  structure.  The  most  common 
way  of  doing  the  latter  Is  to  use  laminated  pan¬ 
els  with  a  constrained  core  of  viscoelastic 
material. 


The  reduction  in  vibratory  response  level 
is  an  indication  of  the  potential  Increase  in 
sonic  fatigue  life  of  the  structure  that  should 
be  attainable  with  viscoelastic  damping.  Ac¬ 
tually,  this  potential  is  usually  not  realized 
because  the  ac'.aition  of  the  viscoelastic  mate¬ 
rial,  in  a  "sandwich",  for  example,  changes 
the  load  transfer  mechanism  locally  (particu¬ 
larly  in  the  area  of  rivet  or  other  attachments) 
and  modifies  the  local  effective  stress  concen¬ 
tration  factor.  Next  to  the  response  level,  the 
stress  concentration  factor  is  the  most  potent 
factor  in  determining  the  fatigue  life  of  a  panel 
or  structure.  The  analytical  determination  of 
the  stress  concentration  factor  Is  very  difficult 
except  for  the  simplest  of  geometries  and  re¬ 
course  must  be  had  to  experimental 
determination. 

This  paper  describes  an  analytical  and  ex¬ 
perimental  investigation  of  the  load  carrying 
■capability  of  structure  incorporating  a  con¬ 
strained  layer  of  viscoelastic  material.  In¬ 
cluded  in  the  study  are  the  effects  of  the 
viscoelastic  material  on  the  budding  strength 
of  panels  under  compression  load3;  or.  the 
strength  of  joints  under  static  tension  loads; 
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v  Beam  Deflection  along  y-Axis 
o  Edge  Fixity  Coefficient 
»  Stress 
Subscripts 

l  Face  Plate 
c  Core 
s  Solid  Bean: 
v  Viscoelastic  Beam 


and  an  the  fatigue  resistance  of  Joints  under 
axial  and  lateral  loads.  The  objective  of  the 
Investigation  is  to  develop  procedures  for  esti¬ 
mating  the  very  important  stress  concentration 
factor  of  structures  incorporating  viscoelastic 
material  as  a  function  of  the  local  detail  design 
so  that  its  influence  may  be  properly  evaluated 
In  optimizing  the  structural  design.  Optimiza¬ 
tion  of  the  structural  design  can  proceed  only 
when  all  of  the  design  loadings  are  known  and 
their  effects  on  the  structure  can  be  estimated. 
Inherent  in  the  determination  cf  the  optimum 
design,  cf  course,  are  the  manufacturing  con¬ 
straint*  necessary  to  permit  the  fabrication  of 
flight  quality  hardware. 

The  work  described  herein  is  a  portion  of  a 
program  being  conducted  currently  for  the  Air 
Force  Materials  Laboratory  at  Wright- Patterson 
Air  Force  Base.  The  purpose  of  the  program 
is  to  develop  methods  of  fabrication  and  eval¬ 
uation  of  sonic  fatigue  resistant  aeroopsce  struc¬ 
tures  incorporating  viscoelastic  materials. 

UST  OF  SYMBOLS 

D  Diameter  of  Fastener 
E  Elastic  Modulus 
F  Lateral  Force 
G  Shear  Modulus 
I  Moment  of  Inertia 
X  Stress  Concentration  Factor 
N  Compression  Load  per  Unit  Width 
P  Axial  Load 
R  Effectiveness  Ratio 
U  Strain  Energy 
V  Potential  Energy 
b  Beam  Width 
d  Core  Thickness 
{  Beam  Length 
n  Number  of  Fasteners 
t  Face  Plate  Thickness 
u  Face  Plate  Deflection  along  x-Axis 


STRUCTURAL  ANALYSIS 

In  this  section  analytical  expressions  are 
derived  for  an  idealized  viscoelastic  beam  sub¬ 
jected  to  various  loading  conditions.  Applica¬ 
tion  of  appropriate  limits  reduces  the  expres¬ 
sions  to  forms  applicable  to  solid  beams.  The 
expressions  are  used  in  conjunction  with  test 
data  to  assess  the  effective  edge  fixity  coeffi¬ 
cient  and  the  effective  fatigue  and  plastic 
stress  concentration  factors  that  exist  at  the 
edges  of  the  various  viscoelastic  beam  designs 
studied. 

Critical  Buckling  Loads 

The  Idealized  model  of  the  sandwich  beam 
considered  In  this  analysis  consists  of  two  face 
plates  of  equal  thickness  bonded  to  a  viscoelas¬ 
tic  core.  The  Internal  loads  produced  in  the 
face  plates  by  external  forces  are  derived 
using  the  principle  of  virtual  displacements 
whereby  the  variation  of  the  total  energy  asso¬ 
ciated  with  the  beam  must  vanish.  Thus 


6(U+V)  =  0,  (1) 


where  U  is  the  total  strain  energy  associated 
with  the  internal  load3  in  the  beam  and  V  ia 
the  total  potential  energy  associated  with  the 
applied  external  loads. 

The  strain  energy  terms  which  arc  in¬ 
cluded  In  the  analysis  are  those  associated 
with  (1)  extension  and  compression  of  the  face 
plates,  (2)  bending  of  the  face  plates,  (3)  bend¬ 
ing  of  the  viscoelastic  core,  and  (4)  shear  of 
the  viscoelastic  core.  In  general,  for  most 
viscoelastic  damping  materials  (3)  above  will 
not  contribute  significantly  to  the  total  energy  . 
of  the  beam.  It  1s  left  in  the  analysis,  how¬ 
ever,  to  facilitate  checking.  The  total  strain 
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energy  associated  with  the  viscoelastic  team 
shown  in  Fig.  1  can  te  written 


team,  are  small  compared  to  the 
distance  between  the  center  of  the 
core  and  the  center  of  the  face  plates. 

U  »  2Uj  ♦  tV2  ♦  U3  ♦  .  (2)  The  potential  energy  associated  with  the 

axial  compression  loads  applied  at  tte  ends  of 

the  team  is 


va '  -I  ml  (s)2-”--  m 

Through  the  use  of  Eqs.  (1)  through  (7)  and 
the  appropriate  boundary  conditions,  it  can  be 
shown  that  the  critical  buckling  load  per  unit 
width  is: 


Fig.  1  -  Idealized  viscoelastic  beam 


The  subscripted  energy  terms  on  the  right 
hand  side  of  So.  (2)  refer  to  the  strain  ener¬ 
gies  identified  above.  For  a  team  of  uniform 
cross  section  it  can  be  shown  that  the  strain 
energy  terms  of  Eq.  (2)  are: 


7  »\2  Ml 

N,  +  Gd 

[l  +“)  +  — 

b 

L'  d)  NbJ 

N 

a  +  Gd 

(3) 


where 


(3) 


2  E,d  t 
Na  =  °v^2  ~7- 


(4) 


Nb  =  %— 2(2-Vf  +  EcV- 


Implicit  in  the  derivation  of  the  above 
strain  energy  equations  are  the  assumptions: 

(1)  loads  are  distributed  uniformly 
across  the  width  of  the  beam, 

(2)  the  extension  and  compression  of  the 
face  plates,  due  to  bending  of  the 


The  critical  buckling  load  of  a  solid  team 
of  thickness  (2t)  Is  determined  from  Eq.  (8)  by 
allowing  the  shear  modulus  of  the  core  to  go  to 
Infinity  (G  —  =>)  ar.d  the  core  thickness  to  go  to 
zero  (d  —  0).  The  buckling  load  equation  thu3 
reduces  to  the  Euler  equation 


N 


cr 


(9) 


Comparing  Eqs.  (8)  and  (3),  it  13  noted 
that  the  core  material  effects  the  critical 
buckling  load  in  two  ways.  First,  the  core 
material  introduces  shear  and  adds  bending 
rigidity  to  the  beam  and  second,  it  alters  tits 
attachment  characteristics  (edge  fixity  coeffi¬ 
cient,  »)  cf  the  beam.  The  shear  modulus  and 
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bending  modulus  of  the  core  are  properties  A 
the  material  and  are  assumed  independent  ol 
the  beam  design.  The  edge  fixlt”  coefficient, 
on  the  other  hand,  Is  assumed  a  function  of  the 
design  configuration  of  the  beam  as  well  as  the 
attachment.  Values  of  a  may  vary  from  unity 
for  pinned -pinned  edge  conditions  to  4  for 
clamped -clamped  edge  conditions. 

Bending  Fatigue  Stresses 

The  maximum  stress  developed  in  the  face 
plate  of  a  viscoelastic  beam  due  to  bending  is 
derived  using  the  same  idealized  model  and 
analytical  procedures  as  those  used  in  the 
derivation  of  the  critical  buckling  load3.  Iden¬ 
tical  strain  energy  terms  are  considered. 

The  potential  energy  considered  is  that  duo  to 
the  lateral  force  (F)  applied  at  the  center  of  the 
beam.  The  energy  associated  with  this  loading 
condition  is 


(10) 


Using  Eqs.  (1)  through  (6)  and  Eq.  (10) 
and  the  appropriate  boundary  conditions,  it  can 
be  shown  that  the  maximum  stress  at  the  out¬ 
ermost  fiber  of  the  face  plate  is 


'  2G  Gb(d  -•  t?2 

Eftd +  ♦  e nr) 


The  maximum  stress  in  a  solid  beam  of 
thickness  (2t)  is  determined  from  Eq.  (21)  by 
allowing  the  shear  modulus  to  go  to  infinity 
(G  —  ®)  and  the  core  thickness  to  go  to  zero 
(d  —  0).  The  equation  thus  determined  is 


F? 

04  1/ 


(12) 


Comparing  Eqs.  (21)  and  (12),  two  effects 
of  the  core  material  on  the  maximum  stresses 
are  noted:  (1)  the  core  material  introduces 
shear  and  adds  bending  rigidity  to  the  beam, 
and  (2)  the  stress  concentration  factor  associ¬ 
ated  with  the  attachment  is  altered.  .Vs  pointed 
out  earlier,  the  shear  modulus  and  bending 
modulus  of  the  core  are  properties  of  the  ma¬ 
terial  and  are  assumed  Independent  of  the  de¬ 
sign  configuration.  The  stress  concentration 
factor,  like  the  edge  fixity  coefficient,  Is 
assumed  a  function  of  the  beam  and  attachment 
design  configuration , 

Tension-Compression  Fatigue  Stresses 
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Tv  v  8  E^rEJ 
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In  the  derivation  of  the  equation  for  the 
stress  produced  by  an  axial  fatigue  load,  it  is 
assumed  that  the  axial  load  carrying  capability 
of  the  core  can  be  neglected  and  the  net  area 
of  the  face  plate  material  is  fully  effective  in 
transferring  the  load  from  the  face  plates  to 
the  fasteners.  Based  on  these  assumptions,  it 
can  be  shown  that  the  social  stress  is  given  by 


where 

*b  =  2If  +  Ia> 


=  Kv 

where  t’  represents  the  total  thickness  of  the 
face  plate  material  along  the  centerline  of  the 
fasteners,  (See  Fig.  2  for  the  assumed  load 
distribution  for  the  two  basic  viscoelastic 
beam  design  configurations  considered  in  this 
study. ) 

For  a  solid  beam,  the  axial  stress  is 


Ia  =  }bt(d  +  t)2, 


*8  =  Es  (b  -  m3)  t 


(14) 
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TEST  PROGRAM 
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(a)  Viscoelastic  team  without  Insert 


(b)  Viscoelastic  beam  with  insert 
Fig.  2  -  Assumed  ardal  load  distribution 


Unlike  previous  cases  discussed,  the  core 
material  affects  only  the  stress  concentration 
factors  in  Sq3,  (33)  and  (14),  To  simplify  the 
notation,  the  me  symbol  (IC)  has  been  used 
for  the  stress  concentration  factors  in  Sqs. 

(11)  through  (14).  They  are,  of  course,  not 
equal.  The  stress  concentration  factors  in 
£qs.  (11)  and  (12)  apply  only  to  bending  fatigue 
while  those  In  Eqs.  (13)  and  (14)  are  applicable 
to  axial  fatigue. 


Specimen  Design 

The  primary  consideration  which  led  to  the 
t«s!c  specimen  design  configuration  i-.wd  in  the 
test  program  was  that  the  design  should  be 
typical  of  feasible  aircraft  type  stone  to  re  which 
could  be  used  to  carry  representative  aircraft 
leads  and  at  the  same  time  take  maximum  ad¬ 
vantage  of  the  damping  characteristics  afforded 
by  the  viscoelastic  material  under  study.  The 
basic  configuration  chosen  ms  a  sandwich  con¬ 
figuration  wita  a  constrained  viscoelastic  core. 
The  specimen  face  pistes  were  fabricated  from 
2024 -T 3  clad  aluminum  sheet  stock  and  the 
viscoelastic  core  from  a  polyurethane  com¬ 
pound.  Two  types  of  attachments  used  in  air¬ 
craft  structure  are  represented.  The  first  is 
where  a  continuous  shin  is  attached  to  support 
structure  and  the  second  is  where  the  edge  of 
skin  panel  is  attached.  Specimens  which  rep¬ 
resent  these  attachment  locations  are  referred 
to  a3  continuous  team  and  butt  joint  specimens, 
respectively. 


The  test  specimens  were  Binod  such  that 
the  test  loads  approximated  the  leading  of  a 
10  inch  flat  plate  which  might  be  used  on  an 
airplane  as  surface  structure  in  a  high  noise 
level  environment.  The  various  test  specimen 
designs  are  shown  in  Fig.  3.  AD-5  round  head 
rivets  were  used  to  attach  all  teat  specimens, 
except  the  static  tension  specimens,  to  the  test 
fixtures.  Steel  1/4  inch  screws  were  U3ed  as 
fasteners  for  the  static  tension  specimens 
since  toe  shear  strength  of  the  rivals  wno  In¬ 
sufficient  to  insure  a  failure  of  toe  beam  spec¬ 
imen.  All  fasteners,  fastener  spa  clegs,  and 
edge  distances  were  chosen  to  conform  to 
standard  design  practices  applicable  to  alr- 
ci  aft  structure. 

A  total  of  six  different  joint  configurations 
were  chosen  as  representative  designs  for  the 
test  specimens.  They  are  shown  In  Fig.  4. 


Axial  Static  Stresses 

The  analysts  for  the  stress  produced  by 
an  axial  static  load  is  identical  to  the  analysis 
for  the  stress  produced  by  an  axial  fatigue  load 
except  the  stress  concentration  factors  are 
plastic  stress  concentration  factors  instead  of 
fatigue  stress  concentration  factors.  Thus, 
Eqa.  (13)  and  (14)  are  applicable  except  for  the 
Interpretation  of  the  stress  concentration 
factors. 


Fcur  of  the  configurations  incorporated 
viscoelastic  material  in  their  design.  They 
are  subdivided  into  two  groups.  The  first 
group  consists  of  a  continuous  viscoelastic 
layer  which  runs  the  length  of  the  beam  (Con¬ 
figurations  EC  and  17).  in  the  second  group 
(Configurations  V  and  VI)  an  aluminum  insert 
replaces  the  viscoelastic  core  along  the  c-dga 
of  the  beam  which  is  attached  to  the  tact  fix¬ 
ture.  To  simplify  fabrication,  the  inserts 
were  bonded  to  the  face  plates  with  the  same 
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TABUS  1 

Test  Specimen  Allotment 


— 

Specimen 

Configuration 

Core 

Thickness 

Compression 

Joint  Test 

Static 

Tension 

Fatigue 

Tension- 

Compression 

Bending 

Butt 

Joint 

Continuous 

Beam 

I 

3 

3 

7 

7 

6 

n 

- 

- 

0 

6 

E 

♦  02'* 

3 

3 

7 

m 

7 

m 

.05" 

- 

6 

6 

- 

IV 

.02" 

- 

- 

6 

7 

- 

V 

.02" 

- 

3 

7 

6 

- 

v 

.05" 

-  . .  ...  . 

- 

* 

6 

- 

VI 

.02" 

- 

6 

6 

- 

bonding  material  used  to  bond  the  core 
material  to  the  plates.  Two  of  the  viscoelastic 
beam  designs  (Configurations  Ill  ax.d  V)  were 
attached  to  the  test  fixture  using  only  mechani¬ 
cal  fastens  :s  and  two  of  the  designs  (Configu¬ 
rations  W  and  VI)  veers  bonded  as  'veil  as 
riveted  to  the  test  fixture.  For  most  of  the 
specimens  the  core  thickness  and  face  pinto 
thickness  la  .  02  Inch.  However,  some  of  the 
fatigue  test  specimens  were  fabricated  using 
.  05  Inch  core  material  so  that  the  effect  of 
varying  the  core  thickness  could  be  evaluated. 
The  remaining  two  design  configurations  were 
used  as  control  specimens.  They  were  fabri¬ 
cated  from  .05  inch  aluminum  sheet.  The 
thickness  of  the  control  specimens  was  chosen 
so  that  the  strength  characteristics  of  the 
viscoelastic  specimens  without  inserts  could  be 
compared  to  the  strength  of  the  control  speci¬ 
mens  on  an  equal  weight  basis.  One  of  the 
configurations  (Configuration  I)  wa3  attached  to 
the  test  fixture  by  means  of  mechanical  fasten¬ 
ers  only  while  the  other  (Configuration  If)  was 
bonded  as  well  as  riveted  to  the  test  fixture. 
For  the  salve  of  brevity,  configurations  II,  IV 
and  VI  will  often  be  referred  to  as  bonded 
specimens  and  configurations  I,  HI  and  V  as 
unbonded  specimens. 


A  total  of  124  specimens 'was  tested  dur¬ 
ing  the  te3t  program.  The  allotment  of  speci¬ 
mens  is  shown  in  Table  1. 


Test  Procedures  mid  Re  nit  3 

Six  test  specimens  were  subjected  to  com¬ 
pression  loads  using  a  static  tent  machine. 

The  lateral  deflection  of  the  center  of  the  spe¬ 
cimen  was  measured  at  various  load  levels. 
The  results  of  the  testa  are  presented  in  Figs. 
5  and  5  in  a  form  suggested  by  R.  V.  Southwell. 
In  the  Southwell  method,  the  ratio  of  the  liter¬ 
al  deflection  of  the  beam  to  the  compression 
load  (s/P)  i3  plotted  against  the  lateral  deflec¬ 
tion  (6).  The  inverse  of  the  slope  of  the  curve 
is  the  critical  buckling  load  of  the  specimen. 

In  the  static  tension  test,  nine  specimens 
were  tested  to  failure  in  a  fifty  thousand  pound 
static  test  machine  shown  in  Fig.  7.  Each 
specimen  wa3  loaded  to  failure  at  the  rate  of 
60C0  lb/min.  The  failure  lcp.d3  determined  for 
the  specimens  are  listed  in  Table  2. 

Thirty -nine  specimens  were  subjected  to 
tension-compression  fatigue  loads  in  the 
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Fig.  5  -  Control  specimens  compression 
test  results 


LATERAL  ISFUrTIKI  (iVi) 


Fig.  6  -  Viscoelastic  specimens  compression 
test  results 
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Fig.  7  -  Static  tension  test  specimen 
installed  in  a  50K  pound 
static  test  machine 


TABLE  2 

Static  Tension  Test  Data 


Description 

of 

Specimen 

Specimen 

Code 

Ultimate 

Tension 

Lo^d 

(lb) 

FaUure 

Mode 

Control 

C3ST-1 

9400 

Skin 

(Type  I) 

C3ST-2 

9620 

Skin 

C3ST-3 

9380 

Skin 

20  MU  V.E. 

JUS-1 

4900 

Skin 

without 

ms -2 

4940 

Skin 

Inserts 

ms -3 

4S60 

Skin 

(Type  HI) 

20  Mil  V.E. 

VS-l 

8400 

Skin 

with  Inserts 

VS-2 

8140 

Skin 

(Type  V) 

VS -3 

8480 

Skin 

constant-amplitude,  axial  load  fatigue  test 
machine  shown  in  Fig.  8.  Loading  wa3  applied 
at  the  rate  of  approximately  20  cycles  per  sec  - 
ond.  The  load  consisted  of  a  mean  lord  and  a 
cyclic  load.  The  mean  load.  wa.3  equivalent  to 
a  net  area  stress  of  5,  000  psi  for  all  speci¬ 
mens  while  the  cyclic  load,  which  was  held 
constant  for  any  one  specimen,  was  varied  be¬ 
tween  specimens  to  determine  stress -life 


j  r> 


Fig.  8  -  Tension-compression  fatigue  test 
specimen  installed  in  a  constant- 
amplitude,  axial  load  fatigue  test 
'  machine 

information.  Testing  continued  until  the 
specimen  failed  or  until  ten  million  cycles 
were  accumulated,  whichever  occurred  first. 

During  testing,  difficulties  were  encoun¬ 
tered  In  the  application  of  high  compression 
loads  which  buckled  some  of  the  specimens. 

In  order  to  eliminate  this  problem,  clamps 
were  placed  at  the  center  of  the  specimens  as 
shown  in  Fig.  9.  The  clamps  provided  effec¬ 
tive  support  to  control  budding  of  most  of  the 
specimens  but  did  not  affect  the  axial  fatigue 
load  carrying  capability  of  the  specimens.  The 
cyclic  loads  and  cycles  to  failure  determined 
for  each  of  the  specimens  tested  are  plotted  in 
Figs.  10  and  11. 

Seventy  specimens  were  subjected  to  bend¬ 
ing  fatigue  loads  in  the  servo  operated  test  fix¬ 
ture  shown  in  Fig.  12.  Fatigue  loads  were  ap¬ 
plied  at  the  rate  of  approximately  8  cps  through 
a  loading  bracket  attached  to  the  specimen. 

The  ends  of  the  specimens  were  attached  to  the 
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Fig.  9  -  Close-up  view  of  tension -compression 
fatigue  test  specimen  showing  support  clamps 


test  fixture  by  joints  which  were  free  to  rotate 
and  allowed  the  beam  to  slide  freely  within  the 
joint.  Fig.  13  illustrates  a  typical  butt  joint 
specimen  installed  in  the  test  fixture.  The 
photo  is  a  double  exposure  showing  the  beam  at 
two  deflected  positions.  A  constant -amplitude 
cyclic  load  was  applied  to  each  specimen. 
Loading  continued  until  failure  occurred  or  un¬ 
til  the  specimen  was  exposed  to  approximately 
one  million  cycle;;.  Plots  of  cyclic  load  vs 
cycles  to  failure  are  presented  in  Figs.  14 
through  17. 


DISCUSSION  OF  TEST  RESULTS 


In  this  section  the  test  results  axe  dis¬ 
cussed  both  In  terms  of  applied  loads  and  in 
terms  of  the  resulting  stresses.  The  first 
enables  comparisons  to  be  made  of  the  load 
carrying  capabilities  of  the  test  specimens; 
the  second  permits  evaluations  to  be  made  of 
the  effective  stress  concentration  factors 
which  are  required  for  analysis.  For  the 
purpose  of  comparing  the  load  carrying  capa¬ 
bilities  of  the  various  configurations  an  "effec¬ 
tiveness  ratio",  Rload>  ls  defined  as  follows 
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Fig.  10  -  Tension -compression  fatigue  load3  unbonded  specimens 
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Fig.  11  -Tension-compression  fatigue  loads,  bonded  specimens 


Fig.  13  -  Close-up  of  butt  joint  specimen 
undergoing  bending  fatigue  test 


Fig.  12  -  Bending  fatigue  specimen  installed 
in  a  servo  operated  bending  fatigue 
test  fixture 


?  -  XS  '*'•  £ 

Fig.  14  -  Butt  joint  bending  tatjgue  loads?,  unbonded  specimens 


r  :ie  •o  nrun 

Fig.  15  -  Butt  joint  bending  fatigue  loads,  bonded  specimens 
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Fie.  10  -  Continuous  K?am  tendin',;  fat! loads,  unbonded  specimens 


CYCLE*  TO  rtiU  PX 


Fig.  17  -  Continuous  beam  bending  fatigue  loads,  bonded  specimens 
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Load  carried  by  the  visco- 

R  a  spC<tlq)“*'l _ 

ioad  Load  carried  by  the  control 
epccimen 

The  effectiveness  ratio  for  each  configuration 
will  depend  upon  the  type  of  loading  and  in  the 
case  of  fatigue  loading,  will  also  depend  upon 
the  levels  of  the  mean  and  varying  loads. 

Compression  Tests 

The  critical  buckling  load  of  the  control 
specimen  can  he  calculated  from  Eq.  (9).  If 
the  specimen  is  assumed  to  have  clamped 
edges  so  that  the  edge  fixity  coefficient  (a)  in 
the  equation  is  equal  to  4,  a  critical  tackling 
load  of  10 i  lbs.  is  calculated.  This  value  13 
compared  with  the  test  data  by  constructing  a 
straight  line  through  the  teat  data  shown  in 
Fig.  5  with  an  Inverse  slope  of  103  lbs.  The 
calculated  value  i3  seen  to  be  in  good  agree¬ 
ment  with  the  test  date. 


The  test  date  for  the  viscoelastic  speci¬ 
mens  are  plotted  in  Fig.  6.  The  Inverse  of  the 
slope  of  the  line  constructed  through  the  data 
determines  a  critical  tackling  load  of  approxi¬ 
mately  CO  lbs.  Thus,  for  critical  tackling 
loads,  the  viscoelastic  beam  has  an  effective¬ 
ness  ratio  of  approximately  60%  compared  to 
the  control  beam  of  the  same  weight. 

The  analytical  expression  for  the  critical 
tackling  load  associated  with  the  viscoelastic 
beam  la  given  by  EQ.  (S).  The  value  of  »  is 
established  by  the  edge  constraints  of  the  beam. 
If  It  la  assumed  that  the  shear  modulus  of  the 
polyurethane  core  ia  SCO  pei  and  the  critical 
bedding  load  per  unit  width  is  34  Ib/in.  as  de¬ 
termined  in  the  test,  the  value  of  o  is  found  to 
be  2.23.  ! 

i 

Two  typical  compression  test  failures  are 
shown  in  Fig.  13.  One  of  the  specimens  shown 
Is  a  tackled  control  specimen  and  the  other  la 
a  tackled  viscoelastic  specimen. 

Static  Tension  Tests 

Three  specimens  of  each  of  the  joint  con¬ 
figurations  J,  IS,  and  V  were  statically  loaded 
in  tension  to  failure.  Typical  failures  obtained 
are  shown  in  Fig.  19.  Failures  of  the  control 
specimens  were  a  combination  of  tearing  of  the 
specimen  between  the  fastener  holes  and  tear¬ 
ing  between  the  holes  and  tfea  edges  o!  the 
plate.  The  failures  associated  with  the  visco¬ 


Flg.  18  -  Typical  compression 
test  failures 


elastic  specimens  were  a  combination  of  a 
bearing  failure  of  the  specimen  behind  the  fas¬ 
tener  holes  and  tearing  between  the  fastener 
holes.  In  the  case  of  the  viscoelastic  speci¬ 
mens  with  inserts,  the  tearing  extended 
through  the  face  plates  and  inserts  along  the 
same  line. 

The  effectiveness  ratio  for  static  tension 
loads  are  computed  from  test  data  listed  in 
Table  2.  For  equal  weight  specimens  (i.a. 
those  without  inserts),  the  effectiveness  ratio 
is  approximately  50%.  The  addition  of  inserts 
to  the  viscoelastic  specimen  increases  the  ef¬ 
fectiveness  ratio  of  the  joint  to  aoorojdmatsly 
85%. 

Using  an  ultimate  allowable  stress  of 
60, 000  psi  for  toe  face  plate  material,  Eqs. 

(13)  and  (14),  and  the  results  of  the  static  ten¬ 
sion  tests,  toe  plastic  stress  concentration 
factors  associated  with  each  design  are  deter¬ 
mined.  They  are  1. 2  for  toe  control 
specimen,  1. 7  for  the  viscoelastic  specimen 
without  Inserts,  and  1. 5  for  toe  viscoelastic 
specimen  with  Inserts.  For  equal  weight  spe¬ 
cimens  it  is  evident  that  the  viscoelastic  core 
increases  the  plastic  stress  concentration  fac¬ 
tor  significantly.  The  addition  of  the  Inserts  is 
beneficial  although  it  does  not  produce  a  stress 
concentration  factor  equal  to  that  of  the  control 
specimen. 
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(a)  Screw  head  side 


(b)  Nut  side 


IS-1  Control 

IUS-2  Viscoelastic  without  inserts 

VS-3  Viscoelastic  with  inset  tr. 


Fig.  19  -Typical  static  tension  failures 


Tension-Compression  Fatigue  Test3 

Failure  modes  associated  with  the  un¬ 
bonded  specimens  under  tension -compression 
fatigue  loads  were  of  two  general  types  -  rivet 
failures  and  skin  failures.  Typical  examples 
of  these  failures  are  shown  in  Figs.  20  through 
22.  Examination  of  the  rivet  failures  revealed 
that  for  the  control  specimens  the  primary 
mode  of  rivet  failure  was  shearing  of  the  rivet. 
For  the  viscoelastic  specimens,  rivet  bending 
failures  were  the  most  common  mode  o'  fxul- 
ure  for  the  specimens  without  inserts,  while 
rivet  failures  due  to  bending  and  shear  were 
both  common  modes  of  failure  for  the  specimen 
with  Inserts.  All  rivet  failures  occurred  at 
the  interface  between  the  loading  bar  and  the 
specimen.  All  skin  failures  consisted  of  tear¬ 
ing  of  the  face  sheets  between  the  fastener 
holes.  In  the  cases  where  Inserts  were  used 
In  the  joints,  the  Inserts  tore  along  the  same 
line  as  the  face  sheets.  Referring  to  Fig.  10, 

It  la  noted  that  at  load  levels  for  which  the  fa¬ 
tigue  Ufa  13  less  than  approximately  seven 
hundred  thousand  cycles,  the  rivets  fall.  At 
lower  load  levels  all  failures  are  skin  failures. 


At  Lhese  lower  load  levels  the  viscoelastic 
joint  configuration  appears  to  have  little  effect 
on  the  cyclic  load  level  required  to  produce 
failure. 

The  effectiveness  ratio  of  the  unbonded 
viscoelastic  specimens  for  tension- 
compression  fatigue  loads  is  determined  by 
comparing  the  allowable  loads  for  the  visco¬ 
elastic  specimens  with  those  for  the  control 
specimens.  For  a  life  corresponding  to  one 
million  cycles,  the  effectiveness  ratio  is  ap¬ 
proximately  35%. 

All  of  the  bonded  specimens  exhibited  the 
same  failure  mode,  1.  e.  failure  of  the  face 
plates.  Examples  of  this  failure  mode  are 
shown  in  Figs.  23  and  24.  Most  of  the  failures 
occurred  la  the  outer  skin  along  the  inside  edge 
of  the  rivet  heads.  One  of  the  specimens, 
failed  in  the  face  plates  along  the  edge  of  the 
insert. 

Comparing  the  test  results  presented  in 
Fig.  10  with  the  test  results  presented  In  Fig. 
11  for  the  bonded  viscoelastic  specimens,  It 
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Fig.  20  -  Typical  tension -compression  fatigue 
failures  of  unbonded  control  specimens 


(a)  .02  Inch  viscoelastic  core 


Fig.  21  -  Typical  tension -compression  fatigue 
failures  of  unbonded  viscoelastic 
specimens  with  Inserts 

appears  that  bonding  the  specimen  to  sub¬ 
structure 

(1)  makes  the  rivet  loads  less  critical 

(2)  increases  the  tension -compression 
fatigue  load  resistance  of  the  visco¬ 
elastic  design  configurations, 

(3)  Improves  the  load  carrying  capability 
of  the  viscoelastic  specimen  with  In¬ 
serts  more  than  that  of  the  specimen 
without  inserts. 


(b) .  05  inch  viscoelstlc  core 

Fig.  22  -  Typical  tension-compression  fatigue 
failures  of  unbonded  viscoelastic 
specimens  without  Inserts 

In  the  analysis  of  the  tension-compression 
fatigue  specimens,  it  is  assumed  that  existing 
S-N  fatigue  data  applicable  for  conventional 
structure  can  be  used  in  the  design  of  visco¬ 
elastic  specimens.  The  cyclic  nominal  fatigue 
stress  associated  with  each  specimen  was  cal¬ 
culated  using  Eqs.  (13)  and  (14)  and  the  cyclic 
load  test  data.  The  computed  stresses  asso¬ 
ciated  with  the  unbonded  specimens  are  plotted 
In  Fig.  25.  In  order  to  assess  the  value  of  the 
stress  concentration  factor  associated  with 
specimen  designs,  axial  S-N  curves  for  2324- 
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T3  aluminum  for  various  stress  concentration 
factors  are  Included  in  Fig.  25.  The  S-N 
curves  were  obtained  from  M1L-HDBK-6. 

Based  on  the  data  for  which  skin  failures 
occurred,  the  stress  concentration  factors  for 
the  viscoelastic  specimens  are  significantly 
greater  than  for  equal  weight  control  speci¬ 
mens.  Moreover,  the  effective  stress  concen¬ 
tration  factors  associated  with  the  viscoelastic 
specimens  with  inserts  appear  to  be  greater 
than  those  for  the  specimens  without  inserts. 
This  apparent  anomaly  is  an  indication  that  the 
Inserts  are  not  completely  effective  in  trans¬ 
ferring  the  axial  face  plate  loads  to  the 
fasteners. 

The  calculated  nominal  fatigue  stresses 
associated  with  the  bonded  test  specimens  are 
plotted  in  Fig.  26.  Also  included  in  the  figure 
are  S-N  curves  for  stress  concentration  fac¬ 
tors  of  2  and  4.  Comparing  the  teat  results 
presented  in  Figs.  25  and  28,  it  appears  that 
bonding  the  tost  specimen  to  the  support  struc¬ 
ture  decreases  the  apparent  stress  concentra¬ 
tion  factors  for  each  of  the  viscoelastic  design 
configurations. 


The  effects  of  the  viscoelastic  layer  on  the 
load  carrying  capability  of  the  rivets  are  demon¬ 
strated  In  Fig.  2t.  Specimen  failures  which 
occurred  at  load  levels  corresponding  to  a  life 
of  seven  hundred  thousand  cycles  were  typical¬ 
ly  rivet  failures.  The 'sandwich  construction 
used  in  the  viscoelastic  specimen  design  pro¬ 
duces  bending  stresses  in  the  rivets  which, 
along  with  the  shear  stresses,  produces  a 
higher  apparent  stress  concentration  factor  in 
the  rivet  of  the  viscoelastic  specimens  than  in 
those  of  the  control  specimen.  The  data  are 
inconclusive  in  determining  the  effects  of  in¬ 
creased  core  thickness  and  the  use  of  inserts 
on  the  fatigue  characteristics  of  the  rivets. 

Bending  Fatigue  Tests 

In  the  bending  fatigue  tests,  nil  specimens 
exhibited  the  sane  failure  mode,  failure  of  the 
skin  across  the  width  of  the  beam  away  from 
the  fastener  holes.  Typical  examples  of  the 
skin  failures  are  shown  in  Figs.  28  through  31. 
The  significant  differences  between  the  modes 
of  failure  of  the  specimens  are  the  locations 
of  the  failures.  The  unbonded  control  speci- 


Fig.  28  -  Cyclic  net  area  axial  fatigue  stresses,  bonded  specimens 


Fig.  27  -  Tension-compression  fatigue  test,  maximum  rivet  load,  unbonded  specimens 


(a)  Unbonded 


(b)  Bonded 


Fig.  28  -Typical  bending  fatigue  failures  of  control  specimens 
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(b)  Butt  joint 

(a)  Continuous  beam  HI  B2-6  .02  inch  viscoelastic  core 

.02  inch  viscoelastic  core  IH  B5-2  .05  inch  viscoelastic  core 


Fig.  29  -  Typical  bending  fatigue  failures 
of  unbonded  viscoelastic  specimens 
without  Inserts 


V  B2  -2  . 02  inch  viscoelastic  core  IV  B  -6  without  inserts 

V  B5-4  .05  inch  viscoelastic  core  VI  B3-2  with  inserts 


Fig.  SO  -  Typical  bending  fatigue  failures 
of  unbonded  viscoelastic  specimens 
with  Inserts 


Fig.  31  -  Typical  bending  fatigue  failures  of 
bonded  viscoelastic  specimens  - 
.  02  inch  core 
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mens  and  viscoelastic  specimens  vfihout  in¬ 
serts  failed  along  a  line  in  front  of  ike  edge  of 
the  rivet  heads.  The  unbonded  specimens  with 
inserts  failed  along  the  edge  of  the  inner's. 

The  bended  specimens  all  failed  at  ike  edgs  of 
the  bond  line. 

From  the  standpoint  of  load  carrying 
capability  several  trends  are  indicated  by  the 
test  data  shown  in  Figs.  14  through  16.  First, 
referring  to  Figs.  14  and  15,  it  appears  that 
the  resistance  to  bending  fatigue  loads  of  each 
of  the  three  bonded  configurations  is  less  than 
that  of  the  unbonded  specimens  of  the  corre¬ 
sponding  configuration.  Referring  next  to 
Fig.  14,  it  appears  that  for  the  unbonded  butt 
joint  specimens,  the  addition  of  the  inserts 
improves  the  bending  fatigue  load  resistance 
of  the  viscoelastic  specimens  with  core  thick¬ 
nesses  of  both  .02  inch  and  .Do  men.  Also  for 
the  unbonded  butt  joint  specimens  with  inserts, 
the  bending  fatigue  land  resistance  appears  to 
be  significantly  greater  for  the  specimens  with 
.02  inch  core  than  for  the  spec. mens  with  a 
.05  inch  core.  The  corresponding  statement 
for  specimens  without  inserts  appears  to  be 
true  only  for  the  higher  load  levels. 

Nominal  face  plate  stresses  were  calcu¬ 
lated  using  Eqs,  (11)  and  (12)  and  the  bending 
fatigue  load  data  discussed  above.  Specimen 
deflection  measurements  were  made  during  the 
bending  fatigue  tests.  The  measured  deflec¬ 
tions  were  used  to  determine  equivalent  beam 
lengths,  which  were  then  used  in  the  stress 
calculations.  The  calculated  stresses  for  the 
specimens  vs  cycles  to  failure  are  plotted  in 
Figs.  32  through  35.  Also  shown  in  the  figure 
is  a  reverse  bending  S-N  curve  for  2C24-T3 
clad  aluminum.  The  curve  is  for  an  unnotched 
specimen  and  has  been  extended  from  one  hun¬ 
dred  thousand  cycles  to  ten  thousand  cycles. 
The  trends  observed  in  evaluating  the  bending 
fatigue  load  resistance  of  the  specimens  can 
be  restated  in  turns  of  stress  concentration 
factors  by  means  of  the  data  shown  in  Figs.  32 
through  35.  The  stress  concentration  factors 
of  the  bonded  butt  joint  design  configurations 
shown  in  Fig.  35  are  greater  than  those  for  the 
corresponding  unbonded  design  configuration 
shown  in  Fig.  33,  For  the  unbonded  viscoe¬ 
lastic  specimens,  the  Inserts  appear  to  reduce 
the  stress  concentration  factors  associated 
with  the  .02  inch  core  design  and  the  .05  inch 
core  design.  Also,  the  stress  concentration 


factor  associated  with  the  viscoelastic  speci¬ 
mens  with  inserts  and  .02  inch  core  is  less 
than  the  stress  concentration  factor  of  the 
specimen  with  the  .05  Inch  core. 

Although  the  data  indicate  the  above 
trends,  it  is  noted  that  scatter  does  exist  and 
tends  to  obscure  many  of  the  differences  which 
may  exist.  It  is  of  interest  to  note  that  data 
are  more  consistent  for  the  continuous  beam 
specimens  than  for  the  butt  joint  specimens. 
Also,  for  the  butt  joint  specimens,  there  is 
considerably  less  scatter  for  the  bonded  spe¬ 
cimens  than  for  the  unbonded  specimens. 


CONCLUSIONS 


1.  The  critical  buckling  load  of  the  viscoe¬ 
lastic  beam  tested  is  approximately  60% 
of  that  fer  the  control  beam  of  the  same 
weight. 

2.  The  use  of  inserts  in  the  viscoelastic 
specimens  increases  the  ultimate  tensile 
strength  of  the  joint  from  50%  to  85%  of 
that  of  the  control  specimens. 

3.  The  resistance  of  the  joints  containing 
viscoelastic  material  to  tension - 
compression  fatigue  load3  is,  in  general, 
considerably  Jess  than  that  of  the  control 
specimens.  For  the  unbonded  specimens, 
the  inserts  have  little  effect  on  the  fatigue 
life  of  the  joint  at  the  low  load  levels. 
Bending  the  specimen  to  the  loading  fix¬ 
ture  provides  a  significant  Improvement 
in  the  tension -compression  fatigue  resis¬ 
tance  of  the  joints  containing  viscoelastic 
material  and  at  the  same  time  increases 
the  effectiveness  of  the  Insert. 

4.  The  scatter  of  test  data  makes  it  difficult 
to  evaluate  the  effectiveness  ratios  asso¬ 
ciated  with  the  various  viscoelastic  design 
configurations  for  bending  fatigue  loads. 
However,  in  general,  they  are  significant¬ 
ly  higher  than  for  tension-compression 
fatigue  loads.  Bonding  the  specimens  to 
the  loading  fixtures  changes  the  failure 
location  and  reduces  their  resistance  to 
bending  fatigue.  The  Inserts,  in  general, 
improve  the  bending  fatigue  resistance  of 
the  joints. 
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DISCUSSION 


Mr.  Ur.gar  (Boit  Bergngh  and  Newman  ) : 

You  are  telling  us  that  viscoelastic  Inserts  are 
not  good  even  if  you  have  a  fatigue  problem. 
Some  of  the  data  that  you  have  shown,  of  course, 
showed  that  adding  viscoelastic  material  reduces 
the  fatigue  resistance.  What  did  you  keep  con¬ 
stant  ?  I  know  that  you  had  a  constant  load 
amplitude  during  any  given  teat,  but  did  you 
design  your  specimens  to  have  a  constant  stress 
amplitude  as  well? 

Mr.  LaBarge;  No  we  did  not.  I  forgot  to 
mention  that  we  did  design  the  specimens  with¬ 
out  Inserts  and  the  control  specimens  were  de¬ 
signed  such  that  they  both  had  equal  weight,  so 
we  held  that  constant.  For  the  specimens  with 
inserts  this  was  Just  an  attempt  to  see  if  we 
could  quickly  Increase  the  fatigue  resistance  of 
the  specimens  without  adding  too  much  weight. 
When  you  add  the  inserts  you  have  to  accept  this 
weight  penalty.  They  did  not  turn  out  quite  as 
well  as  we  had  anticipated,  and  at  the  present 
time  we  are  looking  into  a  chem  mill  process. 


As  a  matter  of  fact  we  have  already  chem  milled 
some  specimens  to  try  to  increase  this  fatigue 
resistance  and  have  had  some  success  with  it. 

Of  course  there  is  the  problem  of  fabrication. 

Mr.  Laier  (Barry  Controls):  Were  the 
first  specimens  which  you  shewed  in  the  slides 
subjected  to  bending  loads? 

Mr.  LaBarge:  Yes— The  first  specimens 
were  bending  specimens. 

Mr,  Later:  And  these  were  not  set  up  as 
equals  stiffness  sections? 

Mr.  LaBarge:  No,  they  were  not  equal 
stiffness.  The  control  and  the  specimen  with¬ 
out  Inserts  were  equal  weight  specimens.  In 
the  paper  we  present  analysis  to  predict  the 
stresses  in  the  specimens  and  we  also  discuss 
the  effects  of  the  viscoelastic  materials  on  the 
XT  associated  with  the  stress  concentration 
factors  associated  with  the  joints . 
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RECENT  A C.’i A’C * ,j  i  A*  ELECTRO  HYDRAULIC 
VIBRATION  !30UTI0f' 


Jerome  E.  Ruzicka  and  Dale  V/.  Schubert 
Barry  Controls 

Division  of  Barry  Wrlc  t  Corporation 
Watertown .  Ma  s  s  ac  hu  setts 


This  paper  dismisses  recent  advances  in  electrohydraullc  Isolation  of 
mechanical  vibration.  This  active  isolation  servo-echanls  m ,  which 
employs  electronic  feedback  and  hydraulic  actuation,  has  been  reduced 
to  practical  operational  hardware  a-d  is  presently  being  applied  In  the 
solution  of  problems  for  which  passive  isolation  techniques  have  proven 
inadequate.  The  theoretical  basis  for  the  ope,'atlon  of  the  Isolation 
system  is  discussed.  including  consideration  of  system  stability. 
Experimental  data  are  provided  for  unidirectional  single-trass  Isolation 
system  configurations  that  provide  limited-band  Isolation,  broad-band 
isolation,  single-notch  Isolation,  combined  notch  and  broad-band 
Isolation,  multiple  notch  isolation,  and  notch  isolation  with  automatic 
frequency  tracking.  The  results  emphasise  the  unique  performance 
characteristics  of  ojectrohydraullc  Isolation  systems.  Including  Isolation 
of  uitra  low-frequency  vioraticn,  zero  static  and  steady-state  relative 
deflections,  response  substantially  Independent  of  the  weight  of  the 
Isolated  body.ar.d  the  ability  to  tailor  the  frequency  response  character¬ 
istics  to  satisfy  a  wide  ranee  of  specific  requirements. 


INTRODUCTION 


Vibration  isolation  systems  may  be  cate¬ 
gorized  as  active  or  passive,  depending  cn 
whether  or  not  external  power  Is  required  for 
the  Isolator  to  perform  Its  function.  Active 
Isolation  systems  are  servomechanisms  com¬ 
prised  of  excitation  and/or  response  sensors, 
sensor  signal  processors,  and  actuators.  The 
sensors  provide  signals  proportional  to  dynamic 
excitation  or  response  quantities;  the  signal 
processors  modify  and  combine  sensor  signals 
to  create  a  command  signal;  and,  the  actuators 
apply  forces  or  Induce  motions  in  accordance 
with  the  command  signal. 

Depending  upon  the  nature  of  the  feedback 
and  the  actuation  mechanisms,  active  lsolailcr 
systems  can  generally  be  classified  as  electro¬ 
mechanical,  purs  fluidic  (pneumatic  or  hydrau¬ 
lic) ,  mechanofluldic  (mechanopneumatlc  or 
mechanohydraulic) ,  electrofluidic  (electro- 
pneumatic  or  electrohydraullc) ,  electric-fluid 
(electrically  conductive  or  magnetic  fluids), 
and  electrodynamic  [1]*.  Although  any  of  these 
types  of  active  isolation  systems  may  be 
suitable  for  a  specific  problem,  the  electro- 

♦Numbers  in  brackets  designate  References 
at  end  of  paper. 


hydraulic  Isolation  system  offers  a  number  of 
advantages  that  make  it  applicable  to  a  wide 
range  of  vibration  and  shock  isolation 
problems  [l-9j.  The  Information  presented  In 
this  paper  represents  some  of  the  results  of  a 
continuing  corporate  research  and  development 
program  on  active  Isolation  being  conducted  by 
Barry  Controls. 

Schematic  diagrams  of  the  electrohydrau- 
lic  vibration  Isolation  systems  considered  In 
this  paper  are  Illustrated  In  Fig.  1  for  vibration 
excitation  a(t)  of  the  foundation.  The  purpose 
of  the  isolator  is  to  reduce  the  level  of  vibra¬ 
tion  response  x(t)  of  the  isolated  mass.  The 
mass  m  for  the  isolation  system  shown  in 
Fig.  1(a)  Is  connected  directly  to  the  hydrau¬ 
lic  actuator  rod  whereas,  for  ;he  Isolation 
system  shown  In  Fig.  1(b),  the  mass  m  is 
connected  indirectly  to  the  actuator  rod  by  a 
flexible  mechanical  coupling  (passive  isolator). 
For  the  purpose  of  this  paper.  It  is  assumed 
that  the  unidirectional  single-mass  Isolation 
systems  are  linear  and  excellence  translational 
vibration  only.  Furthermore ,  both  the  Isolated 
mass  and  the  foundation  are  assumed  rigid. 
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Fig.  1  -  Schematic  diagrams  of 
electrohydraullc  Isolation  systems 
(a)  without  and  (b)  with  a  flexible 
mechanical  coupling  {passive  Isolator) 

The  electrohydraullc  Isolation  systems 
considered  In  thl3  paper  employ  acceleration  of 
the  Isolated  mass  and  relative  displacement 
between  the  mass  and  the  foundation  as  the 
primary  feedback  signals.  These  signals  are 
modified  and  combined  In  the  servoampllfler  to 
produce  a  command  signal  that  operates  a 
servovalve  to  control  the  flow  of  a  relatively 
Incompressible  fluid  to  and  from  the  hydraulic 
actuator  (double-acting  cylinder).  The  servo- 
amplifier  consists  of  active  electronic  networks 
that  perform  amplification,  attenuation,  differen¬ 
tiation,  integration,  addition,  multiplication, 
division,  frequency  response  shaping,  and 
compensation  functions.  Consequently,  the 
flow  through  the  servovalve  can  be  made  a 
function  of  a  wide  variety  of  parameters,  such 
as  Jerk,  acceleration,  velocity,  displacement, 
time-integral  of  displacement,  etc.  ,  where  the 
effect  of  each  feedback  parameter  Is  controlled 
Independently  by  adjusting  Its  gain. 

Feedback  control  systems  are  susceptible 
to  instabilities  that  occur  In  various  forms, 
such  as  steady-state  limit  cycle  oscillations 
(hunting)  and  transient  oscillations  with  ampli¬ 
tudes  that  Increase  In  time.  Therefore,  a  major 


consideration  fundamental  to  the  design  of 
electrohydraullc  Isolation  systems  Is  the 
requirement  for  system  stability. 

NOM£N  CLATU 

Shown  in  parentheses  ars  the  units  of  the 
parameters  in  terms  of  force  (F),  length  (L) ,  ar.d 
time  (7).  Capital  !et*ers  are  used  to  designate 
the  Laplace  transform  of  time-dependent 
variables  denoted  by  low  case  letters;  e.  g.( 

P  =  P(s)  »£[p{t)L 

PAWETER  STM3CLS 

A  =  average  actuator  area  (La) 

V  =>  nominal  actuator  chamber  volume  (L3) 

$  *  bulk  modulus  of  hydraulic  fluid  (F/La) 

Ck  *  leakage  coefficient  for  piston 

r:jp~ 

a  "  y  ;V~ —  »  natural  frequency  of  mass 

and  actuator  (1/T) 

C  r*J  a  m 

C  *  - 3 -  “  fraction  of  critical  damping 

a  2A  of  mass  and  actuator, 

dimensionless 

m  »  mass  (FTa/U 

kc  *>  stiffness  of  flexible  coupling  (F/L) 

Ca  *  acceleration  feedback  flow  gain^/-^) 

Cy  =  relative  velocity  feedback 

flow 

Cd  "  relative  displacement  feedback 

,,3 

flow  gain|~/Lj 

Cj  =  Integral-displacement  feedback 

flow  gain|i|~/LTj 

p  =  pressure  (F/L3) 

q  =•  flow  (L3  /T) 

a  =  displacement  of  foundation  (L) 

y  =  displacement  of  actuator  red  (L) 

x  =  displacement  of  mass  (L) 

6  *  (x-a)  =*  relative  displacement  of 

mass  (L) 
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2 

* 

(y-a)  *  relative  displacement  0? 
actualor  rod  (I.) 

i 

” 

frequency  (l/T) 

u) 

a 

2tf  »  angular  frequency  (l/T) 

wc 

* 

y!kc/m  °  natural  frequency  of  mass 
and  flexible  coupling  (l/T) 

u'n 

ts 

Ntfl  notch  frequency  (l/T) 

St 

lowest  notch  frequency  (l/T) 

fc>0 

« 

natural  frequency  of  second -order 
system  (l/T) 

SB 

natural  frequency  of  fixed  element  (l/T) 

z 

” 

fraction  of  critical  damping  of  second- 
order  system,  dimensionless 

G(s) 

» 

transfer  function  of  electronic  network, 
dimensionless 

H(s) 

sx 

transfer  function  of  fixed  element. 

dimensionless 


GENERAL  SEWOVALVC  ftOW  tQVATJOfi* 


From  the  pfincipi*  of  co-g e— ,-g'<..r 
mats,  t!.»  flow  Into  or  o  ,t  of  .  i  — *  )s  e 

!i-C‘*r  c"~::l'  alien  of  IV  fir:*  Ah  rer  7 
fro-!  th#  motion  across  the  set  foe,  the 

V  . 

flow  p  resulting  from  s  *  'T  r  gc  doe  to  cor.* 
presslbllitv .  and  the  flow  C  (p.  fesvj'.tJtrj 
from  leakage  across  '.he  actuVor  £!<*cn.  For 
an  assured  positive  relative  velocity  i.  the 
flow  out  of  the  upper  chamber  volume  1* 


and  the  flow  into  the  lower  chanter  volume  is 

q^  «  Ai  *  jj  f>.  -G.  tp-j  -  p)  (2) 

For  the  purpose  of  a  linear  analysts  *33,,  the 
valve  flow  is  determined  a.s  the  average  of  q,_, 
and  ,  as  follows: 


T,(s)  *  X(s)/a(s)  -  absolute  system  transfer 

A  function,  dimensionless 


q  »  Ai  ♦  ti\  -  p-j)  ♦  *  ►/>'  (3) 


T  (s)  *•  A(s)/a(s)  =  relative  system  transfer 

R  function,  dimensionless 

T(s)=  open-loo?  system  transfer  function 

0  dimensionless 


For  the  isolation  system  shown  in 
Fig.  1(a),  the  force  generated  by  the  actuator 
equals  the  Inertia  force  rr.it,  as  follows 


E(s)  *  Laplaco  transform  of  external  excita¬ 
tion  signal/-^-  tJ 

N  *.  number  ot  notches ,  dimensionless 

s  *  Laplaco  operator  (1/7) 

r  •>  time  constant  (fl 


A(pl  -  pu)  -  mx  M) 

Similarly,  for  the  isolation  system  shown  In 
Fig.  1(h) 

A(pv  -  Py)”  -  kc(»  -  z)  »  mx  (S) 


t  •>  time  (T) 

Jj  =  constant  value  of  jark  (L/T*) 

g  =»  acceleration  of  gravity  (L/T3 ) 

1  * 

SUBSCRIPTS 

u  =  upper  actuator  chamber 

t  lower  actuator  chamber 

a  «  accelerometer 

d  «  displacement  transducer 

sv  «  servovalve 

c  ”  flexible  coupling 

e  *■  fixed  element 


Substituting  Eg.  (4)  or  (S)  in  Eq.  (3)  and  simpli¬ 
fying  terms,  the  following  relations  for  average 
valve  flow  for  the  two  isolation  systems  shown 
!n  Figs.  1(a)  and  1(b),  respectively,  are 
obtained 


q 


aA  + 


Vm 

72a 


_  Cm 
x  ♦  — g —  x 


(6a) 


q 


V  a ) 

2 ;a/ 


C  m 


(Ob) 


These  equations  for  average  flow  through  the 
valve  nay  be  written  m  Laplace  transform 
notation,  as  follows 


143 


Q  «  Aft  &  * 


vsiv§  c-ftfj  b<*  to  #b*olyf9 

«cc©J^rft*Jon  x  ,  nefcativ*  velocity  0,  #M 
relative  dlspiece.^ent  £*  expressed  «-s  follows 
itt  LarUc  9  transform  notation 


Q  *  As  &  ♦  a/ 

\**V 


*  2£.$ 

^>**sa-),x  (7b> 

a  3k  > 


wh#r«  »c  is  the  natural  frequency  of  the  rigid 
mass  as  supported  by  the  flexible  coupling 
stiffness  k;,  and  u: a  and  Jg  are  the  natural 
frequency  and  effective  fraction  of  critical 
damping,  respectively,  of  the  rigid  mass  m 
coupled  to  the  actuator.  Sy  expressing  the 
valve  flow  Q  as  a  function  of  the  feedback 
parameters  and  the  feedback  parameter  gains, 
Eqs.  (6)  or  (?)  provide  the  equation  of  motion 
lor  the  isolation  system. 

SIMPLIFIED  THEORETICAL  ANALYSES 


Simplified  analyses  of  the  electrohydrau- 
lie  isolation  system  may  be  performed  by 
assuming  incompressible  flow  (0  *  »  and 
wa  “  « ) ,  euro  leakage  (Ct  »  0  and  Ca  “  0)» 
and  unity  transfer  functions  for  the  servovalve 
and  feedback  transducers.  These  assumptions 
are  valid  for  vibration  at  frequencies  consider¬ 
ably  less  than  the  natural  frequencies  asso¬ 
ciated  with  the  actuator,  servovalve  and 
feedback  transducers.  A3  discussed  later,  the 
flexible  coupling  between  the  actuator  red  and 
the  isolated  mass  is  employed  to  achieve 
Improved  high-frequency  vibration  Isolation. 
Consequently,  for  the  present  low-frequency 
analyses,  the  flexible  coupling  stiffness  kc 
and,  therefore,  the  natural  frequency  wc  are 
assumed  to  be  infinite.  With  these  assump¬ 
tions,  the  average  valve  flow  is  given  simply 
by 


Q  -  -{C >  X  *  C  ,sA  +  C,A) 

<5  v  a 


where  C„»  Cv  and  represent  the 
acceleration ,  relative  velocity  and  relative 
displacement  feedback  gains,  respectively. 
Combining  Eq.  (8!  and  (3),  the  following 
second-order  equation  of  motion  is  obtained: 


C  s*X  +  (C  -*■  A) sA  +  C.A '  0  no) 
a  v  a 

Solution  of  this  equation  for  the  absolute 
transfer  function  T^U)  and  the  relative  trans¬ 
fer  function  T^(s)  Is  as  follows: 


(C„  *  A)s  +  Cd 
C~F  MC ,/fJs'rC, 


casJ  +  (Ctf  >  A)s  ♦  Cd 


Tho  form  of  these  equations  arc  Identical  to 
those  that  apply  for  a  passive  isolation  system 
whore  the  isolator  is  a  parallel  combination  of 
a  linear  spring  and  a  viscous  damper.  The 
feedback  gains  for  acceleration  Ca  and  | 

relative  displacement  Cj  determine  the  ! 
natural  frequency  in  a  manner  similar  to 
the  mass  and  stiffness  parameters  in  the  ! 
viscous  damped  passive  Isolation  system,1  as 
follows: 


Q  *  As& 


In  addition  to  establishing  the  fundamental  roles 
of  the  feedback  parameters  and  the  feedback 
parameter  gains ,  the  simplified  low -frequency 
analyses  serve  to  demonstrate  the  capability  of 
achieving  extremely  low  Isolation  system 
natural  frequencies,  zero  static  and  steady- 
state  relative  deflections,  and  considerable 
flexibility  in  shaping  the  frequency  response 
characteristics. 


BASIC  SVSTOT  RESPONSE 


By  appropriately  processing  the  accelera¬ 
tion,  and  relative  displacement  feedback  signals 
In  tho  servoampllfier,  tho  flow  through  tho 


Wo  ”  y^'d^a 


Furthermore,  the  effective  fraction  of  critical 
damping  C  is  given  by 

c.3lL!L- 

(14> 

The  ability  to  select  feedback  gains!  Ca 
and  Cjj  over  a  very  wide  range  (compared  to 
the  limited  ranges  for  tho  mass  and  stiffness 
counterparts  of  these  parameters  in  a  passive 
Isolation  system)  is  tho  basis  for  being  able  to 
provide  extremely  lew  natural  frequencies  of 
electrohydraulic  isolation  systems.  Further- 


AVMIABLE  COP^ 
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merit,  since  the  mass  m  does  net  arre.v  in  the 
equations  of  motion,  the  Isolation  system 
V -rfoum  me  e  characteristics  ere  1  rt  c ■■  r — I  - - t  cf 
the  V -  '  !  el  the  Isolated  body.  r  ; .  (If) 

Indicates  that,  if  no  velocity  fcedlMck  is 
employed,  the  effective  viscous  da-ping  ratio 
is  determined  solely  by  the  actuator  piston 
area  A  end  the  feedback  gains  Ca  arid  C-j. 

In  this  case,  a  change  In  either  the  eccels-a- 
tlon  or  disnlaceoent  feedback  gains  will  affect 
both  the  natural  frequency  M3  and  the  fraction 
of  critical  dan  cing  f  .  The  addition  of  relative 
velocity  feedback,  therefore,  provides  4  means 
of  increasing  or  decreasing  damping  without 
affecting  the  natural  frequency  of  the  isolation 
system. 

For  the  special  case  where  only  accelera¬ 
tion  feedback  Is  employed,  the  absolute  trans¬ 
fer  function  is  a  first-order  lag  and  the  relative 
transfer  function  is  a  first-order  !egd(as  follows 


V^rTTi 


US) 


ys)  - 


(16) 


providing  a  hardening  stiffness  characteristic 
with  greatly  Increased  feedback  control  oper¬ 
ating  to  limit  the  relative  displacement  severe¬ 
ly  end  to  rapidly  reposition  the  Isolator  w  its 
linesr  range  of  operation. 


ElISJh-TTGil  CF  STATIC  AXO  $TEAOT-STAT£ 
FUATITS  DEFLECT  ICHS 


In  designing  low-frequency  Isolation 
systems,  the  static  and  steady-state  relative 
deflections  resulting  from  sustained  accelera¬ 
tion  conditions  are  cf  considerable  Importance. 
For  Isolation  systems  described  by  a  seccnd- 
erdtr  equation  of  motion  (passive  or  active), 
the  static  deflection  8S{»g/t-a3S,  where  g 
is  the  acceleration  of  gravity  and  ea*  Is  tho 
natural  frequency.  Extremely  large  static  and 
steady-stats  relative  deflections  occur  for  low 
values  of  resonant  frequency.  The  static  and 
steady-state  deflections  can  be  ellm.J-a’ed  In 
the  eiectroh.ydraullc  Isolation  system  by  Intro¬ 
ducing  feedback  that  Is  a  function  of  the  time- 
integral  of  relative  displacement,  or  by  incor¬ 
porating  a  lead  network  In  the  acceleration 
feedback  loop. 

Eq.  (9)  for  valve  flow  can  bo  modified  to 
Include  Integral-displacement  feedback  control, 
03  follows 


where  the  time  constant  T  »  C,3/ A.  The  result 
Is  a  resonance-droe  Isolation  system  with 
greater  degrees  of  high-frequency  isolation 
provided  for  Increasingly  greater  values  of 
acceleration  feedback  gain  C^.  In  practice. 

It  is  unlikely  that  pure  acceleration  feedback 
can  be  employed  because  of  the  susceptibility 
of  the  system  to  voltage  or  current  drift  that 
may  cause  large  undeslrcd  displacements  of  the 
Isolated  mass.  This  difficulty  can  be  remedied 
by  the  addition  of  a  small  amount  of  relative 
displacement  feedback  to  provide  position 
control  without  materially  altering  the  Isolation 
characteristics. 

Applying  Routh’s  stability  criteria  C 1 1 1  to 
the  characteristic  equation  for  the  closed-loop 
responses  given  by  Eqs.  (11)  and  (12),  the 
Isolation  system  Is  stable  for  Ca,  >  0 
and  Cv  >  -  A.  Therefore,  high  gain  accelera¬ 
tion  feedback  may  bo  employed  to  achieve  a 
natural  frequency  virtually  as  low  as  desired 
while  maintaining  a  stable  isolation  system. 

It  should  bo  noted,  however,  that  linear 
electrohydraullc  isolation  systems  of  the  type 
described  above  may  exhibit  large  dynamic 
deflections  In  response  to  shock  excitation 
because  of  the  extremely  low  natural  fre¬ 
quencies  that  can  be  achieved.  To  avoid  this 
situatlch,  nonlinear  electronic  compensation 
con  be  Introduced  Into  the  acceleration  and/or 
relative  displacement  feedback  loops  to 
substantially  change  the  loop  gain  for  relative 
displacements  exceeding  an  established  linear 
range  of  operation  [4],  Thl3  has  tha  effect  of 


0  -  (casaX  ♦  cvs  A+ cdA  + CjA/s)  (17) 

where  the  Integral-displacement  gain  Cj  ”  C^/7, 

and  r  is  tha  time  constant  of  an  Integrator  in 
the  relative  displacement  feedback  loop. 
Combining  Eqs.  (8)  and  (17)  results  in  the 
following  third-order  equation  of  motion: 

Cas*X  ♦  j(Cv+  A}s3  +  Cds  +  Cjj  A=  0  (is) 

Solution  of  this  equation  for  the  absolute  ana 
the  relative  transfer  functions  is  as  follows: 


(C  +  A)sa  +  C.s  +  C, 

TA(s)  *  CasJ  +  (Cv  +  A) s“  +  Cds  +  C”  (19) 


_ -Cas3 _ 

TrW  “  Cas3  +  (Cv  +  A)sJ  +  C^s  +  Cj  (20) 


Application  of  the  final  value  theorem  [12]  to 
the  solution  for  relative  deflection  given  by 
Eq.  (20)  for  the  case  of  unit  acceleration  stop 
excitation  «(s)  »  1/s3  Indicates  that  the  static 
and  steady-state  relative  deflections  are  zero. 
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as  follows 


limit  . 

8sg  -  t—  |5(t) 


limit 

s-0 


s  A(s)  ] 


limit 
*  s“0 


=  0 


(21) 


Applying  South's  stability  criteria  to  the  characteristic  equation  for  the  closed-loop  responses  given 
by  Eqs.  (19)  and  (20),  the  isolation  system  is  stable  for  Ca  >  0,  Cv  >  -  A,  and  (Cv  +  A)Cd  >  CaCj  . 
Therefore,  Incorporation  of  time -integral  of  relative  displacement  feedback  provides  a  moans  of 
eliminating  static  and  steady-state  relative  deflections  while  maintaining  a  stable  Isolation  system. 


Eq.  (9)  for  valve  flow  can  be  modified  to  include  a  first-order  lead  compensation  network 
Ts/(Ts  +  1)  In  the  acceleration  feedback  loop,  as  follows 


Q“-[Ca{?^l)33x+CvsA+CdA|  <22) 

where  T  la  the  time  constant  of  the  lead  compensation  network.  Combining  Eqs.  (8)  and  (22)  results 
In  the  following  third-order  equation  of  motion: 

Cars3X+[(Cv  +  A)rsa  +  (Cv+A +Cdr)s  +Cd]A=0  (23) 


Solution  of  this  equation  for  the  absolute  and  the  relative  transfer  functions  Is  as  follows: 


(Cv+  A)Tsa+  (Cy+  A  +  CdT)s  +  Cd 
XA(s)  *  C^Ts,'*  +  (Cv+  A)  fsa V(Cv+  A  +  CdT)s  +  Cd 


(21) 


Tr(s) 


-C  Ts' 

q 

C  TsJ  +  (C  +A)Tsi  + 

a  v 


(Cv+  A  t-CdT)s  +  Cd 


(25) 


Application  of  the  final  value  theorem  to  the  solution  for  relative  deflection  once  again  indicates  that 
the  static  and  steady-state  relative  deflections  are  zero.  Routh's  stability  criteria  applied  to  the 
characteristic  equation  for  the  closed-loop  responses  given  by  Eqs.  (24)  and  (25)  Indicates  that  the 
isolation  system  Is  stable  for  Ca  >  0,  Cv  >  -  A,  and  (Cv  +  A)(CV  +  A  +  Cdf)  >CaCd.  Therefore,  use 
of  first-order  lead  compensation  in  the  acceleration  feedback  loop  serves  to  eliminate  static  and 
steady-state  relative  deflections  while  maintaining  a  stable  Isolation  system. 

The  addition  of  integral-displacement  feedback  control  or  lead  compensation  In  the  acceleration 
loop  do@3  not  materially  alter  tho  vibration  Isolation  characteristics,  since  relatively  low  values  of 
gain  Cj  or  high  values  of  the  lead  compensation  time  constant  T  are  generally  employed.  However, 
a  radically  altered  transient  response  characteristic  results  for  step  accelerations  and,  to  a  lesser 
extant,  for  other  forms  of  transient  excitation.  In  addition  to  eliminating  the  static  and  steady-state 
relative  deflections,  the  peak  transient  deflections  of  the  Isolation  systems  are  reduced.  It  Is 
Interesting  to  note  that,  for  ramp  acceleration  excitation  a(s)  =  fo/s*  where  J0  is  the  constant  value 
of  Jerk  excitation,  the  isolation  system  has  a  constant  value  of  steady-state  relative  deflection  given 
by  -3o  Cjj/Cj  and  -J0CaT/Cd  for  integral-displacement  feedback  and  acceleration  lead  compensation, 
respectively. 


NOTCH  ISOLATION  CHARACTERISTICS 


There  are  instances  where  It  Is  desired  to  obtain  both  resonant  vibration  control  and  a  degree  of 
vibration  Isolation  greater  than  that  provided  by  the  basic  electrohydraulic  isolation  system,  as 
expressed  by  Eqs.  (11),  (19)  and  (24).  For  example,  a  high  degree  of  Isolation  at  a  particular  fre¬ 
quency  may  be  preferred  over  broad-band  Isolation  characteristics.  Networks  for  shaping  the 
frequency  response  characteristics  of  the  electrohydraulic  isolation  system  may  be  Incorporated  in  tha 
acceleration  loop,  a3  the  following  discussion  demonstrates  relative  to  achieving  single-notch  end 
multiple-notch  Isolation  characteristics.  This  type  of  electrohydraulic  isolation  system  is  particularly 
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well  suited  to  adaptive  control  since  a  feedback  control  signal  proportional  to  frequency  can  be 
employed  to  have  the  notch-frequency  automatical ly  track  the  frequency  of  excitation. 

Single-Notch  Isolation 

A  very  high  degree  of  vibration  Isolation  may  bo  obtained  at  a  discrete  frequency  by  Incorpo¬ 
rating  a  frequency  response  shaping  network  having  an  undamped  resonance  characteristic  in  the  accel¬ 
eration  loop.  One  such  network  Is  represented  by  the  transfer  function  wn3/(sa  +  ti)n*),  which  applies 
for  a  simple  undamped  second-order  oscillator.  This  network  provides  an  Infinite  gain  In  the  accel¬ 
eration  feedback  loop  at  the  frequency  oj  =  mn,  theteby  resulting  In  zero  transmission  of  vibration  as 
demonstrated  below. 


Modifying  £q.  (9)  to  Include  the  second-order  oscillator  network  In  the  acceleration  loop  gives 


0"-|C.(A^)''>X*Cv'“caal 

Combining  Eqs.  (S)  and  (26)  results  In  the  following  third-order  equation  of  motion: 

CaWnS  sSx  +  I  (Cv  *A)  33  +  Cds"  +  {Cv  *  "a*  s  +  CdUn’  1  0 

Solution  of  this  equation  for  the  absolute  and  relative  transfer  functions  Is  as  follows: 

|(CvfA)s*Cd](s  twna) 

TA(S)  =  (C%A)sJ  +'(Ca«nJ  x  Cd)m  +(Cv'+A)unJ8 +Cd«n- 


(26) 


(27) 


(28) 


TR(s)  “  (C, 


-C  <J 


TJdlFTicTZT2 

a  n 


Cd)s- 


VA,V 


e  C  ,  w 
d  n 


(29) 


Upon  substituting  s  =  jw,  these  equations  Indicate  that  the  absolute  transmlsslblllty  Is  zero  and  the 
relative  transmlsslblllty  Is  unity  fer  u)  ■*  to.,.  Consequently,  this  form  of  the  electrohydnullc  isolation 
system  is  Ideal  for  the  Isolation  of  vibration  excitation  having  a  single  discrete  frequency.  An  addi¬ 
tional  advantage  Is  the  relatively  small  relative  deflections  that  occur  In  response  to  shock  excitation. 
Routh's  stability  criteria  applied  to  the  characteristic  equation  of  the  closed-loop  responses  given  by 
Eqs.  (29)  and  (29)  Indicates  that  the  Isolation  system  is  stable  for  Ca,  Cj  >  0  and  Cv  >  -  A. 


Multiple-Notch  Isolation 

Notch  Isolation  characteristics  may  be  obtained  at  mere  than  one  frequency  by  using  several 
second-order  oscillator  networks  arranged  In  parallel  In  the  acceleration  loop.  The  frequency 

N  -  , 

response  shaping  network  Is  represented  by  the  transfer  function  £  (uh/ta!n)  Jujn3/(33  +  a)na)  1  ,  which 

n=l  ) 

represents  the  summation  of  N  single-notch  networks  having  arbitrarily  spaced  natural  frequencies, 
and  a  gain  relationship  of  Wj/wn  to  provide  equal  percentage  bar.dwidths  of  each  notch.  This  net¬ 
work  provides  Infinite  gain  In  the  acceleration  feedback  loop  at  each  notch  natural  frequency  <«J»  wn, 
thereby  resulting  In  zero  transmission  of  vibration  as  demonstrated  below. 


Modifying  Eq.  (9)  to  Include  N  parallel  second-order  oscillator  networks  In  the  acceleration 
loop  gives 


N  /  to.  wn  \  , 

Ca  MfTTTT- s *X+CvsA  +  CdA 
.  n=l  n 


(30) 
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Combining  tqs.  (9)  and  (30)  results  in' the  following  (2N  ♦  U^-order  equation  of  motion 


t>«  /  (&S  (a?n  x 

2  7T^)s!t+'cvtAliAt¥'0 
n=l  n 


(31) 


Solution  of  this  equation  for  the  absolute  and  relative  transfer  function  is  as  follows: 


Upon  substituting  s  «  )<>),  these  equations  indicate  that  the  absolute  transmlsslblllty  is  2ero  and  the 
relative  transraisslfctllty  Is  unity  for  each  notch  frequency  w  =  »)n.  Consequently,  this  form  of  the 
electrohydraullc  isolation  system  Is  Ideal  for  the  Isolation  of  periodic  vibration  excitation  comprised 
of  any  number  of  discrete  frequency  components  [7],  Routh’s  stability  criteria  applied  to  the  char¬ 
acteristic  equation  of  the  closed-loop  responses  given  by  Eqs.  (32)  and  (33)  Indicates  that  the 
Isolation  system  Is  stable  for  Ca,  Cj  >  0  and  Cv  >  -  A. 


EFFECT  OF  FIXED  ELEMENT  DYNAMICS 


The  Isolation  system  transfer  function 
and  stability  conditions  examined  thus  far  have 
been  for  Ideal  system  elements  (actuator, 
servovalve,  accelerometer,  flexible  coupling, 
and  displacement  transducer)  having  unity 
transfer  functions ,  This  simplification  was 
Introduced  to  demonstrate  clearly  the  basic  low- 
frsquency  response  characteristics  of  the 
eUctrohydraullc  isolation  system.  As  a 


Fig.  2  -  Block  diagram  of  electrohydraullc 
Isolation  system  without  a  flexible 
coupling  (passive  Isolator) 


practical  matter,  however,  the  effect  of  fixed 
element  dynamics  on  tne  Isolation  system 
performance  must  be  considered,  as  well  as 
the  use  of  compensation  techniques  to  ensure 
stability.  Block  diagrams  are  shown  In  Fig.  2 
and  3  for  the  electrohydraullc  Isolation  systems 
illustrated  in  Fig.  1(a)  and  1(b),  respectively, 
where  H  represents  the  transfer  function  for 
Isolation  system  fixed  elements  and  G 


Fig.  3  -  Block  diagram  of  the  electro- 
hydraulic  Isolation  system  with  a 
flexible  coupling  (passive  isolator) 
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represents  tho  transfer  function  for  co~pcn.sn-- 
ticn  or  frequency  response  shaping  networks. 

The  open-loop  transfer  funrt.cn  T.fsl  for 
tha  isolation  system  block  dlaqm*  j’-gvn  in 
Fig.  3  is  obtained  by  substituting  prirm! 
sinusoidal  signal  E  for  the  Bccrls'-stl feed¬ 
back  signal  CaG9Hss*<  and  solving  for  the 
op>>n-!oop  transfer  function,  dr  fined  ss 
follows: 


C  G  H  s*X 

T At) - -  (34) 


The  flow  from  the  servovalve  for  the  op^n-l.^op 
condition  is 


Q'-Hsvtt‘<VW5  U3! 


where  X  *  A  since  afs)  Is  assumed  zero. 
Combining  Eqa.  (35)  and  (7b).  solving  fer  X 
in  terms  of  E,  and  placing  this  result  In 
Eq.  (3-4)  gives  the  following  genera!  expression 
for  the  open-loop  transfer  function: 


C  G  H  s'  H 


T0(s) 


As  1  + 


Ul 


■*•  7*~  G 

MS  1 


>? 

i  ‘d  'sv 


(3  6) 


The  open-loop  transfer  function  for  the  Isola¬ 
tion  system  block  diagram  shewn  In  Fig.  2, 
which  does  not  Include  thu  flexible  coupling, 
is  obtained  by  setting  uic  *  <"  . 


Relative  velocity  feedback  is  not  shown 
in  Figs.  2  or  3  ct  in  Eq.  (36)  since  It  is  general¬ 
ly  obtained  by  differentiation  of  the  relative 
displacement  signal  by  use  of  a  network  having 
tha  transfer  function 


-1  + 


C  s 


( - J - ) 

V  1  +  Ts  / 


(37) 


where  r  is  the  time  constant  of  a  lag  compen¬ 
sation  network  employed  to  wash  cut  the 
velocity  feedback  signal  for  frequencies  greater 
than  w=  1/r. 

The  dynamics  of  the  accelerometer, 
displacement  transducer,  and  servovalve  can 
be  represented  as  a  damped  second-order 
transfer  function,  as  follows 


W„ 


+C  w  s 
e 


(38) 


where  we  is  .he  natural  frequency  and  Cg  is 
the  fraction  of  critical  damping  for  the  element 
in  question  (generally  specified  by  the 
manufacturer).  The  dynamics  of  the  servovalve 
and  actuator  greatly  influence  the  stability 
state  of  the  Isolation  system  because  the 
natural  frequencies  of  these  elements  are 
relatively  low.  The  natural  frequency  of  ‘.he 
servovalve  la  generally  between  SO  and  203  Ms, 
and  the  effective  natural  frequency  cf  the  mass 
supported  by  the  actuator  without  a  flexible 
coupling  Is  also  generally  between  53  and 
230  Hz.  The  fraction  of  critical  damping  for  the 
mass  and  actuator  system  generally  ranges 
between  0.1  end  0.3,  depending  upon  whether 
tho  damping  is  provided  by  the  actuator  seals 
alone  or  whether  significant  damping  duo  to 
leakage  exists.  Accelerometers  and  displace¬ 
ment  transducers  can  generally  be  selects  J 
that  hava  relatively  high  natural  frequencies 
(e.g.,  above  1000  Hz)  and,  therefore,  repre¬ 
sent  minor  influences  on  stability. 

Referring  to  Eq.  (36)  with  s  *  Ju),  the 
open-loop  phase  angle  for  tho  uncompensated 
system  (Ga  =  G<j  •  1)  at  frequencies  approach¬ 
ing  zero  is  +130°  .  At  intermediate  frequencies 
(tu<  u)a,  uijv) where  tho  value  of  tho  displace¬ 
ment  feedback  term  becomes  small  compared 
to  the  other  terms,  the  open-loop  phase  angle 
approaches  *9(f  .  For  higher  frequencies,  tho 
phase  angle  Is  lagged  strongly  by  the  dynamics 
of  the  servovalve  and  actuator  (  -180°  phase 
lag  for  each  element),  thereby  resulting  In  a 
phase  angle  less  than  -18CP  and  a  total  gain 
far  In  excess  of  unity,  which  indicates  that  the 
system  is  grossly  unstable.  The  system  can  be 
stabilized  by  using  low-frequency  lag,  lag- 
lead,  quadratic  or  a  combination  of  theca 
compensation  netv.-orks,  as  represented  by  Ga 
lr.  the  acceleration  loop,  to  lower  the  accel¬ 
eration  gain  below  unity  at  tho  frequency  whore 
the  open-loop  phase  angle  Is  -18CT  .  These 
compensation  networks  can  provide  adequate 
stability  for  the  system,  but  at  the  sacrifice 
of  vibration  isolation  at  high  frequencies  (see 
Experimental  Results,  Fig.  5  for  example). 
Lead-lag  and  pole-cancellation  compensation 
networks  cannot  be  used  since  they  require 
excessive  gain  and  the  natural  frequencies  of 
the  system  fixed  elements  vary  with  excitation 
amplitude  and  actuator  position  because  of 
nonlinearitles. 

A  form  of  mechanical  compensation  may 
be  obtained  by  connecting  the  mass  to  the 
actuator  rod  through  a  flexible  coupling,  as 
shown  by  the  schematic  diagram  In  Fig.  1(b) 
ar.d  the  block  diagram  lr.  Fig.  3.  Since  the 
stiffness  of  the  flexible  coupling  Is  In  series 
with  the  actuator  stiffness,  the  effective 
natural  frequency  of  the  actuator  and  mass  Is 
lowered  to  less  than  uic.  Therefore,  a  low¬ 
stiffness  flexible  coupling  can  be  employed  to 
attenuate  the  acceleration  loop  gain  and  ct  the 
same  time  offer  passive  vibration  Isolation  at 
higher  frequencies  (see  Experimental  Results, 
Flgs.5and7,  for  example).  However, 
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electronic  compensation  networks  generally  are 
still  required  to  achieve  satisfactory  margins  of 
stability. 


EXPERIMENTAL  RESULTS 


A  photograph  of  a  single-mass  laboratory 
experimental  model  of  the  electrohydraullc 
vibration  Isolation  system  attached  lo  a  vibra¬ 
tion  shaker  is  shown  In  Fig.  4.  The  hydraulic 
actuator,  s ervoacc e  1  ero meter,  direct  current 
differential  transformer  displacement  trans¬ 
ducer  (DCDT),  servovalve  and  flexible 
coupling  are  standard  commercially  available 
components,  whereas  the  servoamplifler  (not 
shown)  Is  a  custom  assembly  employing 
operational  amplifiers  and  various  types  of 
frequency  response  shaping  networks  and 
compensation  networks. 


Fig.  4  -  Photograph  of  the  laboratory 
experimental  model  of  the  electro- 
hydraulic  vibration  isolation  system 


Tho  hydraulic  actuator  (5-lnch  stroke, 
2-1/2  inch  bore)  is  supported  within  a  rigid 
structural  frame  that  houses  four  linear  bearing 
and  shaft  assemblies  for  constraining  the 
motion  cf  the  rigid  payload  In  vertical  transla¬ 
tion.  The  isolated  weight  was  150  or  250  lbs. , 
depending  on  the  isolation  system  configuration. 
The  overall  height  of  the  isolator  (18  Inches) 
was  selected  for  convenience  in  conducting 
experimental  research. 

The  servoacceierometer  (force-balance 
type)  attached  to  the  payload  mass  provides 
the  acceleration  feedback  signal  and  the  DCDT 
connected  between  the  mass  and  the  structural 
frame  (representing  a  rigid  foundation)  provides 
the  relative  displacement  feedback  signal.  The 
servoamplifler  processing  these  feedback 
signals  provides  a  flow  command  signal  to 


drive  the  servovalve  torque  motor.  The  servo¬ 
valve  connected  to  the  actuator  by  a  manifold 
regulates  the  flow  of  hydraulic  fluid  from  a 
hydraulic  power  supply  (not  shewn)  that  has  a 
3.'  gpm  flow  capacity  at  1500  psi  pressure. 

The  performance  of  the  vibration  isolation 
system  was  measured  In  terns  of  the  absolute 
transmlsslfclllty,  which  is  defined  as  the  ratio 
of  the  harmonic  vibration  response  amplitude 
of  the  isolated  mass  to  the  amplitude  of 
harmonic  vibration  excitation  Imposed  on  the 
foundation.  Vibration  excitation  was  imposed 
on  the  isolation  system  foundation  (the  struc¬ 
tural  frame)  by  u.se  of  a  specially  modified 
mechanical  shaker  over  the  frequency  ranee  of 
0.02  to  10  Hz,  and  a  standard  electrodynamic 
shaker  over  the  frequency  range  of  5  to  500  Hz. 
The  vibration  response  of  the  isolated  rigid 
mass  was  measured  by  an  external  DCDT  at 
low  frequencies  and  a  piezoelectric  accelerom¬ 
eter  at  high  frequencies. 

Open-loop  transfer  functions  were  mea¬ 
sured  by  disconnecting  the  acceleration  feed¬ 
back  signal  and,  in  its  place,  substituting  an 
external  excitation  signal  from  an  oscillator. 

The  magnitude  cf  the  open-loop  transfer 
function  represents  the  ratio  of  the  amplitude 
of  the  disconnected  acceleration  feedback 
signal  to  the  amplitude  of  the  external  signal 
substituted  in  lt3  place.  The  phase  angle  of 
the  open-loop  transfer  function  represents  the 
phase  difference  between  the  disconnected 
acceleration  signal  and  the  externally  applied 
signal.  The  displacement  loop  remained 
closed,  thereby  maintaining  the  actuator  in  it3 
null  position  which  was  required  for  testing 
purposes. 

Experimental  transmissibiUty  curves  are 
presented  in  Figs.  5  to  15  with  system  param¬ 
eters  selected  to  provide  limited-band  Isolation, 
broad-band  isolation,  single-notch  Isolation, 
combined  notch  and  broad-band  Isolation, 
multiple-notch  isolation,  and  notch,  isolation 
with  automatic  frequency  tracking.  For  each 
system  tested,  open-loop  transfer  functions 
(magnitude  and  phase)  were  measured  to  deter¬ 
mine  the  margin  of  stability  in  terms  of  gain  and 
phase  margins  [13],  The  gain  margin  is  defined 
as  the  additional  gain  that  just  makes  the 
system  unstable:  that  i3,  the  magnitude  (db)  of 
the  open-loop  transfer  function  when  the  phase 
angle  Is  -19(T.  The  phase  margin  is  defined  as 
the  additional  decrease  in  phase  angle  that  Just 
makes  the  system  unstable  for  a  unity  gain 
(0  db  magnitude)  of  the  open-loop  transfer 
function:  that  is,  the  phase  margin  equals  18(f 
plus  the  negative  phase  angle  corresponding  to 
a  magnitude  of  0  db. 


LIHITED-8AKD  ISOLATION 

TransmissibiUty  curves  for  limited-band 
isolation  are  shown  In  Fig.  S  for  the  electro- 
hydraulic  isolation  system  with  no  flexible 
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Fig.  5  -  Experimental  transmlsslblllty 
curves  fer  limited-bend  isolation  systems 
employing  second-order  lag  and  quadratic 
compensation 


coupling.  The  Isolated  weight  was  150  lbs., 
and  an  electronic  resonance  was  created  at 
0.5  Hz  with  3  resonant  transmlsslblllty  of  1.4. 
Second-order  lag  end  quadratic  compensation 
were  employed  In  the  acceleration  loco  to 
stabilize  the  Isolation  system.  The  transmls¬ 
slblllty  curve  demonstrates  the  limited  band¬ 
width  of  Isolation  that  Is  provided  by  the 
electrohydraullc  Isolation  system  with  no  flex¬ 
ible  coupling.  A  transmlsslblllty  less  than  0.5 
was  provided  over  the  frequency  range  of 
approximately  1  to  10  Hz,  and  the  system  with 
quadratic  compensation  generally  provided 
better  Isolation  than  the  system  with  second- 
order  lag  compensation.  The  hydraulic  res¬ 
onance  in  the  region  of  150  Hz  Is  primarily  due 
to  the  hydraulic  fluid  compressibility  effects. 
The  degree  of  amplification  at  the  hydraulic 
resonance  Is  a  function  primarily  of  the 
actuator  damping  characteristics,  and  passive 
Isolation  of  vibration  Is  provided  for  frequencies 
greater  than  200  Hz  In  accordance  with  the 
passive  Isolation  characteristics  of  the  hydrau¬ 
lic  actuator. 

The  open-loop  transfer  function  for  the 
Isolation  system  with  quadratic  compensation 
is  shown  In  Fig.  6  In  the  form  of  Bode  diagrams 
(magnitude  and  pnase  angle  versus  frequency). 
Determination  of  the  gain  *:.d  phase  margins 
from  the  Bode  diagrams  Is  as  Indicated  In  Fig.  6: 
the  gain  margin  is  8  db  and  the  phase  margin 
is  A  f  . 


8R0AD- BAND  ISOLATION 


Transmlsslblllty  curves  for  broad-band 
Isolation  are  shown  In  Fig.  7  for  the  electro- 
hydraulic  Isolation  system  with  flexible 
couplings  (passive  Isolators)  employed  to 


Ilg.  6  -  Expe'lmental  Bode  diagrams  of 
open-loop  transfer  function  for  limited- 
band  Isolation  system  with  quadratic 
compensation 
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Fig.  7  -  Experimental  transmlsslblllty 
curves  for  broad-band  Isolation  systems 
with  elastomer.c  (fc  =  10  Hz)  and  helical 
spring  (f=  =  3  hz)  flexible  couplings. 

provide  high-frequer.cy  vibration  isolation.  The 
Isolated  weight  was  250  lbs.  ,.ar,d  an  electronic 
resonance  was  created  at  0.5  Hz  with  a  reso¬ 
nant  transmlsslblllty  of  1.5.  An  elastomeric 
isolator  was  employed  to  achieve  fc  =  10  Kz 
while  a  helical  spring  was  used  to  achieve 
fc  =  3  Hz.  The  t,ansmlsslblllty  curves  demon¬ 
strate  that  lowering  the  stiffness  of  the  flexible 
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"Curling  Improves  rlgh-frequ.’n.-y  vibration 
is  Motion.  I"?  this  isolation  of  vibration 

occurs  for  (reque- -le>  greater  than  0.8  Hr, 
with  creator  th.sc.  7$  w*rcc;  t  isnlafon  provided 
for  frequencies  grc  >*s»r  than  2  Hz ,  and  greater 
than  9  1  percent  isolation  provii.ed  for  fre¬ 
quencies  greater  than  10  Hz.  The  high- 
frequency  attanuati  ->n  rate  Is  aorioxi cutely 
<t  <3  It. 'em  tar  ■».  f  v  the  system  in  which  fr 
-  10  Hi,  tr.c  gain  r  arqi;.  was  5  rfb  and  the 
phase  margin  w  5  T  whereas,  for  the  system 
in  which  }.  *  3  Hz,  the  gain  margin  was  ft  <Jt» 
and  the  phase  margin  was  9  if  ,  The  Isolation 
system  having  the  lower  value  of  flexible 
co  . .ding  stiffness .  therefore,  exhibited  better 
isolation  ch  iracteristics  and  higher  margins  of 
staniiity. 

Transmissibillty  curves  for  broad-band 
Isolation  are  shown  In  Tig.  8  for  the  eleetro- 
hydrauHc  Isolation  system  with  a. flexible 
coupling  (fc  *  3  Ha),  an  isolated  weight  of 
250  lbs.,  and  various  resonant  frequencies 
created  electronically.  Chancing  the  accelera¬ 
tion  feedback  gain  provided  resonant  fre¬ 
quencies  of  0.05,  0.1  ami  0 . 5  Hz ,  respectively , 


Fig.  8  -  Experimental  transmissibillty 
curves  for  fcroad-band  Isolation  systems 
with  flexible  coupling  (fc  =  3  Hz)  and 
resonant  frequencies  of  0.05,  0.1  and 
0.5  Hz 

with  resonant  transmisslbilltles  ranging  between 
1.5  and  2.0.  For  frequencies  greater  than 
15  Hz,  the  transmissibillty  Is  essentially  the 
same  for  all  three  systems.  It  Is  Interesting  to 
note  that  passive  Isolation  systems  with  0.05, 
0,1  and  0,5  Hz  resonant  frequencies  would 
exhibit  static  deflections  of  approximately 
320  feet,  82  f.-et,  and  3  feet,  respectively, 
whereas  the  electrohydraullc  isolation  system 
has  a  zero  static  deflection.  The  gain  margins 
for  the  0.05,  0.1  and  0.S  Hz  resonant  fre¬ 
quency  systems  were  10  db,  9  db  and  8  db, 
respectively,  and  the  phase  margins  were  38s  , 
30*  ,  and  90°  ,  respectively . 


siwat-soTw  j sour i ob 

A  transmlsslbilitr  curve  for  single-natch 
isolation  is  shown  in  Fig.  9  for  the  electro 
hydraulic  isolation  system  with  no  flexible 
coupling.  The  Isolated  we.ght  was  150  ibs. 
and  a  single  r. h  (antirescc.ance)  was  created 


Fig.  9  -  Experimental  transmissibillty 
curva  for  a  single- no*ch  Isolation  system 
with  the  notch  antlresonance  at  5  Hz 


at  5  Hz .  Approximately  99  percent  Isolation 
was  provided  at  the  notch  frequency  and  the 
nominal  bandwidth  of  the  notch  (measured  at  a 
transmissibillty  of  0.5)  wa3  100  percent.  A 
resonance  condition  existed  at  approximately 

2  Hz,  with  a  resonant  transmissibillty  of  1.2. 
The  gain  margin  of  the  slr.gle-notch  Isolation 
system  was  10  db  and  the  phase  margin  was  9<f\ 

Transmissibillty  curves  for  single-notch 
Isolation  systems  with  various  notch  bandwldths 
are  shown  In  Fig.  10  for  a  notch  frequency  cf 

3  Hz,  at  which  greater  than  99  percent  Isolation 
was  provided.  The  low,  medium  and  high  gains 
in  the  acceleration  loop  result  in  bandwldths 
(measured  at  a  transmissibillty  of  0.5)  of 
nominally  10,  50  and  100  percent,  respectively. 
The  higher  the  acceleration  loop  gain,  the 
greater  the  bandwidth  and  the  higher  the  res¬ 
onant  transmissibillty,  which  had  values  of 
1.05,  1.15  and  1.2,  respectively,  for  the  three 
Increasingly  greater  values  of  gain.  Further¬ 
more,  for  a  given  notch  frequency,  an  increase 
in  accelerati  ..T  loop  gain  decreases  the  reso¬ 
nant  frequency  of  the  isolation  system,  which 
had  values  of  3.5,  2.0  and  1.75,  respectively , 
for  the  three  increasingly  greater  values  of  gair. 
The  margins  of  stability  for  the  three  single¬ 
notch  isolation  systems  were  as  follows:  low 
gain,  28  db  gain  margin  and  109°  phase  margin: 
medium  gain,  14  db  gain  margin  and  109*  phase 
margin;  and  high  gain,  10  db  gain  margin  and 
94°  phase  margin. 
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Fig.  19  -  Experimental  transr.l-- 
curves  for  single-notch  Isolation 
with  various  degrees  of  a  celernti  r. 
feedback  gain  arid  the  notch  entire.  'ronce 
at  5  Hi 


Fig.  11  -  Experimental  transmissibility 
curves  for  broad-band  and  combined 
notch  and  broad-band  Isolation  systems 
with  flexible  coupling  (fc  «  19  Hz)  and 
the  notch  antiresonance  at  5  Hz 


An  increase  in  the  acceleration  gam  for  a 
single-notch  isolation  system  increases  the 
bandwidth  of  the  notch,  decreases  the  resonant 
frequency,  increases  the  resonant  transnlsslblt- 
lty,  and  decreases  the  margin  of  stability.  For 
frequencies  substantially  greater  than  the  notch 
frequency,  the  trait smlssiblUiy  is  independent 
of  the  notch  chaiact-rlstics.  with  a  hydraulic 
resonance  occurring  in  the  region  of  150  Hz. 


cany  info  notch  a  so  srom-pano  iscurioti 


Transmis.slbllity  curves  for  broad-band 
Isolation,  with  and  without  a  single  notch  at 
5  Hz,  are  shown  in  Fig.  11  for  the  electro- 
hydraulic  isolation  system  with  elastomeric 
flexible  coupling  (fc  »  1 0  Hz).  The  Isolated 
weight  was  250  ibs.,  and  an  electronic  reso¬ 
nance  was  created  at  0.S  Hz  with  a  resonant 
transnisslblllty  of  1.5.  The  transmissibility 
characteristics  of  the  fcroad-fcand  Isolation 
system  were  previously  discussed  with 
reference  to  Fig,  7.  The  transmissibility 
curve  providing  combined  notch  and  broad¬ 
band  isolation  characteristics  is  essentially 
the  same  as  without  the  notch,  except  In  the 
region  of  the  notch  frequency,  at  which 
greater  than  99  percent  Isolation  is  provided. 

For  the  fcroad-Dar.d  isolation  system  without 
the  notch,  the  gain  margin  was  S  db  and  the 
phase  margin  was  SG f  whereas,  lor  the 
isolation  system  providing  combined  rotch  and 
broad-band  Isolation,  the  gain  margin  was  5  db 
and  the  phase  margin  was  33°  .  Consequently, 
a  slight  decrease  in  the  margin  of  stability  is 
associated  with  the  addition  of  the  single-notch 
isolation  characteristic. 


KiVTlPLE-NCTCH  I SALAT  ION 


A  transmissibility  curve  for  multiple-notch 
isolation  is  shown  in  Figure  12  for  the  e'ectro- 
hydraullc  isolation  system  with  no  flex; tie 
coupling.  The  isolated  weight  was  153  lbs.  , 


Tig.  12  -  Experimental  transmlsslb,’,ty 
curve  for  a  multiple-notch  isolation  system 
with  the  notch  antiresonances  at  5,  10 
and  20  Hz 


and  the  frequencies  associated  with  the  three 
notches  a-e  related  harmonically.  At  S,  10  and 
20  Hz,  greater  than  99  percent  Isolation  Is 
provided  and  the  nominal  bar.dw'dth.3  of  tha 


153 


notch**  (measured  at  a  transmlssibility  of  0.5) 
was  $  percent.  No  apr-aron.  r<?Gonanc#»  condi¬ 
tion  ext  Had  and  the  transTissibility  was  *qU«i 
to  or  Jess  than  unity  between  the  notch  fre¬ 
quencies.  However,  ‘or  frequencies  greater 
than  the  highest  note,  frequency,  ‘he  transtr.lt> 
sibimy  exceeds  unity  with  a  hydraulic  reso¬ 
nance  occurring  in  the  region  of  1  50  Ha.  The 
gain  margin  of  the  three-notch  isolation  system 
was  j  db  and  the  phase  margin  was  651. 

The  transmlssibility  curve  shown  in 
fig.  13  is  for  a  three-notch  isolation  system, 


Fig.  13  -  Experimental  transmlssibility 
curve  for  a  multiple-notch  isolation 
system  with  the  notch  antlresonances 
at  5,  7.5  and  11.5  Ha 


where  the  notch  frequencies  are  not  related 
harmonically  And  the  notch  bandwidths  (mea¬ 
sured  at  a  transmlssibility  of  0.5)  are 
S  percent.  At  the  notch  frequencies  of  5,  7.5 
and  11.5  Hz,  greater  than  99  percent  Isolation 
is  provided.  A  resonanco  condition  existed  for 
thi3  isolation  system,  where  the  resonant 
frequency  was  3.5  Hz  and  the  resonant  trans- 
mlsslbility  was  1.0S.  For  frequencies  greater 
than  approximately  20  H2,  tha  transmlssibility 
curve  is  essentially  that  shown  in  Fig.  12.  The 
gain  margin  of  the  three-notch  isolation  system 
was  S  db  and  the  phase  margin  was  7-f  . 


80TCH  ISOLATION  WITH  AUTOMATIC 
FREQUENCY  TRACKING 


Transmlssibility  curves  are  shown  in 
Figs.  14  and  IS  for  single-notch  electrohydraul*' 
Isolation  systems  with  automatic  notch- 
frequency  tracking  capability.  The  automatic 
frequency  tracking  is  achieved  by  employing  a 
feedback  signal  proportional  to  the  frequency 
of  vibration  excitation  to  drive  an  adaptive 
single-notch  electronic  shaping  network  to 
continuously  change  the  notch  frequency  so 


that  It  corresponds  to  the  frequency  of  vibration 
excitation.  The  isolated  weight  was  159  lbs.  . 
and  the  bandwidth  of  tha  notch  (measured  at  a 
transmlssibility  of  0.5)  was  8  percent. 


Fig.  14  -  Experimental  transmlssibility 
curve  for  a  notch  isolation  system  with 
automatic  frequency  tracking  using  a 
frequency-detection  network  in  the 
acceleration  feedback  loop 


'*r 


Fasguttatrorj) 


Fig.  IS  -  Experimental  transmlssibility 
curve  for  a  notch  Isolation  system  with 
automatic  frequency  tracking  using 
tachometer  feedback 


The  transmlssibility  curve  shown  in 
Fig.  14  was  obtained  by  processing  the  accel¬ 
eration  feedback  signal  through  a  frequency- 
detection  network  to  obtain  the  control  signal 
required  to  adapt  the  notch  frequency  of  the 
frequency  response  shaping  network  to  the 
frequency  of  vibration  excitation.  The  notch 
automatically  tracked  the  excitation  frequency  .  . 
over  the  frequency  range  of  approximately  1.0 
to  25  H2,  with  greater  than  90  percent  isolation 
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feedback  signal  to  adapt  the  notch  fr«;<!,*n.-y  to 
the  frequency  of  vibration  excitation.  The  notch 
automatically  tracked  the  exclta'ion  frequency 
over  the  frequency  range  of  appro*! merely  1.0  to 
17  Hz,  with  greater  than  90  percent  Isolation 
provided  between  3  and  1-1  Hz,  and  greater  than 
95  percent  Isolation  provided  between  approxi¬ 
mately  4  and  13  Hz.  In  the  high-frequency 
region  (frequencies  greater  than  the  highest  fre¬ 
quency  in  the  automatic  frequency  tracking  hand), 
the  transm's-lblllty  Is  essentially  the  same  as 
that  shown  In  Flq.  14.  The  qal.n  margin  for  this 
Isolation  system  was  5  db,  and  the  phase  margin 
was  59'’ . 


CONC IV DI N’G  RE MA KK  - 


This  paper  has  reported  on  the  results  of 
a  theoretical  and  experimental  investigation  of 
electroh/draullc  vibration  Isolation  systems. 

Only  single-mass  Isolation  system  configura¬ 
tions  were  considered  and,  while  the  theory 
assumed  a  rigid  isolated  body  and  foundation, 
consideration  of  flexibility  of  the  Isolated  body 
and  foundation  were  Inherent  In  the  experimental 
studies.  In  practice,  the  isolated  body  and 
foundation  structural  resonances  must  be  con¬ 
sidered  because  of  their  effect  on  stability. 

With  acceleration  of  the  isolated  mass 
and  relative  displacement  between  the  mass  and 
the  foundation  as  the  primary  feedback  signals. 

It  has  been  demonstrated  that  Isolation  of  ult-a 
low-frequency  vibration  Is  feasible.  Resonant 
frequencies  substantially  less  than  0.1  Hz  can 
be  achieved  while  providing  a  zero  static 
deflection.  Purely  active  systems  can  provide 
Umlted-band  Isolation,  single-notch  isolation, 
multiple-notch  Isolation  and  notch-isolation 
with  automatic  frequency  tracking.  Broad-band 
isolation  and  combined  broad-band  and  notch 
Isolation  can  be  provided  by  inserting  a  mech¬ 
anical  flexible  coupling  (passive  isolator) 
between  the  lsolatcad  mass  and  the  actuator  rod. 
The  flexible  coupling  provides  mechanical  com¬ 
pensation  that  attenuates  the  acceleration  loop 
gain  and  offers  passive  vibration  Isolation  at 
high  frequencies.  For  this  active-passive 
Isolation  system,  Isolation  of  vibration  Is 
provided  by  active  means  In  the  low- frequency 
region  where  the  flexible  coupling  essentially 
has  a  unity  transfer  function,  while  the  flexible 
coupling  provides  Isolation  in  the  high-frequency 


region,  the  excitation  fr«o  ,»-~i r  1* 

1. "1  ■'■*>  i  over  vMrt  the 

active  system  Is  coer  stive. 

of  * r -■*  tcccjor’V,'  m  fendh-xrk ,  tt  i 
el-'Ctrc-t. r :  ;snb«‘->-  s*lff".e*S  is  '* tc-p 
i v t  is.  a  v»-y  l-?x  iiif'-m  Is  p.-ese - •  «d  to  •'  » 
vibration  ar.vlrp.-i  —  n-i  c-is*:ng  at  tr-e  fp .. -r: -v ;~n, 
tut  9  high  stiffness  Is  presented  to  fpi-.es  ant¬ 
ing  on  the  Isolated  mass.  If  force  feod'seck  it 
p~c!oved  in  i;wj  cf  acceleration  fee; buck 
(cttal-ed  by  use  of  a  load  cell  in  sene*  with 
the  actuator,  for  example),  the  Isolator  soft¬ 
ness  Is  bilateral:  that  Is,  the  Isolator  yr»t*~fs 
a  very  low  stiffness  to  both  the  vibration  envi¬ 
ron- erst  and  to  forces  acting  on  the  Is  six' -rJ 
mass.  Identical  vltr»»’on  Isolation  c  bar. net  gr¬ 
istles  car,  be  achieved  with  e-v-er  t -gei-rntlor 
cr  force  feedback:  however,  the  sys’em  with 
acceleration  feedback  will  be  reletlv-'y  la¬ 
ser  sit!.-®  to  dynamics  of  the  isolated  body 
co-csr~d  to  the  system  employing  force 
feedback . 

Eiectrohydraulic  lsola’ion  systems  are 
capable  of  providing  performance  cho*?ct<?Jl*MC3 
that  far  surpass  those  demonstrated  for  passive 
or  other  active  Isolation  systems  Investigated  to 
data.  It  is  anticipated  that  this  active  isolation 
concept  will  provide  unique  solutions  to  a  wide 
range  cf  vibration  isolation  problems. 
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DISCUSSION 


Mr.  Mustain  (McDrtnweH-Eot.’glaa):  We  are 
looking  tetoic outing  a  father  large  vehicle  for 
modal  surveys  and  wo  are  being  forced  down  to 
Use  1/2  cycle  or  better  isolation  system.  We 
are  looking  l  >  air  springs  which  your  people 
have  been  working  on.  How  well  advanced  are 
you  on  this  system  to  try  to  isolate  such  a  big 
structure? 

Mr,  Rmtlcka:  At  the  present  time  most  of 
oar  work  has  been  with  a  single  mass  unidirec¬ 
tional  system.  The  logical  step!*  would  be  as 
follows:-  systems  requiring  three  degress  of 
freedom  which  would  be  basically  pitch,  roll  and 
yaw;  then  the  six  degree  of  freedom  problem, 
on  which  we  are  working  theoretically,  We  have 
got  a  computer  program  set  up  to  analyse,  for 
example,  cross  coupling  effects  In  six  degrees 
cf  active  control. 

The  second  paper  this  morning  will  show 
you  a  typical  application  which  is  a  single  dir¬ 
ection  application  -  the  isolation  of  a  pilot  seat. 
To  dale  these  have  been  primarily  unidirectional 
applications. 

(The  following  statement  was  made  by  Mr. 
Roilcfca  later  in  the  program  to  amplify  his  re¬ 
sponse  to  the  question.  Ed.) 

| 

The  question  had  to  do  with  what  sort  of 
stiffness  characteristics  do  you  get  out  cf 
electro-hydraulic  isolation  system.  It  is  inter¬ 
esting  t feat  you  can  have  either  bi-lateral  or  uni¬ 
lateral  stiffness  characteristics.  All  passive 
devices  are  unilateral,  that  is,  you  get  the  same 
characteristic  whether  you  push  them  in  the  plus 
or  in  the  minus  direction.  For  example  if  you 
load  a  spring  In  the  plus  direction  and  run  a  load- 
deflection  test,  turn  the  spring  over  and  run  that 
test  again  you  get  the  same  identical  character¬ 
istics.  With  acceleration  feedback  one  obtains 
what  wa  are  calling  unilateral  characteristics. 


That  is,  it  has  different  stiffness  characteristics 
in  the  plus  and  minus  directions.  This  is  appar¬ 
ent  when  you  think  of  it  because  if  you  put  a  force 
on  top  of  this  system  with  acceleration  feedback, 
the  force  begins  to  create  an  acceleration  of  the 
mass,  the  acceleration  is  sensed  and  fed  back; 
and  in  this  sense  the  acceleration  feedback  acts 
as  a  mass  multiplier.  Therefore  the  mass  will 
respond  very  littla  to  forces  applied  to  it.  Now 
an  alternative  to  acceleration  feedback  would  be 
force  feedback,  i.e.,  pot  a  load  cell  in  series 
with  the  isolator  and  feedback  force.  Y/hcn  you 
do  this  you  get  a  bilateral  stiffness  character¬ 
istics;  that  is,  the  characteristic  is  the  same 
whether  it  is  in  the  plus  or  the  minus  direction. 
There  are  some  cases  in  which  you  would  like 
softness  In  two  directions,  and  in  other  cases 
you  would  like  softness  in  one  direction  and 
stiffness  In  the  other.  I  intended  to  make  thi3 
point  in  the  second  paper  because  this  i3  an  ex¬ 
ample  of  the  case  in  which  you  would  like  a 
unilateral  characteristic.  In  the  pilot  seat  you 
would  like  a  very  soft  stiffness  pointing  at  the 
environment;  that  is,  one  wants  to  isolate  the 
pilot  from  the  vibration  coming  from  the  fuse¬ 
lage.  But  it  must  not  be  soft  for  the  pilot  look¬ 
ing  down.  If  it  were,  you  could  very  easily 
drive  the  system.  If  you  push  a  half-cycle  on 
1/1 0th  cycle  system  it  is  going  to  want  to  move. 
This  was  a  half -cycle  system.  For  the  pilot 
pushing  pedals  and  applying  control  forces  - 
these  could  very  well  drive  the  system  which 
would  be  undesirable.  For  this  application  with 
the  acceleration  feedback,  the  system  appeared 
very  stiff  to  the  pilot.  To  put  numbers  on  this, 
the  stiffness  needed  to  get  a  half  cycle  system 
for  a  250  lb  payload  is  about  six  lbs  per  inch, 
end  that  is  the  stiffness  that  this  isolator  pre¬ 
sented  to  the  aircraft.  The  stiffness  presented 
to  the  pilot  was  50,000  lbs  per  inch.  We  are 
approaching  if  you  like,  a  mechanical  diode  that 
is,  it  exhibits  zero  impedance  in  one  direction 
and  infinite  Impedance  in  the  other  direction. 
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An  investigation  was  conducted  to  evaluate  the  feasibility  of  protecting  pilots 
from  the  vertical  dynamic  excitations  experienced  during  low-altitude,  hich- 
speed  (LABS)  flight  ty  means  cf  active  isolation  techniques.  Performance 
specifications  for  candidate  isolation  systems  were  evolved  based  on  defini¬ 
tion  of  the  expected  dynamic  environment,  human  tolerance  levels,  and  cockpit 
clearance.  Required  vibration  isolation  and  maximum  relative  displacement 
values  were  postulated.  Analyses  of  existing  isolation  ‘echnlques  Indicated 
that,  for  the  selected  dynamic  environment  typically  experienced  during  LAHS 
flights  In  the  vertical  direction  (1.  e.  ,  combined  vibration  ar.d  sustained  accel¬ 
eration  excitations),  passive  systems  cannot  provide  the  required  degree  cf 
vibration  isolation  while  simultaneously  limiting  the  maximum,  relative 
displacement  to  the  desired  values.  Various  active  Isolation  techniques  were 
evaluated.  An  active  hydraulic  system  was  selected,  employing  acceleration 
and  displacement  feedback  mnehantsms.  Analyses  were  conducted  to  define 
the-  type  of  compensation  ar.d  loop  gains  required  to  provide  tr.e  desired  Isola¬ 
tion,  limit  the  dynamic  deflection,  and  maintain  system  stability.  A  laboratory 
model  for  experimental  research  was  designed  and  testsd.  Test  results  show 
that  the  developed  active  hydraulic  Isolation  technique  provides  the  vertical 
isolation  and  displacement  control  postulated  to  be  required  for  pilot  protection 
during  LAHS  flight.  In  addition,  the  system  exhibits  zero  static  deflection,  and 
is  essentially  insensitive  to  forces  applied  at  the  Isolated  payload,  and  to 
human-body  resonance  coupling  effects.  Recommendations  are  made  regarding 
human  subject  performance  evaluation  tests,  consideration  cf  multlaxlal 
dynamic  excitations,  and  further  research  efforts  required  prior  to  the  appli¬ 
cation  of  similar  active  isolation  techniques  In  operational  systems  fora  given 
a  Ircraft. 


INTRODUCTION 

Advances  In  military  aircraft  performance 
have  given  rise  to  dynamic  environments  which 
can  cause  decrements  in  human  sensorimotor 
and  cognitive  functions.  Occurrence  cf  pain, 
discomfort,  fatigue  and  other  subjective 
responses  to  the  environment  together  with  the 
task  difficulty  have  a  bearing  on  human  perform¬ 
ance.  The  tactical  necessity  for  low-altitude 
high-speed  (LAHS)  flight  requires  that  pilots 
perform  precise  terrain-following,  navigation, 
target  Identification  and  aircraft  control  forks 
during  exposure  to  levels  of  dynamic  excitation 
considered  to  fc-a  In  excess  cf  tolerable  limits. 
Successful  generation  of  design  criteria  to 
provide  the  necessary  protection  must  then  be 
based  on  the  results  of  research  In  three  major 


areas:  (1)  development  of  techniques  for 
protecting  the  pilot  against  the  complex  accel¬ 
erations  encountered  during  LAHS  flight;  (2) 
evaluation  of  the  ability  of  the  pilot  so  protected 
to  perform  the  -various  tasks  required  by  the 
mission;  ar.d  (3)  consideration  of  operational 
requirements,  such  as  weight,  applicable  mili¬ 
tary  aircraft  standards  and  compatibility  with 
cockpit  space,  and  pilot-control  Interface.  The 
Investigation  reported  herein  deals  with  the 
first  area  of  research. 

A  laboratory  research  model  utilizing  an 
active  hydraulic  Isolation  system  wa3  developed, 
built  and  tested.  System  selection  end  design 
were  based  on;  (a)  dynamic  environment 


•The  results  presented  herein  were  obtained  In  port  during  an  Investigation  conducted  for  the 
Aerospace  Medical  Research  Laboratories,  Wright  Fatterson  Air  Force  Base,  Ohio,  under  contract 
AF  33(615)— 29SS. 
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characteristics  typical  of  those  encountered 
during  tAKS  flight;  (t)  analysis  and  evaluation 
of  various  shock  and  vibration  isolation  tech¬ 
niques;  (c)  limits  of  tolerable  acceleration 
levels  for  seated  human  subjects;  and  (d)  maxi¬ 
mum  allowable  dynamic  deflections  of  the 
Isolated  mass.  The  feasibility  of  utilising 
active  hydraulic  Isolation  techniques  is  demon¬ 
strated  on  the  basis  of  the  response  of  a  rigid- 
mass  payload,  so  isolated,  to  combined 
sinusoidal  vibration  and  ramp-sustained  accel¬ 
eration  excitations  in  the  vertical  direction. 

Further  uses  of  the  model  in  the 
laboratory  will  allow  evaluation  of  the  pilot's 
ability  to  perform  the  tasks  required  by  the 
LAHS  flight  mission  while  being  afforded  the 
degree  of  vertical  acceleration  protection 
dictated  by  human  tolerance  limits.  Evaluation 
con  also  be  made  of  the  effect  of  additional 
protective  devices  such  as  seat  cushions  and 
body  and  head  restraints.  Results  of  such 
human  subject  evaluation  tacts  and  consider¬ 
ation  of  specific  environmental  and  operational 
requirements  will  determine  the  direction  to  be 
followed  In  adapting  the  active  hydraulic  isola¬ 
tion  system  approach  to  a  particular  aircraft. 

DYNAMIC  EXCITATION  AND  DESIGN  CRITERIA 

The  dynamic  environment  associated  with 
low-altitude  high-speed  flight  is  a  complex 
one  [1-13]®*.  it  can  be  characterised  In  terms  of 
periodic  and  random  vibrations  and  transient  and  :v 
sustained  accelerations  occurring  separately  or 
simultaneously  In  the  vertical,  horizontal  and 
angular  directions.  Although  newer  aircraft 
have  wing  loadings  such  that  the  flight  is 
smoothed  out  during  gust  encounters,  acceler¬ 
ations  perpendicular  to  the  flight  path  of  the 
aircraft  excite  tha  normal  bending  modes  cf  the 
structure.  Low  frequency  harmonic  vibrations 
are  generated  due  to  flexibility  of  the  structure 
and  distribution  cf  aerodynamic  pressures  over 
large  portions  of  the  aircraft.  Random  vibration 
excitations  are  experienced  due  to  atmospheric 
turbulence  end  buffeting.  Terrain  following 
maneuvers  result  In  relatively  fast  rate3  of 
change  of  acceleration,  followed  by  sustained 
accelerations  during  climb  (or  descent)  occurring 
over  a  period  of  several  seconds.  In  order  to 
evaluate  the  feasibility  cf  applying  active  isola¬ 
tion  techniques  for  protecting  pilots  during  IAHS 
flights,  the  dynamic  environment  was  defined 
by  the  Vibrations  and  Impact  Branch,  Biodynamics 
Division  of  the  Aerospace  Medical  Research 
Laboratories,  WFAF3,  in  terms  of  vertical 
sinusoidal  vibration  and  ramp-sustalned  accel¬ 
eration,  occurring  both  separately  and  simul¬ 
taneously.  Application  of  tha  techniques  In  the 
more  realistic  complex  environment  would  follow 
tha  successful  solution  to  the  simplified  problem. 

Fig.  I  shows  the  levels  of  vertical 
sinusoidal  vibration  selected  for  the  feasibility 

**  Numbers  In  brackets  designate  references  at 
end  of  paper. 


study.  In  the  region  from  3.  5  to  33  H2,  two 
levels  were  chosen.  The  lower  level  (0.  3g 
vector)  Is  indicative  of  the  acceleration  expe¬ 
rienced  at  the  cockpit  cf  existing  aircraft.  It 
is  antic  spared  that  future  generation  aircraft 
will  exhibit  the  high  levels  of  excitation 
(2  g  vector).  Fig.  2  shews  the  character  and 
level  of  the  ramp-sustained  accelerations 
selected  for  the  investigation.  These  acceler¬ 
ations  were  chosen  based  on  typical  aircraft 
loadings  experienced  during  terrain  following 
maneuvers  [1,  5,  II]. 
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Fig.  I.  Vertical  sinusoidal  vibration 
excitation  levels  selected  for  low- 
altitude  high-speed  flight 
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Fig.  2.  Laval  of  ramp-sustalned  accel¬ 
eration  excitation  selected  for  low-slUtude 
high-speed  flight 
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The  ability  of  man  to  tolerate  a  given 
environment  must  be  based  not  only  on  physical 
injury  criteria,  but  also  on  pain,  discomfort, 
and  performance  requirements  associated  with 
specific  tasks  which  he  is  to  carry  out  while 
being  subjected  to  that  environment.  For  the 
case  cf  LAKS  flight,  limited  subjective  ar.d 
performance  data  le  available  for  actual  [4-7J, 
and  simulated  [8-12]  flights.  More  extensive 
data  is  available  on  the  level3  cf  acceleration 
which  can  be  tolerated  by  human  subjects  In 
the  laboratory  under  sinusoidal  vibration 
[13-21j,  sustained  accelerations  r13  22-25], 

shock  and  impact  [26-28],  and  combined 
rectilinear  and  oscillatory  accelerations  [29], 
The  tolerance  level  data,  as  reported  try  various 
experimenters,  show  considerable  variability. 
The  type  and  duration  cf  excitation,  frequency 
at  which  excitation  occurs,  restratr.t  conditions, 
physical  condition  cf  the  Individual,  antici¬ 
pation  cf  the  excitation,  and  the  relative  degree 
of  control  of  the  test  environment  by  the  subject, 
Influence  the  Individual's  ability  to  sustain  a 
given  level  of  excitation  without  pain  cm 
discomfort  and/or  be  able  to  perform  given 
tasks.  The  d3ta  show,  however,  that  the 
response  cf  the  human  body  to  unidirectional 
sinusoidal  vibration  can  be  defined  in  terms  of 
the  frequency  of  tha  excitation. 

Mechanical  representation  of  the  human 
body  by  means  of  lumped  parameter  systems 
composed  of  mass,  spring  and  damping  elements 
helps  in  understanding  ar.d  describing  the 
response  of  the  human  body  to  dynamic  exci¬ 
tations  [30-36],  Below  approxlmataly  2  Ha, 
the  body  acts  as  a  rigid  mass.  In  the  regions 
from  4  to  15  He,  resonances  occur.  During 
human  subject  testing,  pain  and  discomfort  In 
the  back,  abdomen  and  chest  occur  In  the 
frequency  range  from  4  to  10  Kz;  and  degra¬ 
dation  of  visual  acuity  and  tracking  capabilities 
occur  In  the  frequency  range  from  6  to  15  Hz 
due  to  head  motions.  Taking  Into  consideration 
(a)  the  frequency  ranges  where  body  resonances 
occur,  (fc)  the  subjective  response  tolerance 
levels;  (c)  levels  above  which  performance 
deteriorates;  and  (d)  existing  specifications 
(WADD  "Vibration  Tolerance  Curve  for  Military 
Aircraft,  ")[13],  the  maximum  acceleration 
levels  shown  In  Figure  3  were  selected  for  the 
Investigation  to  correspond  to  approximately 
one  hour  tolerance  for  a  seated  subject  In  the 
vertical  direction  (z-axls). 

The  maximum  allowable  relative 
deflection  between  the  Isolated  mass  and  the 
source  of  the  excitation  was  selected  to  be 
♦  2,5  Inches  under  either  vibratory,  transient 
or  combined  dynamic  excitation  conditions, 
based  on  evaluation  of  expected  clearances 
between  a  seated  pilot  and  cockpit  envelope. 

Fig.  4  shows  the  allowable  Isolation 
system  transmlsslblllty  based  on  the  selected 
sinusoidal  vibration  excitations  and  human 
tolerance  limits.  In  the  region  from  3.5  to 
33  H2,  two  levels  of  allowable  transmlsslblllty 
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Fig.  3.  Selected  values  of  tolerable  accel¬ 
eration  fer  seated  human  subject  under 
vertical  sinusoidal  vibration 
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Fig.  4.  Required  values  of  transmlsslblllty 
based  on  selected  vertical  sinusoidal  vibra¬ 
tion  excitation  and  human  subject  tolerance 
levels 


arc  shown,  for  existing  and  future  aircraft, 
respectively,  which  correspond  to  the  two 
levels  of  excitation  selected  for  the  Investi¬ 
gation.  For  frequencies  below  1  H2,  a  maxi¬ 
mum  transmlsslblllty  of  4  was  selected  based 
on  the  maximum  Input  level  0.25  Inches  single 
amplitude,  and  the  portion  of  allowable 
deflection  over  which  the  system  is  linear; 
namely;  1  inch  either  side  of  the  null  position. 
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Critical  dynamic  environment  during 
LAHS  flight  occurs  for  conditions  of  combined 
vibration  and  sustained  accelerations.  The 
values  of  transmisstfcility  shown  in  Fig.  4  and 
the  maximum  relative  deflection  of  2.  5  inches 
serve  to  define  the  required  isolation  system 
characteristics  under  separate  sinusoidal  vibra¬ 
tions  and  ramp-sustained  accelerations, 
respectively.  However,  the  essential  require¬ 
ment  of  the  approach  to  be  selected  is  the  abil¬ 
ity  to  provide  vibration  isolation  while  simul¬ 
taneously  limiting  the  relative  deflection  under 
the  combined  excitation  conditions. 

Feasibility  evaluation  of  the  approach 
was  based  on  analysis  and  performance  of  the 
system  with  a  rigid  mass  payload.  A  range  from 
210  to  270  lb  was  chosen  to  be  representative 
of  the  total  expected  pilot,  personal  equipment, 
seat  structure,  and  restraint  mechanism 
weights.  A  nominal  rigid  load  of  245  lbs  was 
selected  for  the  active  system  design  and  test. 
Selection  of  system  design,  though  based  on  a 
rigid  mass  payload,  included  consideration  and 
evaluation  of  the  effect  of  human  body  mech¬ 
anical  characteristics  on  the  system  performance. 

SYSTEM  ANALYSIS  AND  DEVELOPMENT 

A  variety  of  isolation  system  techniques 
were  evaluated  dicing  the  investigation  in  light 
of  the  postulated  design  and  performance 
requirements.  Linear  and  nonlinear  standard 
passive  elements  [37-39]  ,  and  a  variety  of 
active  Isolation  mechanisms  (l.e,  ,  electrically 
activated  fluids,  pneumatic  and  hydraulic) 
[40-47]  were  considered. 

Passive  systems  both  linear  and  non¬ 
linear,  employing  either  conventional  or  relax¬ 
ation  damping  mechanisms,  cannot  be  designed 
to  satisfy  the  requirements  of  +  2.  5  Inches 
maximum  deflection  under  the  combined  levels 
of  sinusoidal  vibration  and  sustained  acceler¬ 
ation,  while  simultaneously  providing,  on  the 
average,  80  percent  isolation  from  5  to  20  Hz 
for  the  duration  of  the  combined  excitation 
conditions.  The  degree  of  vibration  isolation 
shown  in  Fig.  4  can  be  attained  by  a  passive 
system  having  a  resonant  frequency  of  1  Hz. 

The  static  deflection  of  such  a  system  is 
approximately  10  Inches.  Even  Lf  the  static 
deflection  were  eliminated  by  use  of  an  auxil¬ 
iary  spring,  a  linear  passive  1  H2  resonant 
frequency  system  will  deflect  30  Inches  when 
subjected  to  a  3g  sustained  acceleration.  Non- 
linearities  In  the  spring  element  can  be  intro¬ 
duced  to  limit  the  deflections  under  sustained 
accelerations,  and  the  dynamic  deflections 
would  thus  be  limited  to  the  desired  values. 
However,  the  vibration  isolation  requirements 
would  not  be  met,  since  during  conditions  of 
sustained  acceleration,  the  system  would 
exhibit  the  isolation  characteristic  associated 
with  a  resonant  frequency  much  greater  than 
1  Hz. 


Active  elements  can  be  introduced  to 
generate  a  force  proportional  to  the  Integra!  of 
the  relative  displacement,  such  that  the  static 
deflection  is  eliminated  arid  the  mass  is  returned 
to  its  neutral  position  during  sustained  accel¬ 
eration  excitations.  Therefore,  the  vibration 
Isolation  characteristics  of  the  system  will  be 
those  of  a  1  Hz  resonant  frequency  system 
during  the  greater  portion  of  the  duration  of 
sustained  accelerations.  However,  the  perform¬ 
ance  of  such  a  system  with  integral  displace¬ 
ment  feedback  is  affected  by  changes  In 
supported  weight.  In  addition,  for  a  non-rigid 
payload  such  as  a  human  subject,  coupling 
effects  between  the  human  body  and  the  seat 
will  affect  the  performance  os  the  system. 

The  required  protection  and  motion 
limitation  can  be  attained  independent  of  the 
dynamics  of  the  isolated  mass  by  means  cf  an 
active  system  which  generates  forces  to  control 
the  motions  of  an  actuator  as  a  function  of  both 
the  relative  displacement  between  the  mass  and 
the  source  of  excitation  and  the  acceleration  of 
the  mass.  Of  the  active  isolation  mechanisms 
considered,  only  those  employing  hydraulic 
elements  exhibit  capabilities  for  fast  speed  of 
response,  are  linear  and  relatively  incom¬ 
pressible,  and  can  be  designed  to  respond  over 
the  frequency  range  of  interest.  Although 
hydraulic  components  are  commonly  used  in 
control  systems,  such  systems  provide  primarily 
accurate  position  and  force-displacement 
control  [44-47].  What  is  required  Is  position 
control  and  simultaneous  isolation  of  vibration 
excitations.  An  active  hydraulic  system,  incor¬ 
porating  acceleration  and  relative  displacement 
feedback,  was  selected  to  provide  the  specified 
vibration  isolation  and  displacement  control 
under  the  combined  excitation  conditions. 

Analyses  were  performed,  using  analog 
and  digital  computers,  to  define  the  required 
type  of  feedback  and  compensation  mechanisms, 
and  the  associated  gains  to  achieve  the  desired 
performance  while  maintaining  system  stability. 
Development  of  the  system  block  diagram  and 
associated  open  and  closed  loop  system  transfer 
functions  is  discussed  in  Appendix  I.  Transfer 
functions  were  defined  for  the  accelerometer, 
servovalve,  actuator,  and  flexible  coupling, 
based  on  the  expected  and/or  known  charac¬ 
teristics  of  each  component.  The  predicted 
vibration  transmlsslbllity  was  calculated  from 
the  absolute  value  of  the  system  closed  looo 
transfer  function  j x(J  w)/a (jw)  j .  The  predicted 
system  stability  was  defined  in  terms  of  the 
open  loop  transfer  function  B(j  <«>)/£  (Juj). 


A  series  of  development  test3  were  con¬ 
ducted  to  define  actual  system  stability  margins, 
develop  feedback  mechanisms,  and  evaluate  the 
final  system  design'.  These  tests  included  low 
and  high  frequency  sinusoidal  vibration  using 
mechanical  and  electrodynamic  shakers,  and 
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ramp-sustained  acceleration  testing  by  re-ins 
ol  o  synthesized  excitation  technique  developed 
to  measure  the  response  cl  the  system  to  tran¬ 
sient  excitations. 

Final  system  testing  ms  conducted  with 
a  245— lb  rigid  mass  payload  s rev. r.  ;r.  Fig.  5. 

The  performance  of  the  system  with  the  rigid 
mass  served  to  verify  the  feasibility  of  employ¬ 
ing  active  isolation  techniques  to  provide  the 
postulated  degree  of  protection  during  LAH3 
flight.  Test  resui's  wort  obtained  fer  various 
levels  of  vitratic  input,  variation  in  payload 
weight,  and  for  conditions  of  combined  vibra¬ 
tory  and  sustained  accelerations. 


Fig.  6.  laboratory  test  model;  active 
hydraulic  Isolation  system  with  metal  seat 


sattons  to  provide  dynamic  performance  and 
stability  margins  for  the  laboratory  model  equiv¬ 
alent'^  those  attained  with  the  rigid  mass.  It 
is  anticipated  that  the  laboratory  rest  model 
with  the  seat  structure  will  be  used  cy  the 
Aerospace  Medical  Research  Laboratory  to  con¬ 
duct  stud.es  on  human  subject  response  and 
performance,  and  evaluate  seat  and  body 
restraint  systems. 

SYSTEM  DESCRIPTION  AND  OPERATION 


Fig.  5.  Active  hydraulic  isolation 
system  with  rigid  payload 

In  order  to  arrive  at  successful  genera-  . 
tlon  of  protective  design  criteria  for  LAHS  flight 
missions,  the  ability  of  the  pilot  to  perform  the 
required  tasks  while  being  afforded  the  degree 
of  Isolation  provided  by  the  active  hydraulic 
isolation  system  must  be  evaluated.  To  allow 
use  of  the  active  Isolation  system  approach 
with  a  human  subject,  a  laboratory  test  mode!  . 
was  developed  by  replacing  the  rigid  mass  with 
a  seat  structure.  The  model,  shown  In  Fig.  6, 
consisted  of  a  33.  5-lb  metal  seat  plus  a  i 4 5—  l b 
rigid  weight.  Modifications  were  made  on  the 
rigid  mass  system  gains  and  feedback  compen- 


The  active  hydraulic  isolation  system  is 
a  multiple  loop  feedback  control  system  designed 
to  act  as  a  very  low  frequency  vibration  isolator 
and  position  controller.  Figs.  7,  8,  and  9  show 
the  system  with  rigid  payload  in  pictorial, 
schematic,  signal  flow  and  block  diagram  form, 
respectively.  It  consists  of  feetack  trans¬ 
ducers,  a  servoampltfler,  a  servovalve,  and  a 
hydraulic  actuator  with  flexible  coupling. 

Signals  from  the  transducers  proportional  to  the 
acceleration  of  the  mass  and  the  relative 
displacement  between  the  mass  and  the  exci¬ 
tation  are  modifted,  summed,  and  compensated 
in  the  servoampltfler  to  deliver  a  signal  to  the 
servovalve.  Flow  from  a  hydraulic  power  source 
is  supplied  to  the  hydraulic  actuator  as  a 
function  of  the  signal  delivered  to  the  servovalve. 
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Fig.  7.  Schematic  representation  of  the  active 
hydraulic  Isolation  system  with  rigid  payload 


Actuator  forces  are  thus-generated  to: 

(a)  limit  the  acceleration  experienced  by  the 
moss;  (b)  limit  the  relative  displacement 
between  the  mass  and  the  excitation  source; 
and  (c)  return  the  mass  to  its  neutral 
position  af'et  the  onset  of  a  sustained 
acceleration. . 

Two  feedback  transducers  are  used.  A 
Servcocce.erometer  capable  of  responding  from 
DC  to  frequencies  above  those  of  interest, 
generates  the  acceleration  feedback  signal.  The 
transfer  function  of  th-‘  accelerometer  is  repre¬ 
sented  by  -.;a.  A  du'fe.ential  transformer  gene¬ 
rates  the  relative  displacement  signal.  Over 
the  frequency  range  cf  interest,  the  transfer 
functio.,  cf  the  displacement,  transducer  is  unity. 

The  acceierat.on  and  displacement 
signals  are  fed  into  a  servoamplifier  wherein 
they  are  transformed  and  summed  to  generate 
the  flow  command  signal  supplt'd  to  the  servo¬ 
valve.  The  servoamplifier  consists  of  five 
sections.  The  first  section  consists  of  two 
solid  state  operational  amplifiers  and  circuitry 
to  convert  the  current  sign*'  from  the 


CWWCftC  ClCfTST!©* 


Ftg.  8.  Signal  flow  diagram  of  the  active  hydraulic  isolation  system 


Fig.  9.  Block  diagram  of  the  active  hydraulic  isolation  system 
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accelerometer  to  a  voltage  signal  cf  tr-.v  prowr 
scale  factor.  A  ccmpvns.rtcr  cl  transfer  function 
G;  'm’S  designed  to  operate  on  the  acceleration 
signal  to  insure  the  required  displacement 
control  a*,  levs  frequencies.  The  second  section 
consists  cl  c-ne  solid  state  operational  amplifier 
and  circuitry  designed  to  attenuate  the  rn  tivc 
displacement  signal  at  high  frequencies.  A 
compensator  of  tra.  ’fer  function  G.  was 
designed  to  operate  cn  the  relative  displace¬ 
ment  signal  and  provide  the  proportional  and 
differential  ’’s placement  control  required  to 
return  the  payload  to  Us  neutral  position  during 
conditions  of  sustained  acceleration.  The  third 
section  consists  of  three  operational  amplifiers 
and  circuitry  designed  to  form  a  deadband 
function  generator  to  change  the  gain  in  the 
displacement  loop  as  a  function  of  displacement. 
A  compensolor  of  transfer  function  Ci‘  was 
designed  to  operate  cn  the  relative  displacement 
signal  and  provide  proportional  and  ciffe  rent  to ! 
displacement  control  for  relative  displacements 
In  excess  of  4  1  inch.  The  fourth  section  con¬ 
sists  of  one  operational  amplifier  and  circuitry 
designed  to  sum  the  . — rpensatc-d  accelere .  ion 
and  relative  disptace.T.e  it  signals.  A  ccmp^n- 
tor  of  transfer  function  G.-  was  designee  to 
o,  .‘rate  on  the  summation  ,p  attenuate  the 
combined  signal  at  high  frequencies.  The  fifth 
and  final  section  is  a  constant  current  differ¬ 
ential  amplifier  used  to  drive  the  servovalve. 

This  amplifier  provides  a  current  signal  propor¬ 
tional  to  the  voltage  output  of  the  fourth  section 
described  above.  The  amplifier  acts  as  a  current 
source  and  thus  compensates  for  the  inductance 
of  the  torque  motor  In  the  servovalve. 

The  servovalve  is  a  e.vq-stage  flow 
contro1  valve  whlcn  can  deliver  a  ..tax-mum 
flow  of  30  m.3/sec  at  a  valve  pressure  crop  of 
1,000  ps id  .  The  transfer  function  of  the 
servovalve  is  represented  by  Gy  The 
actuator  is  a  3,000  psi  working  pressure. 

2.5  In.  bore,  5  In.  stroke,  double  acting, 
single  rod  hydraulic  cylinder  with  adjustable 
needle  valve  cusntons.  The  actuator  uses 
spectal  seals  and  packings  for  minimum 
friction  under  working  pressure.  The  flexible 
coupling  is  an  elastomeric  element  of  dynamic 
stiffness  selected  to  yielu  j  resonant 
frequency  of  16  H2  for  a  system  poyioad  of 
245-  lb.  The  dynamic  characteristics  for  the 
actuator  and  coupling  are  shown  In  Appendix  I. 

The  system  hydraulic  and  electrical 
power  requirements  are;  (a)  30  In.Vsec  at 
3,000  psl  maximum:  and  (b)  115  volts  AG. 

250  ma,  50-400  Hz. 

TEST  PROCEDURES 

During  the  Investigation,  Individual 
component  and  system  development  tests  served 
to  define  the  required  loop  gains  and  compen¬ 
sator  characteristics.  Final  system  performance 
and  stability  characteristics  for  a  rigid  payload 
were  determined  In  terms  of  measured  open  loop 
transfer  function,  transmlssibiltty  v~!ues  for 
sinusoidal  vibration,  variation  of  s-  .em 


resonant  frequency  with  load,  and  system  res¬ 
ponse  to  sustained  acceleration  and  combined 
excitations.  The  performance  of  the  laboratory 
test  mode!  with  a  metal  seat  was  defined  in  term* 
of  measured  open  loop  transfer  function  and 
transmlsslbility  values  for  sinusoidal  vibrations. 

System  Open  Loco  Transfer  Function 

An  approximation  of  the  expected  margin 
of  stability  for  the  active  isolation  system  was 
determined  by  measuring  the  magnitude  and 
phase  of  the  open  loop  transfer  function 
B(,V- )/ti) u.).  This  measurement  was  performed 
by  disconnecting  the  acc<"!ercmete:  from  the 
servoam plifler  (see  Fig.  3),  inlectii.q  a  command 
signal  equivalent  to  E  from  an  osc  llatcr,  and 
otservir.g  the  phase  ar.d  magnitude  relationship* 
between  th?  returned  acceleration  signal  3,  and 
the  command  signal  E.  The  magnitude  of  the 
signal  levels  used  for  the  command  signal  was 
maintained  as  near  as  possib’e  to  the  voltage 
levels  observed  during  norma,  closed  loop  oper¬ 
ation  to  ensure  that  any  system  nonlinearity 
with  actuating  signal  level  would  be  properly 
Incorporated  in  the  measure!  open  loop  transfer 
function.  Polar  plots  were  made  from  the 
measured  values  of  the  system  open  loop  transfer 
functions. 

Vibration 

Two  vibration  testing  machines  were 
used  during  development  testing  of  the  tsoletlon 
system.  A  low  frequency  mechanical  testing 
machine  capable  of  generating  a  maximum  double 
amplitude  excitation  level  of  0.  ’35  In.  was  used 
over  the  frequency  range  of  from  •).  1  to  1  5  Hz. 

An  elsctrodyr.amlc  vibration  mac  .ne,  ca Mule 
of  generating  the  input  levels  shown  In  Fig.  1 
for  frequencies  above  10  Hz.  and  limited  to  a 
maximum  double  amplitude  displacement  level 
of  0.  4  in.  from  5  to  10  Hz,  was  useef  fer  high 
frequency  development  testing.  Final  system 
testing  was  performed  on  an  electrohydraulic 
vibration  machine,  capable  of  generating  the 
vibration  levels  of  Fig.  1  over  the  entire 
frequency  range  (0.  1  to  100  Hz). 

The  excitation,  .id  syste.i  rps.onse 
vibration  levels  at  low  frequencies  (b-  .ow  5  Hz) 
were  measured  by  utilizing  a  rectlllnca-  potenti¬ 
ometer  which  yielded  an  output  voltage  propor¬ 
tional  to  the  relative  displacement  between  tts 
attachment  points.  Plezoelectrtc  accelerometers 
were  used  for  the  measurement  of  the  input  and 
response  vibration  levels  at  frequencies  above 
5  Hz.  Vibration  signals  obtained  from  tbe 
piezoelectric  accelerometers  weia  passed 
through  a  sharp  cutoff  iow-pass  filter  set  to  a 
c  toff  frequency  four  times  the  vibratory  exci¬ 
tation  frequency.  Transmlsslbility  values  were 
calculated  es  the  ratio  of  response  to  lnpui 
vibration  level  at  each  frequency. 

Sustained  Acceleration 

To  generate  the  ramp-sustalned  accel¬ 
erations  shown  In  Figure  2  would  require  use  of 
a  centrifuge.  Since  no  such  test  facilities  were 
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avail*  N*  at  Barry  Controls,  an  excitation 
ty ntt.es is  approach  .vat  aeveicped  to  define  the 
response  of  in-.*  system-  to  the  resulted  transient 
excitations.  The  method,  described  m 
Appendix  II.  is  tosed  -.-n  introducing  an  eicc- 
tncat  acceleration  cc:r -and  s,g*-a:  into  tne 
servoarr.pl  if  ser  t  report  ic-rvi;  to  the  magnitude  of 
the  specified  sccel-c  rat.cn  level,  if  the  frequency 
of  the  civrmand  signal  antl/or  systen  response 
is  lower  than  approx, mnteiy  V  Hz.  the  testy  ns<? 
acceleration  x't)  is  equivalent  to  the  error 
Signal  tit).  The  syr.tnvsiied  excitation  tech¬ 
nique  .v  as  used  tc  record  the  input  “cceierotion 
att),  toe  equiva  ent  acceleration  rtspor.se 
function  x(t),  arc  the  system  relative  def  ection 
6 ft ) ,  on  an  X-Y  plotter  as  a  function  of  time.. 

Com  Lined  V.i  ration  ana  Sustained  Acceierattos* 

The  method  described  for  sytheSUing  the 
ramp- sustained  acceleration  excitation  was  used 
in  conjunction  with  the  mecnantcal  vibration 
machine  to  determine  the  equivalent  system 
response  to  combined  excitations. 

DISCUSSION 

It  is  shown  that,  on  the  basis  of  the 
simplified,  unidirectional  definition  of  the 
dynamic  environment,  the  performance  requi*e- 
ments  associated  with  the  protection  of  pilots 
from  the  accelerations  experienced  during  LAHS 
flight  conditions  cannot  be  met  with  a  passive 
isolator.  Having  establish'd  the  need  for 
active  isolation  techniques,  the  procedure  used 
to  develop  a  feasible  approach  followed  the 
various  typical  steps  required  tv,  design  active 
control  systems  to  a  set  of  specifications. 

Analysis  were  initially  performed  using 
a  simplified  representation  of  an  active  system. 
In  order  to  achieve  the  degree  of  required  iso¬ 
lation  at  low  frequencies  and  not  exceed  the 
maximum  ailcwafcie  dynamic  deflections  under 
sustained  acce, eiation,  both  acceleration  and 
relative  displacement  feedback  were  required. 
The  characteristics  of  basic  components  such 
as  accelerometer,  displacement  transducer, 
hydraulic  actuator,  flexible  coupling,  and  servo¬ 
valve  were  selected.  Selection  was  based  on 
one  or  more  of  several  criteria,  among  them 
linearity  over  the  frequency  and  dynamic  exci¬ 
tation  ranges  under  consideration,  speed  of 
response,  frictlcn,  and  reliability.  The  charac¬ 
teristics  of  the  various  basic  elements  were 
express--/  in  terms  of  transfer  functions  which 
did  not  consider  any  of  the  nonlinearities 
exhibited  by  real  components.  Analyses  were 
then  performed  based  on  the  selected  transfer 
functions  to  determine  the  type  of  compensation 
and  gatns  required  in  the  servoamphfier,  which 
would  result  in  a  stable  system  and  meet  the 
specified  performance  requirements.  Having 
analytically  defined  the  required  compensation 
networks,  the  basic  components  were  designed 
and  constructed,  and  the  overall  system  tested. 
Final  adjustments  in  the  compensation  networks 
and  gams  were  based  on  actual  test  results. 
Adjustment  from  the  calculated  values  were 


necessary  due  to  the  differences  between  true 
ana  ytica:  component  transfer  functions  used  in 
the  calculations,  and  the  transfer  functions  of 
actual  hardware. 


Fig.  10.  Polar  plot  of  predicted  system  open 
loop  transfer  function  B(j («;)/£ (Ju.*)  with  rigid 
pay  load 


**«*■ 


Fig.  11.  Polar  plot  of  measured  system  open 
loop  transfer  function  8(ju;)/E!jbj)  with  rigid 
pay  load 
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TRANSMISSiaiUTT  TBAMSM'.SSlSILlTt 


System  Dynamic  Response 

Values  of  the  analytically  if  evicted 
ttonsmissii  u.ty  for  the  system.  with  the  rigid 
payiond  shown  in  I  15.  12  differ  from  the  values 
based  on  resuits  of  vii.-.atior,  tests.  shewn  in 
Figs.  11  and  14.  ]r,  the  itgion  fieri  !  to  10  Hz 

the  measured  trar.s— .tssibility  is  higher  than  the 
predicted  one,  whereas  from  10  to  100  Hr.  the 
opposite  is  tree.  Differences  can  te  attributed 
to  previously  discussed  normr.eanties  in  the 
various  components .  primarily  those  exhibited 
i-y  the  servo va’ve.  The  predicted  values  are 
based  on  approximate  linear  representation  of 
the  dynamic  characteristics  of  the  various 
Components,  The  dynamic  response  cf  the 
servovalve  varies  m  proportion  to  the  valve 
flow.  In  the  region  from  3  to  10  Hz  the  flew 
requirements  are  a  maximum  and  the  predicted 
system,  performance  in  this  region  is  better  than 
the  measured  performance.  In  »*-e  region  above 
20  Hz  the  fiow  requirements  are  minimized  and 
the  servovalve  performance  is  better  than 
predicted.  Other  component  nonlinearities  not 
accounted  for  by  the  transfer  functions  used  in 
the  analysis,  such  as  those- exhibited  by  the 
flexible  coupling  and  actuator,  also  contribute 
to  the-  diflerences  between  predicted  and 
measured  values  of  transmissibillty. 

Results  of  vibration  excitation  tests 
with  a  rigid  payload  indicate  that  the  vibration 
isolation  characteristics  of  the  system  are 
independent  of  the  level  of  vibration  excitation. 
System  performance  with  different  vibration 
levels  is  demonstrated  by  the  transmissifcility 
curves  shown  in  Figs.  13  (a)  and  (b).  Fig.  14 
shows  the  average  transmtssibilltv  based  on  the 
values  shown  In  Figs.  13{a)and(b),  Evaluating 
the  system  vibration  performance  in  terms  of 
this  averaged  transmissibillty  is  justifiable 
since  the  minor  differences  which  exist  between 
the  curves  shown  in  Fig.  13  can  be  accounted 
for,  almost  on  the  basis  of  experimental  error 
alone. ' 

The'system  average  transmisstbility 
shewn  in  Fig.  14  is  we. I  within  the  required 
values  for  existing  aircraft  vibration  excitation 
levels,  in  the  region  be'cw  30  Hz.  For  vtbra- 
tton  inputs  corresponding  to  future  generation 
aircraft,  the  required  transmissibllity  in  the 
region- from  5  to  50  Hz  is  lower  than  the  atta ined 
transmisstbility.  Compensation  networks  in  the 
servoam.pl if ier  can  be  designed  to  result  in 
values  which  meet  the  levels  required  based  on 
the  excitation  corresponding  to  future  gener¬ 
ation  aircraft.  However,  the  needed  loop  gains 
would  result  in  an  unstable  system  at  frequen¬ 
cies  higher  than  20  Hz.  The  final  selection  of 
system  parameters  was  based  on  attaining  the 
■required  performance  for  existing  aircraft  vibra¬ 
tion  inputs.  At  the  same  time,  the  system  was 
designed  to  provide  the  best  possible  Isolation 
for  the  higher  inputs.  The  feasibility  of  the 
approach  suggests  that  with  further  research 
and  development  efforts,  the  transmissibllity 
requirements  for  future  generation  aircraft  can 
be  attained,  while  maintaining  safe  margins  of 
stability. 


The  system,  linearity  was  demonstrated 
in  terms  of  a  pay  oed  variation.  Fig.  13  shows 
values  of  tfanenus  Sibil  tty  for  frequencies  ir.  the 
region  cf  system,  resonance,  measured  with 
rigid  payloads  ranging  in  weight  from  145  to 
330  lb.  Resuits  indicate  that  the  system 
resonant  frequency  and  maximum  transmissibillty 
at  resonance  ate  independent  of  payioad  weight, 
for  the  range  of  payioads  considered. 


Fig.  14.  Comparison  of  required  trans- 
nissibihty  for  LABS  flight  to  measured 
transmisstbility  with  rigid  payload 


rep  rut  ucrisji 


Fig.  15.  Effect  of  rigid  payload 
weight  transmissibllity  in  the 
neighborhood  of  system  resonance 
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F'.g.  16.  cxcerirrerla!  response  of  system  with  rigid 
payload  to  ramp-sustair,ed  acceleration  excitation 


combined  sinusoidal  vibration  and  ramp-sustained  acceleration  excitation 


The  response  of  the  active  hydraulic 
Isolation  system  with  a  2 -4 S - 1  fc>  rigid  payload  to 
ramp-sustalned  accelerations  and  combined 
excitation.!  Is  shown  in  Figs.  16  and  17, 
respectively.  The  top  trace  In  each  figure 
shows  the  relative  displacement  between  the 
payload  and  the  system  attachment  point.  The 
middle  and  lower  traces  show  the  payload  accel¬ 
eration  response  and  the  acceleration  excitation, 
respectively.  Fig.  16  Indicates  that  the 
maximum  deflection  under  a  3g  peak,  <i-second 
duration  sustained  acceleration  excitation  with 
a  rise  time  of  0.  1  seconds  does  not  exceed  the 
maximum  lequired  value  of  2.5  Inches.  In 
addition,  the  aytoad  is  automatically  returned 
towards  tin.  ,-utral  position  after  onset  of  the 
sustained  acceleration  excitation. 


Under  combined  excitation  conditions, 
the  maximum  relative  deflection  is  less  than  the 
required  2.5  inches.  The  ability  of  the  active 
isolation  system  to  provide  vibration  Isolation 
during  conditions  of  combined  excitation  is 
clear'y  shown  In  Fig.  17.  The  combined  accel¬ 
eration  excitation  shown  In  the  bottom  trace  of 
Fig.  17  consists  of  the  3g,  4-second  duration 
ramp-sustained  acceleration  generated  by  the 
synthesis  technique,  and  a  0,  125-lnch  double 
amplitude  vibration  at  5  Hz,  generated  by  a 
mechanical  vibration  machine.  The  maximum 
deflection  Is  a  Z.  1  Inches  and  the  maximum 
payload  response  acceleration  Is  approximately 
5g.  However,  as  the  3g  level  of  acceleration 
ts  maintained  for  4  seconds,  the  active  Isola¬ 
tion  system  returns  the  payload  to  the  null 
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position  and  provides  isolation  from, the  simul¬ 
taneously  experienced  vibration.  The  servo  - 
amplifier  circuitry  was  designed  so  that  when 
the  payload,  after  the  onset  of  sustained  accel¬ 
eration,  is  returned  to  within  a  1  inch  of  the 
null  position,  vibration  isolation  is  provided  to 
the  payload  equal  to  that  shown  in  Figs,  13  and 
14.  As  Indicated  m  the  top  trace  of  Fig,  17, 
witnin  approximately  one  second  after  onset  of 
the  ramp-sustained  acceleration  excitation,  the 
relative  deflection  4,  is  within  &  1  inch  of 
null.  From  this  time  on  ,  and  for  the  duration 
of  the  combined  excitation  condition,  the  pay- 
load  is  isolated  from  the  vibration  excitation. 
The  degree  of  isolation  is  indicated  in  the 
middle  trace  of  Fig.  17. 

To  allow  evaluation  of  the  active  isola¬ 
tion  techniques  developed  for  a  rigid  mass  with 
a  human  subject,  a  laboratory  test  modal  as 
constructed  as  shown  in  Fig.  6,  by  replacing 
the  rigid  payload  with  a  metal  seat  structure. 
Several  changes  were  introduced  in  the  design 
of  the  system  to  insure  that  the  same  approxi¬ 
mate  degree  of  isolation  would  be  provided  as 
for  the  system  with  rigid  payloads,  vvnite  main¬ 
taining  equivalent  stability  margins.  The  seat 
exhibits  structural  resonances  not  present  In 
the  rigid  mass  for  which  the  system  was 
developed.  To  avoid  instabilities  lower  values 
of  loop  gain  had  to  be  used  to  compensate  for 
the  seat  resonances  at  high  frequencies.  A 
rigid  weight  of  145  lb  was  added  and  changes 
were  made  in  the  servoampllfler  circuitry,  to 
achieve  equivalent  stability  margins.  Tha  cal¬ 
culated  and  measured  open  loop  transfer 
functions  for  the  metal  seat  plus  rigid  weight, 
shown  in  Figs.  18  and  19,  respectively,  indi¬ 
cate  the  approximate  phase  and  gain  margins  of 
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Fig.  18.  Polar  plot  of  predicted  .ystem 
loop  transfer  function  B(J«j)/tUw)  with 
metal  seat 


stability.  Fig.  20  shows  a  comparison  between 
the  measured  transmisslbllity  for  the  system 
with  a  rigid  payload  and  with  the  seat.  At 
frequencies  lower  than  13  He,  tha  degree  of 
isolation  attained  with  either  system  is  approx¬ 
imately  the  same.  The  higher  values  of  trans- 
ir.issibiiity  measured  with  tha  seat  for  frequen¬ 
cies  above  10  Ha  are  due  to  the  lower  values  cf 
loop  gain  which  Had  to  be  used  in  order  to 
insure  the  same  stability  margins. 


Fig.  13.  Polar  plot  of  measured  system 
open  loop  transfer  function  B(j<*>)/X(J«) 
with  metal  seat 


Fig.  20.  Comparison  of  measured  trans- 
misaibility  with  rigid  payload  to  measured 
transmisslbillty  with  metal  seat 
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Fig.  21.  Values  of  point  displacement 
mobility  for  forces  applied  at  the  payload 

Finally,  the  most  significant  charac¬ 
teristic  of  the  active  hydraulic  Isolation  system 
developed  during  the  Investigation  con  be 
described  m  terms  of  the  displacement  rccility, 
6/Fj,  versus  frequency  curve  shown  in  F.q.  21 
for  the  system  with  the  rigid  pay;oad.  "he  ratio 
fi/Fo,  calculated  ss  shown  in  Append ix  lit, 
defines  the  point  displacement  nobility  at  the 
payload,  where  Fa  Is  the  amplitude  cf  a  sinus¬ 
oidal  force  F  *  Fa  sinZeft,  applied  at  the  rigid 
payload,  and  6  Is  the  relative  displace rent 
between  the  payload  and  the  isolation  system 
attaenme-r.t  point  due  to  application  of  the  force  F. 

For  the  Pilot  seat  applicaticn  the  results 
shown  In  Fig.  21  imply  that  the  system  perform¬ 
ance  is  unaffected  by  slowly  applied  retct.cn 
forces  resulting  from  application  of  feet  pres¬ 
sure  on  pedals  or  other  control  members.  For 
forces  which  are  applied  to  the  pay  lead  at 
frequencies  other  than  approximately  zero,  the 
effect  on  the  system  performance  Is  negligible. 
Consider,  for  example,  the  human-body  coupling 
effects.  The  dynamics  of  the  human  body  can 
be  represented  by  a  model  having  a  5  Hz  reso¬ 
nant  frequency.  Let  the  magnitude  of  force 
acting  on  the  system  at  the  payload  attachment 
point  due  to  human-body  coupling  effects  Fs  , 
be  100  lb.  The  defection  of  the  system  3,  due 
to  such  a  force  applied  at  a  frequency  of  $  Hz 
would  be  less  than  0.  002  inches.  Therefore,  It 
can  be  stated  that  the  dynamic  performance  cf 
the  active  hydraulic  Isolation  system  is 
essentially  unaffected  by  human-body  resonance 
coupling  effects  and/or  external  forces  applied 
to  the  Isolated  mass. 


2.  Test*  on  a  Laboratory  model  developed 
for  experimental  research,  show  that  the  active 
hydraulic  isolation  technique  can  be  used  to 
provide  at  least  65  percent  v»r?t-el  ••'*ra»<c.n 
isolation  to  a  24S-13  rigid  mss  *t  free, no  In* 
above  S  Hz  under  combined  vibratory  end  sus¬ 
tained  (3g)  accelerations  and  for  the  duration 
of  the  sustained  acceleration  (4  s«c),  while 
limiting  t.ne  maximum  dynamic  deflections  to 

a  2.  1  Inches  and  automatical!/  initiating  return 
cf  the  mass  to  Us  neutral  position  after  onset  of 
sustained  acceleration.  The  model  resonant 
frequency  Is  0.  S  Hz.  with  maximum  tremsmU- 
sibllity  at  resonance  less  than  2. 

3.  Static  deflection  cf  the  model  U  zero. 

4.  Dynamic  performance  of  the  model  is 
essentially  Independent  of  load,  for  the  range 
cf  rigid  payloads  associated  with  human  subject 
weights . 

5.  Dynamic  performance  cf  the  model  Is 
essentially  unaffected  by  human  body  resonance 
coupling  effects,  3r,d/cr  external  forces  applied 

to  the  isolated  mass. 

6.  Dynamic  performance  of  the  model  Is 
.r.deper.dent  of  vibratory  excitation  level,  for 
the  range  of  vertical  vibration  level*  expected 
during  low-altitude  high-speed  flights. 

7.  Research  efforts  should  be  directed  to 
several  areas  cf  Investigation  prior  to  final  defi¬ 
nition  cf  design  crlterta  for  pilot  protective 
systems  employing  active  isolation  techniques. 
These  include:  (a)  human  subject  performance 
evaluation  testa  with  the  laboratory  model; 

(b)  evaluation  of  system  response  to  multlaxial 
and  random  excitations;  (c)  effect  of  additional 
protective  devices  such  as  seat  cushions  and 
body  and  head  restraints;  (d)  effects  cf  load  and 
Input  Impedance  on  the  dynamic  performance  of 
the  system;  (a)  techniques  for  varying  system 
performance  by  means  of  different  feedback  and 
compensation  mechanisms;  (f)  cockpit  structural 
Interface  considerations;  and  (g)  weight,  space 
and  ether  operational  system  requirements  for 
given  aircrafts. 


NOMENCLATURE 


CONCLUSIONS 


a  displacement  excitation.  In. 


Based  on  the  analyses  and  results  of 
the  Investigation,  the  following  conclusions 
are  made; 

1.  The  active  hydraulic  isolation  system 
represents  a  feasible  approach  to  provide  the 
acceleration  reduction  and  displacement  control’ 
required  to  protect  pilots  from  the  vertical 
dynamic  environment  encountered  durlno  low- 
oitltude  high-speed  flight. 


A  average  actuator  cross  sectional  area.  In* 

B  feedback  signal  from  accelerometer, 

C;  acceleration  loop  gam,  ■  -ffti "r-q 

*  m./secJ 


C»  relative  displacement  loop  gam. 


In.  /sec 
in. 


relative  displacement  loop  gain  for 


|a]>l  In..  i3;n/-,.*c- 


1G3 


c. 

if  '^/<i »r 

V 

actuator  chamber  volume,  in.4 

relative  velocity  loop  gain,  --7^--- 

X 

displacement  of  supported  mass,  m. 

cl 

relative  velocity  <oop  gain  for 

|  6  I  JBxKkc. 

11  *  in  /sec 

2 

displacement  ct  actuator  rod,  is. 

a. 

constant,  dimensionless 

volts 

E 

actuating  error  sigrsa i,  - — — -3 

in.  /sec 

ala 

Constant,  dimensionless 

l 

frequency.  Hs 

$ 

buik  modulus  of  hydraulic  fluid,  fb./irt* 

F 

force  excitation,  lb 

6 

relative  displacement  between 
supposed  mass  and  actuator,  in 

G. 

compensator  transfer  function, 
dimensionless 

dP 

differential,  pressure  across 
actuator,  lb./tn.4 

G; 

compensator  transfer  function, 
cimensloniess 

Ca 

damping  ratio  for  accelerometer, 
dimensionless 

G, 

jmpensator  transfer  function, 
dimensionless 

«c 

damping  ratto  for  flexible  coupling, 
dimensionless 

Gj' 

compensator  transfer  function, 
dimensionless 

Cv 

damping  ratio  for  servovalve, 
dimensionless 

Ga 

accelerometer  transfer  function. 

r. 

time  constant,  sec 

dimensionless 

Gc 

flexible  coupling  transfer  function. 

r» 

time  constant,  sec 

dimensionless 

u‘ 

time  constant,  sec 

Cv 

servovalve  transfer  function, 
dimensionless 

Tcr 

time  constant,  sec 

J 

represents  V-l 

rc: 

time  constant,  sec 

M 

supported  mass,  lb  seca/tn. 

U3 

frequency,  radians/sec 

flow  from  servovalve,  'n~ 

met 

undamped  natural  frequency  of 

Qv 

accelerometer,  radians/sec 

R 

,  „  volts 

reference  input,  £7^3 

teC 

1 

undamped  natural  frequency  of  coupling 
ar.d  supported  mass  radians/sec 

s 

Laplace  operator,  sec*1 

undamped  natural  frequency  of 
servovalve,  radians/sec 

t 

time,  sec 

'  '  1 

Appendix  I 

ACTl^  SYSTEM  O^EN  AND  CLOSED  LOOP  TRANSFER  FUNCTIONS 


This  appendix  deals  with  generation  of  the  system  block  diagram  and  the  associated  transfer 
functions.  Figs.  8  and  9  show  a  schematic  representation  of  the  active  hydraulic  system  and  the 
relationship  between  the  various  elements  in  ths  system,  respectively.  The  servoamplifler  modifies 
and  adds  signals  from  the  displacement  transducer  and  the  accelerometer,  and  delivers  a  flow  com 
mand  signal  to  the  servovalve.  The  actuator,  through  the  flexible  coupling,  generates  forces  as  a 
function  of  the  flow  delivered  by  the  servovalve.  These  forces  act  on  the  isolated  mass  to  attenuate 
the  effects  of  dlstrublng  excitations.  j 

The  flow  from  the  servovalve  Qv  can  be  expressed  in  terms  of  the  relative  actuator  piston 
displacement  and  the  compressibility  of  the  hydraulic  fluid  in  the  actuator  [45,  p.  37],  j 

Ov-A(i-«w^  S?  |  (1) 


best  available  copy 
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The  symbols  used  throughout  the  appendices  ere  defined  in  the  nomenclature. 

pjsed  or.  pertj'r.-ance  data  for  the  t\  of  flexible  coupling  used  in  the  system,  the  dynamics  of  the 
coupling  con  to  represented  by 

x  »  2Cr  «J  x  ♦  (x  -  z)  =  0  (2) 

The  acceleration  of  the  isolated  mass  is  described  in  terms  of  the  actuator  force  output  by 

Mx  =  A  PA  (3) 

Substituting  Eqs.  (2)  and  (3)  in  Eg.  (1),  and  rearranging  terns. 


V 

2P 


2Cc 

+  x  -  a 
"c 


(4) 


Using  the  Laclace  operator  notation,  the  acceleration  of  the  isolated  mass  Is  given  by 


<?v(s>  X  ♦  a*a  (s) 


( J_  +  VM 

sa  ♦  2C.  -5-0 
C 

}  wa  +  2j3Aa 

c 

(5) 


The  flow  command  signal  to  the  servovalve  Qv  Is  the  sum  of  the  compensated  acceleration 
and  displacement  signals.  The  flow  from  the  servovalve  in  terms  of  the  accelerometer  transfer 
function  Ga(s).  the  servovalve  transfer  function  Gv(s),  the  loop  gains  Ci  andCj,  and  the 
compensator  transfer  functions  G- (s),  G5  (s )  asd  G3(s),  Is  given  by  Eq.  (6),  (minus  sign  Implies 
negative  feedback) 


i 


Qv(s)  — [Cj  C*  (sjGafsJxfsJ+CsGbtsJdls)]^  (s)Gv(s) 


(6) 


where . 


6  =■  x  -  a 

T’s(i;  Tcis+1> 

01  (s)  =  Jt,  s*l)(rci  srU 

h  rca  s+1 

a  (s)  =  -  s+i 


GAs)  -  w  ^  s[777^rJ 


Ga(s)  *  ~j~ 


J*  +  Ca  X 


♦  1 


Gv(s)  -  p 


T  ♦  2CV  ~  * 

v  U>„ 


Fig.  S  shows  the  block  diagram  cf  the  system  based  on  Eqs.  (5)  and  (6).  For  the  system  under 

(10"*  >>10-6}.  Therefore,  from  Fig.  9,  the  open  loop  transfer 


consideration 


<*)a 


V  M 


2  fA‘ 


function , 


B(s) 
E(s)  * 


Is  given  by 


B(s) 
E(l)  ~ 


X  °>  (siG»  (sJGatsjGvfs)  sa 
Gc(s)s+  &  g,  (s)G3  (s)Gv(s) 


(7) 
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where,  from  Eq.  (2) 


GcU)'»i*  -£s  +  l 

“c  wc 


The  system  closed  loop  transfer  function  relating  the  system  acceleration  respons  x,  to  the  disturb¬ 
ance  acceleration  S,  can  be  obtained  from  Eos.  (5)  and  (6)  and  is  given  by 


s  **•  Gj  (s)Gj  (s)Gv(s) 


flU)  —•  Gi  (s)Ga  (slGaWG^sls*  +  Gc(s)s  +  ~  Cb  (s)G3  (s)Gv(s) 

Eqs.  (7)  and  (8)  were  solved  on  a  digital  computer  for  the  system  with  a  245-lb.  rigid  payload, 
using  the  following  values  of  system  constants; 

C, 

■£-  =  1 .  S8  sec 

—  =4.5  sec  * 

A 

=  0.51  sec 
Ga 

Tj  =  0.315  sec 
ra  =  0.0263  sec 
tuv  =  1100  sec  * 


Results  are  presented  in  Figs.  10  and  11  which  show  polar  plots  of  the  amplitude  and  phase  angle  of 
the  system  open  loop  transfer  function  ,  and  Fig.  12,  which  shows  a  plot  of  the  magnitude  of 

the  closed  loop  transfer  function  x(i  ;■;)  a3  a  function  of  frequency,  respectively. 

a  (j  w) 

Fig.  18  shows  a  polar  plot  of  the  amplitude  and  phase  angle  of  the  system  open  loop  transfer 

function  -§ a} j>1 1  obtained  from  Eq.  (7)  for  a  33.5-lb  metal  seat  plus  a  145-lb  rigid  weight.  The  same 
**U  W/ 

constants  as  shown  above  apply  for  this  case  except  tor  the  fcnowlng; 

~  =  0.84  sec 
A 

s*  =  0.30  sec 

Ga 

TCa  «*  0.05  sec 
iPc  =  113  Sec  * 

Appendix  II 

SYSTEM  ERROR  TRANSFER  FUNCTION 


In  this  appendix,  it  is  shown  how  the  reference  input  signal  R(t)  may  be  used  to  represent  an 
acceleration  disturbance  into  the  active  hydraulic  isolation  system.  The  system  error  transfer 

function  .  can  be  derived  using  the  block  diagram  shown  in  Fig.  9  and  Eq.  (7)  in  Appendix  I, 

and  is  given  by; 
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The  system  clup-ed  loop  transfer  function  :~-r .  is  given  by  Eq.  (8).  Frcm  Eqa.  (8)  3rd  (9)  the  ratio 

3  is; 


Is  given  by 


G- (.**)$  ♦  (*)Gi  (k)Gv(s) 

S  *  iii  G,  !s)G.i  (s)Gv(s) 
A 


1£  a  command  Signal  R(t)  equivalent  to  the  disturbance  a(t)  Is  introduced  into  the  system 

shown  In  Tig.  9,  the  measured  error  signal  E(t)  will  be  equivalent  to  the  system  acceleration 

r 's) 

response  x(t)  an  long  as  the  ratio  9m-'  given  by  Eg.  (10)  is  near  unity.  Values  of  the  amplitude  and 

x;5J 

phase  angle  of  were  calculated  on  a  digital  comouter  as  a  function  of  frequency  and  are 

x()  u.') 

tabulated  below. 


AMPLITUDE  AND  PHASE  ANGLE  OP  4^ 

x(j  w) 


FREQU 

ENCY 

AMPLITUDE 

PHASE 

Rad/sec 

Hz 

Ratio 

db 

degrees 

0.063 

0.01 

0.  10C90E+01 

-0.00 

0.0 

0.  100 

0.  02 

0.  39599E+  00 

-0.00 

0.  0 

0.  159 

0.  03 

0.  S99S3E+  00 

*0.00 

0.  0 

0.  25  1 

0.  09 

0. 399S6E+  00 

-0.00 

0.  0 

0.  398 

0.  06 

0.  9999CE+00 

-0.00 

0.  0 

0.  631 

0  10 

0.  999S5E+  00 

-0.00 

0.0 

1.  000 

0.  16 

0.  9S953E+  00 

-0.00 

0.  0 

1.585 

O.Zi 

0.  9S913E+GG 

-0.01 

0.0 

2.512 

0.  a0 

0.  9SSS2E+  00 

-0.01 

0.  1 

3.  981 

0.  63 

0.  997352+00 

-0.02 

0.2 

6.  310 

1.00 

0.  99476E+  00 

-0.G5 

0.3 

10.  000 

1.59 

0.  S6811E+00 

-0. 10 

0.4 

IS.  89  9 

2.52 

0. 97033E+  00 

-0.26 

0.  6 

25.  119 

9.  00 

0.  92 179E+  00 

-0.71 

1.0 

39.  811 

6.  34 

0. 80306E+  00 

-1.91 

2.  9 

63.  096 

10.  04 

0.  55093E+  00 

-5.  IS 

10.6 

100. 000 

15.  92 

0.  20591E+  00 

-13.73 

109.  7 

It  can  be  seen  that  the  system  acceleration  response  X  (J  m)  Is  within  10  percent  of  the  value  of  the 
error  signal  E(J  w),  for  values  of  frequency  lower  than  approximately  5  Hz.  Therefore,  if  a  reference 
input /Ignat  R(ju),  equivalent  to  a  disturbance  Is  electronically  Introduced  Into  the  system 

at  the  appropriate  location  (see  Fig.  S),  values  of  the  measured  error  signal  E(Ju>)  will  be  equivalent 
to  the  acceleration  response  Jf(J  w),  as  long  as  the  frequency  of  the  disturbance  and  cf  the  response 
Is  below  5  Hz,  Such  a  synthesized  excitation  technique  was  used  for  evaluating  the  system  response 
to  the  ramp-sustalned  acceleration  excitation, where  neither  the  frequency  of  the  disturbance  nor  the 
frequency  of  the  system  was  greater  than  S  Hz. 
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Appendix  III 

DISPLACEMENT  MOBILITY 


Referring  to  Fig.  7.  the  equations  of  motion  governing  the  actuator  and  the  flextUe  coupling 
for  a  force  disturbance  Fit)  appUded  at  the  isolated  moss  j.e.  ,  a(t)  =  O',  are  given  ky 

Ov=A(z)  +  -^iP  Ul) 

and 

=  x  +  2Cc(Hcx*ui®(x-z)  (12) 

The  acceleration  of  the  isolated  mass  is  described  in  terms  of  the  actuator  force  output  and  the 
applied  force  by 


.  Mx  =  &PA  +  F 

Combining  Eqs.  (11).  (12),  and  (13),  and  solving  for  x  using  the  Lapiace  operator  notation 


(13) 


x(s) 


FM  +_F{sJL 

As  oFm  213  A*  /  V 

^;W7vsS  +  ^ct-+1 


(14) 


As  indicated  in  Appendix  I,  for  the  system  under  consideration 
then  becomes 


>  > 


_ M 

2dA‘/V  ’ 


The  expression 


x(s)  = 


Qv(3)  F(S) 

As  +  u?  M 
_ c 


2C  —  + 

c  wc 


i 


(15) 


Substituting  the  expression  for  va  Ive  flow  Qv  represented  by  Eq.  (6)  of  Appendix  1,  solving  for  -£• 
and  recognizing  tnat  since  6=  x-a.  x  =  5  fora  =  0,  the  point  displacement  mobility  -Jr ,  is 
given  by  Eq.  (16) 


s  . 

_  <4M _ 

~j^~  Gi  (s)Gs  (s)Ga(s)Gv(s) s2  +  Gc(s)s  +  -^-Gs  (s)Cb  (s)Gy(s) 


(16) 


The  magnitude  of  the  -J-  ratio  was  calculated  as  a  function  of  frequency  with  the  values  of  constants 
shown  m  Appendix  I  for  a  245-lb  rigid  payload.  These  results  are  shown  in  Fig.  21. 
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eat:c  j-rrrjo'-Ts  rea  team:  EaaitfTfr  szuers 


K.  W.  Dill,  R.  L.  Laier 

Kerry  Controls 

Division  far.v  Wright  Corporation 
Buit-vic,  California 


A  study  cf  the  dynamic  environment  associated  with  the  transportation 
and  operation  of  relatively  fragile  rchiie  systems  pointed  out  the  nH 
for  designing  a  shock  atter.u-bicn  system  V-.-ch  would  protect  delicate 
eruip’r.r.t  and  structure  from  shock  dtr.igo  due  to  dropping,  towing  and 
trar.sncriation  Gr.vir~.-rr.ts,  a.--  required  by  sveh  rcecificaticr-s  as  t'Zlr- 
ST>310,  .'tllr -‘S970  and  KIb-S-5205?. 

A  skid-nur.t  isolation  system  was  developed  which  exhibits  a  decreasing 
stiffness  spring  rate  effort.  This  characteristic  substantially  in¬ 
creases  energy  absorbing  ao-sbility  for  a  gj*«n  fcrce-def lection  point, 
resulting  in  a  lower  height  sbi&xjunt  than  could  be  obtained  if  a  linear 
spring  rate  characteristic  was  used. 

Tic  ccr.  figuration  is  shown  and  tie  shock  remorse  characteristics  of  a 
typical  skidrcer.t  are  described  erf  crrpvarad  to  predicted  values  for 
i 3*  or."'.  1  crops. 


rNtTRajOCTJCN 

With  the  advur.t  cf  sophisticated  weapons 
systems  for  field  use,  the  concept  cf  light¬ 
weight  mobile  shelters,  housing  ccnrlnx  and 
delicate  electronic  r/ster, ,  has  i»-n  intro¬ 
duced.  When  them  shelters  and  their  erniipnar.t 
are  subjected  to  the  dyr-ari c  enviref  cents  asso¬ 
ciated  with  the  tr  ar.nocrte t i on  aixl  operated!  cf 
field  oquipmm.t,  the  integrity,  service  life 
and  reliability  cf  both  shelter  and  electronic 
equiprwnt  ray  be  degraded,  unless  short  ard 
vibration  protecticm  is  provided.  Kith  this  in 
mind,  a  shock  rcur.t  design  that  veuid  also  sera 
as  a  skid  for  tewing  pejpesos  was  initiated. 

The  following  primary  criteria  were  initi¬ 
ally  set  up  as  requirements  for  an  acceptable 
skicbour.t  design: 

1.  Adequate  short  protection  under, 
flat  ard  rotational  drops. 

2.  Lavg  term  service  life. 

3.  Capability  cf  being  towed. 

4.  Usable  for  nary  drops. 

5.  Eborarucaliy  producible. 

6.  Adaptable  to  a  wide  variety  of 
supported  wights  in  a  given 
length. 


Otter  desirable  characteristics  cf  the  de¬ 
sign  ware: 

1.  Capability  of  provision  for  lift¬ 
ing  by  a  forklift. 

2.  Capability  cf  net  needing  rigid 
blocking  out  other  than  simple  tie 
down  ropes  during  a  vide  range 
transportation  environments. 

3.  light  weight. 

The  following  types  materials  were  corn  id- 
ered  foe  the  working  element  of  the  skid: 

1.  Rubber  Foam 

2.  Elastomer 

3.  Steel  Strings 

Since  one  requirement  for  an  acceptable 
skid  design  was  reusability,  cruahable  hcjv?y- 
ccma,  buckling  metal  and  frangible  rings  were 
not  considered.  Foam  and  springs  were  discard¬ 
ed  .n  favor  of  elastorers  because  cf  greater 
energy  storage  capability  per  volume  cr  pound, 
as  well  as  packaging,  strength  and  cost  omsid- 
c  rations.  The  isolator  configuration,  called 
a  rkidenunt  and  as  shewn  in  Figure  1,  was 
ultimately  developed. 
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DESIGN'  CXJCIDU&TICKS 

As  Figure  1  shews,  the  skidmount  section 
consists  of  two  elastomer  elements  inclined  at 
an  angle  such  that  at  a  prTxi'tt? mined  dynamic 
load, the  elastorcr  will  continue  to  deflect 
without  an  appreciable  increase  in  load.  This 
results  in  a  greater  amount  of  energy  storage 
capability  for  a  given  overall  height  than  could 
be  obtained  if  a  linear  load-de flection  char¬ 
acteristic  was  used. 


&A..S j&v&aiK  i'.'."  '•wbdiiWtMwA.W  A'  11  lil.wi.il 


Figure  1 

Skidxount  Cress  Section 


Other  reasons  for  the  particular  configur¬ 
ation  shown  was  efficient  usage  of  support 
structural  ard  horizontal  stability  under  side 
loads.  Also,  since  the  skidmounts  rust  be  cap¬ 
able  of  being  tewed  over  various  terrain,  the 
angled  sides  provide  temps  that  would  allow  the 
skid  to  slide  over  the  dirt,  rather  than  dig 
into  it  as  would  be  the  case  with  vertical 
sides. 

Tt>  show  that  the  skidrrount  is  a  item  efficient 
shock  attenuation  system  than  a  linear  system, 
a  comparison  of  tha  deflection  required  for  both 
systems  is  mads  in  Table  I.  This  example  shows 
that  for  a  drop  teight  of  approximately  10 
inches,  the  linear  spring  would  require  approxi¬ 
mately  30%  rora  deflection  then  the  skiefecunt 
configuration.  As  Table  I  points  out,  the  skid- 
rcur.t  was  optimized  for  a  10  inch  drop  height 
but  the  same  configuration  can  ba  optimized  for 
other  drop  heights. 

In  order  to  facilitate  prediction  of  re¬ 
sponse  characteristics  for  various  package 
weights  and  inertias,  the  dynamic  translational 
IcaJ-deflccticn  data  wore  obtained  from  a  test 
specimen  and  these  data  were  used  to  develop 
tha  spring  rate  equation  for  tha  rotational 
edg®  drop  analysis.  The  data  were  compared  to 
actual  rotational  drop  test  values  in  order  to 
verify  tha  accuracy  for  use  in  design  evalu¬ 
ations. 
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TEST  FPCCEDDRES 

Tina  static  load-deflection  properties  were 
first  determined  by  slowly  loading  a  section  in 
a  Tinius  Clan  Test  Machine.  This  data  was  used 
to  verify  the  non-linear  characteristics  of  the 
design  and  determine  the  static  load  carrying 
limits  of  the  romt. 

The  dynamic  lcad-deflecti.cn  characterist¬ 
ics  were  determined  by  dropping  a  mass  with  a 
skidreunt  section  attached,  onto  a  rigid  base 
and  measuring  the  deceleration  of  the  mass  and 
the  deflection  of  the  skidtount. 

A  crystal  accelerometer,  charge  amplifier 
and  oscilloscope  were  used  to  monitor  deceler¬ 
ation,  while  a  sliding  friction  device  was  used 
to  measure  deflection.  Figure  2  shows  the  test 
setup. 


Figure  2 

Test  Setup  For  Determining  Dynenic 
Lewd -Reflect ion  Data  ’ 
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Uw  rr-xilting  static  and  <t.n uric  la-vd- 
deflKtign  curws  Jura  ccr*nar<?d  in  n-yre  3.  As 
is  ncr.ral,  t!»  d>te«r.ic  stif  fncsr-rs  art?  slightly 
higher  tten  the  static  stillnesses. 

We  acts?  lei  itusn  versus  d.rte  height  data 
are  plotted  on  Figure  4.  Pixii.rr  faults  weald 
be  ejected  (rr  a  fall  sire  naid  f-ac.'-.'  -a 
counted  en  aJcitJsswita,  which  ted  the  «a*s?  rela¬ 
tive  load  per  ir.it  lurgth  of  el&st.x.-f.r. 


Figure  3 


A  2513  pound  nock  up  v*<?  u.-r'd  as  a  siruln- 
tod  shelter  with  dinensiers  of  7  feet  long  by 
4  feet  vida  by  3.5  feet  high.  The  norrmt  of 
inertia  was  calculated  aa  4500  inch-lirsoc* 
with  tha  center  cf  gravity  26  inches  up.  Fig¬ 
ure  5  slews  tha  configuration. 


Figure  4 


Twj  skidraents  ’<ers  bolted  to  tha  rcc’ccp. 
Q-.e  end  was  raised  and  dropp'd  ftern  various 
heights.  Accelerations  were  taasured  at  tha 
comer  fart.te.st  frea  tha  pivot  point  and  at 
the  center  of  gravity. 


Figure  5 

7e*t  Setup  For  Rotetier.al  Orcp  !«*.,» 


ANALYSIS  CF  HXZ  JCanaSiL  CRuP  ATCU7  TIT 
lAT2r.il/  AXIS 

ifc-tnr  latere 

b  -  Horisontal  distance  free  c.'..  to 
elastic  center  cf  elastoter 

c  ”  Verticil  distance  fan  c.g.  to 
elastic  center  of  eXa.rtcror 

F(z)  »  Spring  Force 

h  -  Drop  Height 

IQ  •  Hcnent  cf  Inertia  about  point  of 
rotation  “0" 

Ijoj  ■  .temnt  of  Inertia  about  c.g. 

L  •»  O/erall  length  of  tost  package 
R  ■  Radius  frcci  point  cf  rotation  to  c.g 
V  -  Potential  energy 
v0  «  Velocity  at  iroact 
T  «  Kinetic  energy 
W  ”  Vteight  of  test  package 
9  »  Angle  between  hot  ten  of  t&id  and  R 
4  ”  Angle  between  horizontal  and  R 
'I  «  Rotational  Velocity  at  irpact 
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Mathematical  Model  for  Rotational  Erop 


firm  the  gecretric  relations  betwesn  the 
angle  #.  the  drop  height  (h)  and  package  dimen¬ 
sions  K,  L  an d  C  are  related  as  follow.?: 

sin*  *  (  2C  +  (h-4)  ft*  -  4C J)  ^  (7) 

\  E  2  rEJ  / 

Sibstifcatirw  this  rotation  into  Equation 
(65  and  noting  that  h,  *  h,  hj  *  0,  the  angular 
velocity  reduces  to. 


1  -  4C? 
Lr 


Then  the  negnitwde  of  the  velocity  at  c.g.  ie, 
vo  »  KJo  (95 


!  Kb 
'I  *o 


Using  the  translational  dynamic  load- 
def lection  data,  a  mathematical  model  fcr  the 
vertical  string  rata  was  derived.  The  predict¬ 
ed  response  far  the  rotational  drep  was  calcul¬ 
ated.  The  assumptions  are  as  follows: 

1.  The  mass  pivots  about  the  Point  *0’ 
without  linear  translation. 

2.  The  trass  is  rigid  and  inert  com¬ 
pared  to  the  skidsounts. 

3.  The  deflection  of  tha  skidteunt  is 
Email  eexpared  to  the  drop  height. 


The  initial  rotational  impact  velocity  is 
first  computed  using  potential  and  kinetic 
energy  relationships: 


d T 

«  -  dV 

(1) 

T2 

-  T  «  v  -  V 

*1  l  2 

(2) 

where, 

T1 

»  0  and  T2  =  IqQc2 

(3) 

*2 

V! 

-  V2  *  J  (Wocc4)  rd$ 

(4) 

Therefore, 

I  Q  *  «  -  Mr(sin4,  -  sini,  5  (5) 

-0-2-  2  1 

2 


Kith  a  direction  perpendicular  to  the  Radius  R. 

Then  the  velocity  directed  along  the  principle 
awes  of  the  shelter  is  as  follows: 

Vj,  *  v0coss  *  n,R  cose  (10) 

Vy  «  v^sinu  =  OcR  sins  (11) 

Substituting  Equation  (8)  into  the  above 
equations,  yields 


v  »  E 

2  ? 

1 

H  Jo 

(12) 

vy  =  c 

|  Kh 

M  I 

U3) 

New  that  the  initial  velocities  (!20«  v  »  v  ) 
hove  been  defined,  tha  Equations  of  ttofiorr 
are  written  fcr  tha  Edge  Rotational  Drop.  Dae 
to  tha  symmetry  of  the  elastcrEr  elerEnts,  the 
Y  and  a  modes  will  be  the  only  coupled  nodes, 
therefore,  these  Equations  of  Motion  describing 
the  response  to  the  Edge  Itotaticnal  Drop  are  as 
follows: 


rra  *»  -4T(z)  (14) 


mi  +  4  [1843. 59z“  -1434. 75z3 

(15) 

-6954.4SZ1  +  13749. 5?z  -227.67] 


Or. 


2Kr  (sin^j  -  sin4>2  ) 
*o 


hSrere  F(z)  was  written  in  the  fora  of  a  poly- 
nominal  in  z  as  derived  from  the  dynamic  load- 
dteflectj.cn  data  by  a  least  square  approximation 
(6)  of  test  data.  The  resulting  relationship  is  as 

follows: 
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Wf 


,843.537.“  -1434 


(16) 


F (*)  -  1843.537“  -1434.75s 5  -6354. 48:‘ 
♦  13743.5/7  -  717.67 


BC  +  4  tlS.J3.S3z*  -1434. 73z?  -6934.4Sr.} 
♦  13749.57z  -  227.671 


(17) 


BV  -  4  «•  Cs-  <y 


(18! 


my  4  4K  V  -  <Kv  C>  *  0 

I„„a  ■  4  K  c  ,  -  4K  C' i  -  4f ( ib)b 
w*  /  >  y 

I  S  -4b[lS43,5?b“  i“ 

-1434. 75b3 i 3  -6354.48b' i2 
+13749.58i  -227.67]  *  0 


(19) 

(20) 

(21) 


Die  above  Situations  of  Motion  were  solved  num¬ 
erically  using  tbs  Rmce-Kutta  Method  for 
simultaneous  second  order  differential  emua- 
tians.  The  results  cf  this  analysis  are  shown 
graphically  for  the  resrcr.ro  accelerate  err-  at 
c.g.  ard  at  the  corcr  Figures  7  and  8. 

Dee  actual  test  results  shew  values  which  are 
approximately  10%  to  20%  loss  than  the  theo¬ 
retical  result-.  This  is  good  agreement  when 
instrurentation,  assumptions  and  variances  .are 
taken  into  account. 


Figure  8 


CEfCLL'STCtS 


The  design  approach  described  herein  will 
prerridc  lew  shock  response  le'elr.  cxr-s.ir.ed 
with  a  very  efficient  use  of  available  rcur.t 
space.  Shock  response  values  can  be-  calculated 
with  a  high  degree  of  accuracy  for  both 
straight  and  rctaticnal  drops,  thus  providing 
a  rears  cf  optimizing  each  application. 
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DISCUSSION 


Mr.  Denner  (Hashes  Aircraft  CtO:  Do  you 
haveTny  typical' weights  for  these  skid  systems 
for  common  sijes  of  shelters  ? 


Mr.  Doll:  The  skid  averages  out  to  about 
t  lbs  per  foot,  including  the  tew  weights  on  the 
end  which  are  a  little  bit  larger  tlian  the  ex¬ 
trusions.  For  a  typical  12  foot  shelter,  it  would 
weigh  leas  than  80  lbs. 

Mr.  Gertel  (Kinetic  Systems):  I  was  curious 
about  the  statement  you  made  cn  the  non-linear 
and  linear  equivalents.  1  believe  you  said  the 
non-linear  mount  gave  a  tower  deflection  than 
the  equivalent  linear  mount  ? 


Mr.  Doll:  Yes.  If  you  draw  a  straight  line 
from  the  origin  thru  a  point  on  the  icad-deflec- 
tion  curve  before  it  stiffing  up,  both  systems 
would  have  the  same  force  level,  but  the  skid 
mount  would  be  more  efficient.  It  would  have 


more  energy  underneath  the  curve  at  that  partic¬ 
ular  point. 

Mr.  Gertcl:  I  mac’s  a  fairly  short  standard 
package  cushioning  deflection  calculation  which 
would  indicate  that,  the  optimum  linear  mount 
would  have  considerably  lower  deflection  than 
the  equivalent  situation  which  you  described. 

Mr.  Poll:  Once  you  got  past  the  flat  portion 
of  the  curve  there  is  a  cross  over  point  where 
the  deflection  of  a  linear  spring  would  equal 
that  of  the  skid  mount. 

Mr.  OertcS:  The  linear  mount  probably 
would  have  a  higher  stiffness.  Based  on  the 
simple  package  cushioning  equations,  the  deflec¬ 
tion  equals  twice  the  drop  height  divided  by  the 
acceleration.  Looking  at  your  table,  in  almost 
every  case  the  optimum  linear  mount  would  have 
roughly  the  same  deflection  as  your  own  non¬ 
linear  mount. 
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COMPUTER-AIDED  DESIGN*  OF  OPTIMUM  SHOCK-ISOLATION'  SYSTEMS 


E.  Sevin,  W.  D.  Pilkey,  A .  J.  Kalincwskl 
IIT  Research  Institute 
Chicago,  Illinois 

A  co-outer-aided  optimization  method,  termed  indirect  s--t  thesis, 
for  the  dosiim  of  j  class  of  multidegree-ol- treesjen,  multi- 
isolator  shock-isolation  systems  is  described.  Such  systems 
are  characterized  by  (1)  linear  structural  elements  intercon¬ 
nected  by  nonlinear  isolator  elements  and  (2)  constraints  and 
e  performance  index  that  can  be  expressed  os  linear  functions 
of  the  system  state  variables.  Any  number  of  degrees  of  free¬ 
dom  can  be  considered  and  no  restrictions  are  imposed  on  the 
nonlinearity  of  the  isolator  elements.  Toe  indirect  synthesis 
method  also  can  be  used  to  determine  tradeoff  relationships 
between  performance  index  and  response  constraints,  thereby 
providing  a  quantitative  measure  of  the  effectiveness  of  any 
proposed  isolator  concept  and  the  theoretical  performance 
improvement  margin . 


INTRODUCTION 

The  design  of  an  optimum  shock- 
isolation  system  requires  synthesising 
portions  of  an  othervi se-speci f i rd  as¬ 
semblage  of  structural  elements  so  that 
an  index  of  over-all  system  performance 
is  optimised  (l.e.,  minimised  or  maxi¬ 
mized)  and  specified  constraints  on  the 
system  response  are  satisfied  under  the 
action  of  an  external  shock  excitation. 
This  is  essentially  a  vari.-ticr.al-f-’pe 
problem  for  which  most  succa-,  to  fate, 
has  resulted  from  mathematical  program¬ 
ming  formulations.  E/en  so,  because  of 
computational  difficulties,  these  have 
been  limited  to  relatively  small  and 
simple  systems.  The  reasons  for  this 
state  of  affairs  can  be  understood  by 
considering  the  following  characteristics 
of  what  might  be  termed  the  "conventional 
direct-synthesis  approach"  to  design  op¬ 
timization: 

e  The  entire  system  dynamics  must 
be  solved  for  each  trial  sec  of  design 
parameters  considered. 

®  If  more  than  one  isolator  is 
present  in  the  system,  all  parameters 
contained  in  all  isolators  must  be 
sought  simultaneously. 

®  Nonlinear  programming  search 
codes  are  required  to  execute  the  per¬ 
formance  minimization.  The  unknown  pa¬ 
rameters  invariably  appear  implicitly 


and  nonlinoarly  in  the  mathematical  rep¬ 
resentations  for  both  the  performance  in¬ 
dex  and  response  constraints.  The  non¬ 
linearity  aspect  rules  out  the  use  of 
efficient  linear  programming  techniques: 
The  implicit  appearance  of  the  parameters 
rules  out  the  use  of  high-speed  "gradient- 
type"  nonlinear  programming  codes.  The 
only  alternative  is  that  less  efficient, 
slower-converging  mathematical  program¬ 
ming  codes,  such  as  the  "pattern-search" 
type,  be  employed. 

In  this  paper  we  will  consider  a 
new  computer-oriented  approach,  called 
indirect  synthesis.  It  treats  the  same 
general  class  ot  problems,  yet  holds 
promise  of  avoiding  many  of  the  disad¬ 
vantages  of  the  di.-ect  approach.  The 
method  is  intended  for  many- degree-of- 
freedom  systems  whose  structural  ele¬ 
ments  are  linearly  elastic.  The  isola¬ 
tor  elements  may  be  highly  nonlinear, 
thus  the  over-all  system  dynamics  are 
nonlinear.  Further,  both  the  perform¬ 
ance  index  and  constraints  must  be  linear 
functions  of  the  state  variables  (e.g., 
displacements,  velocities,  forces). 

The  method  of  indirect  synthesis 
comprises  two  distinct  phases,  (1)  Time- 
Optimal  Synthesis,  and  (2)  System  Identi¬ 
fication.  Trie  firsc  phase  involves  the 
determination  of  the  force-time  variation 
in  each  of  the  isolator  elements  for 
which  the  performance  index  is  optimized 
and  the  constraints  satisfied.  For  the 
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class  of  systems  r  ibed ,  finding  the 

Optimum  isolator  for.---  of  solv¬ 
ing  ;1  linear  progr.i  •  ■  a  ,  -U-n  whose 

dimension  depends  or.  ;  ..-(>»■  r  of  iso¬ 

lators  and  constraints  richer  than  on 
the  decrees  of  freedom,  of  the  over-all 
system.  The  linear  pr  vramming  formula¬ 
tion  is  possible  since  the  isolator  ele¬ 
ments,  despite  the  po«- ibllity  of  their 
being  nonlinear  in  their  respective  state 
variables,  enter  the  stations  of  motion 
as  unknown  functions  of  time.  While  it 
is  possible  to  handle  nonlinear  struc¬ 
tural  systems  by  other  means  (0.4.,  dy¬ 
namic  programming) ,  the  practical  appli¬ 
cation  of  the  method  for  truly  large 
systems  and  present  generation  computers 
depends  on  the  linear  programming  ap¬ 
proach. 

Repetitive  solution  of  the  time- 
optimal  synthesis  phase  for  different 
constraint  levels  results  in  a  perform¬ 
ance  index/constraints  relationship  that 
represents  the  best  performance  possible 
for  the  totality  of  admissible  isolator 
elements  (for  the  prescribed  loading) 

When  the  optimization  proceeds  by  con¬ 
ventional  direct-search  techniques  this 
information  is  generally  unavailable 
since  specific  isolation-element  config¬ 
urations  must  be  specified  in  advance. 

The  system  identification  phase  con¬ 
sists  of  determining  the  open  parameters 
of  some  prescribed  isolator  element.  This 
is  done  by  causing  the  response  of  iso¬ 
lator  elements  to  approximate  the  ideal 
synthesized  response,  thereby  avoiding 
the  necessity  of  solving  a  constrained 
minimization  problem.  In  a  multi-isc- 
iator  problem,  this  can  be  accomplished 
one  isolator  at  a  time.  Knowledge  of 
the  tradeoff  relationship  between  opti¬ 
mum  performance  and  constraint  serves  to 
terminate  the  i  entification  process. 


TIME-OPTIMAL  SYNTHESIS 

The  practicality  of  the  indirect 
synthesis  method  stems  from  the  fact  that 
the  time-optimal  synthesis  phase  is  eas¬ 
ily  accomplished  for  an  important  class 
of  large  isolation  systems.  This  is  a 
consequence  of  the  linear  form  of  the 
defining  equations,  even  though  the  iso¬ 
lator  elements  under  consideration  may 
be  nonlinear  when  expressed  in  terms  of 
the  system  state  variables.  The  general 
dynamic  system  under  consideration  will 
consist  of  an  arbitrary  arrangement  of 
linearly  elastic  structural  elements 
interconnected  by  isolation  elements. 

The  structural  elements  are  assumed  to 
be  the  known  (and  fixed)  portions  of  the 
system,  and  the  isolator  elements  the 
unknown  portions.  The  most  general  ar¬ 
rangement  is  shown  in  Fig.  1: 


T  Hf. t  H  ♦ 


1* i  •••».■*  1  •  5 $ 

Fig.  1  -  Multi-isolator,  imiltldegree- 
of-freedem  system 

Less  general  configurations,  which  are 
considered  later,  are  shown  in  Fig.  2. 

To  establish  a  mathematical  state¬ 
ment  of  this  general  shock  isolation 
problem  we  introduce  the  following  nomen- 
c lature : 

u.;  j“l,...,J  ”  forces  in  the  J 
-*  (unknown)  isolator  elements. 

Cb  (t,uj);  k=l,...,K  »  response  func¬ 
tions  (relative  motions  or  func¬ 
tions  of  relative  motions)  at 
positions  in  either  a  structural 
or  an  isolator  element,  or  a 
combination  of  these,  where  time 
is  denoted  by  t.  (According  to 
the  design  requirements,  the  Cfc 
must  lie  within  some  prescribed 
(time-dependent  or  invariant) 
bounding  values,  say,  between 
C£  and  C£.  The  Ck  are  referred 
to  as  the  "constraint  functions" 
and  there  may  be  K  such  inequal¬ 
ities  specified.) 

h(t,uj)  *  response  function  whose 

maximum  or  integrated  value  over 
time  represents  the  index  of 
performance  to  be  optimized 
(minimized  or  maximized)  .  De¬ 
note  this  functional  of  h  by  Q, 
the  performance  index.  If  tne 
maximum  absolute  value  in  time 
of  h  is  of  prime  concern,  then 
Q-max  h(t,uj)  for  all  0£t<  t^; 

if  an  integral  of  the  response 
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Is  the  performance  Index,  then 

Q -/  h(t,u.)dt. 
o  J 

t,  ”  final  value  of  the  time  inter¬ 
val  of  interest. 

f,(t);  ...L  ”  external  shock 

excitations. 

The  optimum  design  problem  for  the 
general  shock  isolation  system  consider¬ 
ed  thus  amounts  to  determining  the  J 
isolator  elements  (l.e.,  the  u  j )  such 
that  the  K  constraints 

Ck  <  Ck(t,Uj)  <  Ck;  k“ 1 , . . . , K  (1) 

are  satisfied  and  the  performance  index, 
Q,  takes  on  a  minimum  (or  maximum)  value. 

The  choice  of  performance  index  Is 
of  utmost  importance  since  it  establish¬ 
es  the  sense  in  which  the  isolation  sys¬ 
tem  design  is  optimised.  The  choice  of 
constraints,  on  the  other  hand,  restricts 
the  range  of  candidate  designs  relative 
to  which  the  optimum  is  selected. 

In  general,  both  the  performance 
index  and  constraints  can  consist  of  any 
linear  combination  of  response  quanti¬ 
ties.  Since  we  are  limiting  considera¬ 
tion  to  structural  elements  that  respond 
linearly  to  either  the  external  shock 
excitation  or  to  prescribed  forces  at 
the  attachment  points  of  the  isolator 
elements,  the  method  of  superposition  ' 
applies.  Thus,  any  of  the  state  vari¬ 
ables,  or  a  linear  combination  of  the 
state  variables,  can  be  written  in  the 
form  of  a  convolution  integral  involving 
the  response  of  the  (known)  structural 
elements  to  unit  forces  and  the  (unknown) 
isolator  element  forces.  The  response 
function,  therefore,  can  be  written  as 

J  t 

h(c,u  )"hQ(t)+  LI  Rj(t-t)Uj(T)dr, 

J  "  1  ©  (?) 

who: e  the  Rs(t)  are  the  values  of  h  due 
to  a  unit  impulse  anplied  at  the  attach¬ 
ment  point  of  the  J^*1  Isolator  element, 
and  hQ(t)  is  an  analogous  response  due 
to  the  applied  disturbances  f;(t).  Sim¬ 
ilarly,  linear  constraint  functions  can  . 
be  written  as 

J  t 

Ck(t,uj)-Cok(t)+y]/Rkj(t-T)u.(T)dr.  . 

j-1  o  (3)  . 

Expressions  (2)  and  (3) assume  zero  ini¬ 
tial  conditions  as  is  usually  the  case 


for  shock  problems.  However,  t1'^  appro¬ 
priate  solution  to  the  homogeneous  equa¬ 
tions  of  motion  can  be  added  to  both 
equation.;  to  include  situations  were 
nonzero  initial  conditions  prevail. 

For  computational  purposes,  it  may 
be  more  convenient  to  obtain  solutions 
to  the  original  system,  for  unit  step- 
functions  fi»(t),  rat.oer  than  for  unit 
impulses.  As  ..he  response  of  a  system 
to  a  unit  lnpu.se  is  the  derivative  of 
the  response  to  a  unit  step- f unct ion, 
so  Rj(t)  can  be  computed  from  dRj(t)/dt. 

In  particular  circumstances,  the 
performance  index  and  constraint  func¬ 
tions  may  be  reduced  to  special  cases  of 
these  general  forms.  For  example,  the 
response  function  h  could  be  a  linear 
combination  of  J  of  the  isolator  forces 

J 

h(t,u.)  »  AjUj  ( t)  ,  (U) 

1 

where  A:  are  prescribed  constants.  Sim¬ 
ilarly,  a  constraint  might  be  reduced  to 
a  linear  combination  of  the  form 

J 

(5; 

J-1 

where  A.p  ire  known  constants.  Still 
anotherJ possible  constraint  form  would 
involve  the  terminal  value  of  a  response, 
i.e.,  its  value  at  time  tf 

J  Cf 

Ck<tPuJ)’  LI  „j(tf-'Ouj(T)d-t.  (6) 

j“l  o 

The  time-optimal  synthesis  for  sys¬ 
tems  with  these  types  of  performance  in¬ 
dex  and  constraints  becomes  a  problem  of 
linear  programming  where,  in  discrete 


form,  we  sepk  to  establish  the  i-cc;  n 
emts  (i-l,...,l)  characterizing  each  of 
the  J  isolator  forces  u ; ; ,  such  that  Q 

i  ..  i  - _ 2  T  . .  •  : _ _ 


is  minimized  sub; 
strain's 

■re  t:J--  linear  con- 

Cki  -  Ck^s:i*i: 

••.k).(?: 

As  Staf¬ 
ford 

; ; her  the 

Q  ”  max  In  ' 

or  *1 

<  tl  ^  t.  (8) 

•  cf  . 

r 

X 

O' 

(  ci  » uj  i )-'-ci  - 

o 

(9) 
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Also,  It  Is  possible  to  have  the  inte¬ 
gral  of  the  absolute  value  of  h  as  the 
performance  index  and  still  retain  the 
linearity  in  u:^  required  to  formulate 
the  problem  asJone  of  linear  programming. 

The  functions  h  and  arc  arbitrary 
in  that  either  can  represent  stresses, 
displacement,  forces,  or  practically  any 
other  physical  quantity  of  interest  to 
the  system. 

Details  of  the  linear  programming 
formulation  and  a  code  to  implement  it 
are  given  in  Ref.  [1'  .  Of  importance 
here  is  the  observation  that  the  size  of 
the  linear  programming  problem  does  not 
depend  on  the  number  of  degrees  of  free¬ 
dom  characterizing  the  dynamic  system. 
Rather,  the  size  of  the  program,  from  a 
computational  point  of  view,  is  propor¬ 
tional  to  the  quantity  1JK,  where  I  is 
the  number  of  discrete  time  steps  used 
to  characterize  the  isolator  forces,  K 
is  the  number  of  response  constraints 
and  J  is  the  number  of  isolator  elements. 
Moreover,  the  dynamic  analysis  is  con¬ 
ducted  only  once  to  determine  the  influ¬ 
ence-type  functions  which  appear  as  the 
coefficients  of  the  u.  in  Eqs.  (2),  (3), 
and  (6).  J 

Time-optimal  synthesis  results  in 
isolator  functions  ui  for  the  optimal 
isolators  and  the  minimum  value  of  Q. 

If  the  synthesis  is  executed  for  a  range 
of  values  of  the  constraints,  a  hyper¬ 
surface  showing  the  optimal  performance 
possible  for  various  combinations  of  con¬ 
straints  can  be  constructed.  The  isola¬ 
tion  system  designer  can  use  such  infor¬ 
mation  to  learn  if  proposed  designs  can 
ever  meet  the  required  performance. 

Also,  a  measure  of  his  success  at  vari¬ 
ous  stages  of  his  design  efforts  is  now 
available,  since  the  performance  of  his 
candidate  system  can  be  compared  to  that 
of  the  best  possible. 

The  time-optimal  synthesis  process 
can  be  conveniently  considered  in  terms 
of  three  computational  steps. 

Step  1  -  System  Dynamics.  Struc- 
tural^Hynamlc  codes  are  used” to  obtain 
the  required  response  history  of  the 
individual  structural  elements  resulting 
from  both  the  external  loading  and  the 
unit  impulses  at  the  isolator  element 
attachment  points,  i.e.,  determine  h0(t) 
and  Cpu(t)  appearing  in  Eqs.  (2),  (3) 
and  (5)  and  R*  and  Rus  appearing  in 
Eqs.  (2),  (3) ,  and  (hj. 

Step  2  -  Linear  Program  Preprocessor 
(ELP ).  Tnejresponse  infor tn a tion  of  Step  17 
the  form  of  the  performance  index,  and 
the  nature  of  the  constraints  to  be  met 
must  be  converted  to  standard  linear 


programming  farm.  The  mechanics  of  ac¬ 
complishing  this  for  a  single-degree-of- 
freedom  system  are  given  in  Ref.  [2 ■. 

For  the  general  problem,  this  task  can 
be  automated  by  a  linear  programming 
preprocessor  (LP?) .  The  standard  linear 
programming  problem  may  be  stated  as:_ 
Find  the  vector  Z  that  minimizes  c__”_C__Z 
subject  to  the  linear  constraints  A  Z“B, 
where  the  components  of  Z  must  be  posi¬ 
tive.  •  In  (essence,  the  LPP  code  sets  up 
the  5,  B,  C  matrices  using  the  response 
output  and  other  essential  information. 
Such  an  LPP  code  that  accepts  quite  gen¬ 
eral  forms  of  constraints  and  perform¬ 
ance  indices  is  available.  The  formula¬ 
tion  and  implementation,  including  the 
FORTRAN  IV  listing  and  users  manual, 
are  provided  in  Ref.  [  Ij  . 

Step  3  -  Linear  Program  Solver. 

This  step  employs  existing  large-scale! 
linear  programming  codes  that  accent  the 
output  of  Step  2  (i.e.,  the  coded  A,  B, 

C  matrices)  and  compute  the  minimum  - 
(say  ?  and  corresponding  minimizing 
vector  Z  .  The  optimum  isolator  func¬ 
tions  uj,  any  desired  response  functions, 
and  also  the  optimum  performance  Q*  for 
the  specified  constraints  can  be^subse- 
quently  determined  from  •;.*  and  Z". 


SYSTEM  IDENTIFICATION 

The  second  phase  in  the  indirect 
synthesis  process  is  termed  svstem 
identification.  This  phase  resuTts  in 
‘the  selection  of  design  parameters  asso¬ 
ciated  with  the  candidate  isolator  ele¬ 
ment  configuration  that  satisfy  the 
originally  stated  optimization  problem. 
This  is  accomplished  by  curve-matching 
techniques  that  mold  the  candidate  iso¬ 
lator  force-time  characteristics  to  the 
ideal  response  as  determined  from  the 
time-optimal  synthesis  phase. 

The  design  parameters  are  determined 
for  each  isolator  separately,  rather  than 
simultaneously  as  required  by  the  directy 
synthesis  method.  The  optimum  isolator  | 
forces  u?(t),  used  as  the  reference  for  j 
curve-matching,  need  be  computed  only 
once.  This  is  equivalent  to  performing  j 
the  system  dynamics  but  once.  I 

Assume  that  the  force  in  the  jt*1 
isolator  element  (u.)  can  be  expressed 
as  an  arbitrary  algebraic  or  transcen¬ 
dental  function  of  the  relative  displace^ 
ment  (xj)  and  relative  velocity  (ij) 


"^Available  linear  programming  codes  in¬ 
clude  CDC  Allegro,  IBM  MPS  360,  IBM  LP 
90,  and  UNIVAC  FMPS. 


188 


between  the  isolator  terminals  [e.g.. 
Fig.  2(a)'  and  the  Hi  unknown  design 
parameters  ~j **  a j 1 j 2 ’ ‘ ' *ajM  ’  That 


Uj  ’  uj  ^xj  >*j  -  (10) 


the  optimal  history  of  uj,uj(t),  for  the 
J  values  of  j.  The  sameJdynamic  sysr.r 
equations  employed  to  compute  uT(t)  are 
used  to  obtain  the  corresponding  relative 
motion  trajectories  x?(t)  and  x*(t). 
Knowledge  of  (uf , xt, xy)  permitsJus  to 
compare  the  force  in  the  jc^  candidate 


Ul  “Orti  i 


Fig.  2  -  Example  shock  isolation  systems 


One  such  form  is 


NJ 


Ni 


Uj  ”  +  ][Xjxj 


nwl 


n**l 


(10a) 


where  the  (Ni+Nj)  values  7nj ,  and  fn* 
refer  to  theJMj values  of  aj .  J 

Th.c  optimum  synthesis  problem  is  to 
select  numerical  values  for  the  design 
parameters  aj  for  each  of  the  J  isolators 
such  that  Q  is  minimized  (or  maximized) 
and  the  constraints  on  are  satisfied. 
Recall  that  we  have  aiready  determined 


isolator  (under  the  assumption  that  it 
can  respond  optimally)  with  uf  and  to 
select  the  design  parameters  to  minimize 
the  difference  between  the  two.  That 
is,  from  the  difference  function, 


Aj(t)  -  u*(t)  -  uj(Xj ,Xj,aj) ,  (11) 

we  can  select  the  <Tj  such  that 


H(Oj) 


/  w 


dT 


(12) 


is  minimized. 


Additional  considerations  that  arise 
when  derivatives  of  u<  appear  in  the 
expression  relating  force  and  relative 
motion  (e.g.,  for  a  spring  and  dashpot 
in  series)  are  discussed  in  Ref.[ll. 
This  is  a  situation  not  fundamentally 
different  from  that  considered  here. 


The  relation  (12)  can  be  approxi¬ 
mated  with  a  finite  sum  so  that  the  de¬ 
sign  parameters  are  determined  by  solving 
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the  least-square  optimization  problem** 


(13) 


where  refer  to  the  minimizing  param¬ 
eters  and  _',tj  is  tuv  j  ir.  egrahion  time 
interval,  it  the  par -'ar-ters  cis  appear 
linearly  in  Eq .  (10)  [  .g.,  Eq.  (10a)l, 
(13)  becomes  a  problem  of  ordinary  least- 
square  curve-fitting:  If  they  appear 
nonlinearly,  the  parameters  must  be  de¬ 
termined  with  a  nonlinear  search  code' 

[3]  . 

The  determination  of  a*  is  the  step 
previously  referred  to  as  molding  the 
jc"  candidate  isolator's  force-time 
characteristics  to  those  of  the  time- 
optimal  response.  The  suboptimization 
problem  (13)  involves  each  Ms  set  of 
parameters  independent  of  those  appear¬ 
ing  elsewhere  in  the  system,  i.e.,  sys¬ 
tem  identification  is  performed  an  iso¬ 
lator  element  at  a  time. 

If  perfect  curve-matching,  As(t)  » 

0  for  all  0^  t  ^  tf  and  for  ail  3-iso¬ 
lators,  is  realized,  then  a  solution  to 
the  system  equations  con  hair,  ing.^  the 
candidate  isolators  with  as  **  ns  (l.e., 
Uj(xs,xj,af)  in  place  of  Uj(t))Jwill  be 
Xj(ti  -  x|tt).  The  corresponding  Q  and 
C^(c)  will  be  the  same  as  those  obtained 
from  time-optimal  synthesis  since  both 
are  expressible  as  functions  of  xj  [1]. 

If  the  curve-matching  is  performed 
imperfectly,  some  degree  of  error  will 
be  introduced  into  the  candidate  iso¬ 
lator  trajectories,  and  the  extent  to 
which  the  resulting  performance  and  con¬ 
straints  are  satisfied  will  be  affected. 
Some  indication  of  how  the  accumulation 
of  the  individual  curve-fitting  errors 
will  affect  the  final  response  of  the 
dynamic  system  designed  by  the  indirect 
synthesis  method  is  given  in  subsequent 
examples. 

A  flow  chart  illustrating  the  over¬ 
all  indirect-synthesis  computational 
process  is  shown  In  Fig.  3.  The  first 
three  steps  constitute  the  time-optimal 
synthesis  phase  and  provide  the  optimal 


The  minimax  (or  Chebychev)  definition 
of  curve  fitting,  which  minimizes  the 
maximum  deviation  being  matched,  may 
also  be  used  in  place  of  the  least 
square  measure  of  curve- fitting  error 
[Eq.  <12)j  • 


TIME-OPTIMAL  SYNTHESIS  (St^ps  1,2.3) 


STEP  1  (SYSTEM  DYNAMICS) 


Fig.  3  -Indirect  synthesis  flow  chart 
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performance  Q  ,  the  optimum  forces  u,, 
and  trajectories  xt’,x;f  necessary  forJthe 
system- ident if icatlonJ phase .  The  n-loop 
refers  to  the  i tera t ion , for  a  fixed  j, on 
the  Tj  values  in  the  process  of  minimiz¬ 
ing  H\Ti)  and  the  j-loop  refers  to  the 
determination  of  the  parameters  in  each 
of  the  J  candidate  isolators.  The  outer¬ 
most  loop  refers  to  the  process  of  re¬ 
design.  If  a  set  of  parameters  a.  thr.t 
results  in  a  satisfactory  curve  ",  a  t  r  h 
for  the  postulated  isolator  configura¬ 
tion  does  not  exist,  then  other  candi¬ 
date  isolator  elements  can  Be  used.  This 
involves  repeating  part  of  the  system 
identification  loop,  but  does  not  require 
a  fresh  time-optimization  solution. 

To  illustrate  the  important  feat¬ 
ures  of  the  indirect  synthesis  method, 
two  representative  shock  isolation  con¬ 
figurations  will  be  considered.  The 
first  of  these  is  the  rectilinear  multi- 
degree-of- freedom,  mu  1 1 i- isolator  system 
shown  in  Fig.  2(a),  referred  to  as 
Model  1.  The  secord  type  of  system 
[Fig.  2(b)]  consists  of  a  single  iso¬ 
lator  interposed  between  a  rigid  (iso¬ 
lated)  mass  and  an  arbitrary  linearly 
elastic  base  structure  which  may  be  some 
combination  of  continuous  or  lumped  mass 
members  such  as  springs,  beams,  and 
shells.  This  is  referred  to  as 
Model  2.  A  specific  example  of  this 
latter  system  is  shown  in  Fig.  2(c;, 
where  the  base  structure  is  represented 
by  a  shell-type  housing.  /-.I l hough  more 
complicated  systems  consisting  of  combi¬ 
nations  of  the  types  shown  l.r.  Fig.  2(a) 
and  ?(b)  can  be  conceived  (a.g.,  the 
general  problem  shown  ir.  Fig.  1),  the 
essential  features  of  multi-isolator, 
multidegree-of- freedom  isolation  system 
design  can  be  sufficiently  explored  with 
the  two  problem  types  selected. 

Model  1 

The  problem  is  to  synthesize  the  J 
shock  isolators  appearing  in  the  system 
shown  in  Fig.  2(a),  such  that  the  abso¬ 
lute  value  of  the  peak  acceleration  of 
mass  in,  s  minimi-od,  subject  to  pre¬ 
scribed  constraints  on  the  relative  dis¬ 
placement  between  each  neighboring  mass. 
In  the  time-optimal  synthesis  phase,  the 
J  candidate  isolator  forces  are  expressed 
as  explicit  functions  of  time;  conse¬ 
quently,  the  equations  of  motion  for  the 
system  represented  in  Fig.  2(a)  can  be 
written  as  the  following  system  of  first- 
order  differential  equations: 


We  seek  to  determine  the  uj  such  that  Q 
is  minimized,  i.e.,  J 

Q*  -  minM  J-1.2....J  , 

UjLJ 

and  relative  displacement  constraints 
for  each  isolator  of  the  form 

|Xj(t)|<  X.  for  all  0<t<tf,  j«l,2,...J 

[see  Eq .  (7)]  are  satisfied  for  prescribed 
values  of  Xj . 
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To  illustrate  the  general  notation 
of  Eq.  (3),  consider  the  special  case 
J*l.  The  response  quantity  to  be  con¬ 
strained  is  Che  relative  displacement 
Xj_(t)  =  Ci(t).  The  net  contribution  to 
Eq.  (3),  tor  k”l  is  made  up  of  three 
parts : 

(1)  The  solution  to  Eq.  (14)  due  to 
only  ui(t)  [i.e.,  with  y(r)=0’> 
'subject  to  homogeneous  initial 
conditions  X^(0)  «  X2(0)  “  0; 

t 

R(t-T)uL(T)dT 


where  R(t-'T)  ”  -(t-r). 

(2)  The  solution  to  Eq.  (14)  due  to 
only  y(t)  [i.e.,  uj_(t)=0]  sub¬ 
ject  to  homogeneous  initial 
conditions  X^(0)  «  X2(0)  «•  0; 

jf~  R(t  -  t)  y  (t)  dt 

(3)  The  homogeneous  solution  to 

Eq.  (14)  [i.e.,  both  y(t),  Uj(t) 
taken  as  zero]  subject  to  the 
nonhomogeneous  initial  condi¬ 
tions  ; 

<Vn>lC  +  (dn), 


The  net  response  C^(t)  is  the  sum  of 
these  three  terms: 


where,  since  the.  bounds  on  the  constrained 
quantity  are  the  same  for  all  t,  ci/,  «■  X, 
and  The  linear  form  in  whicii 

the  discretized  components  of  uj(t)  ap¬ 
pear  in  both  the  expression  fnr'the  per¬ 
formance  and  constraints,  provides  the 
basis  for  formulating  the  problem  of  min¬ 
imizing  Q  as  one  of  linear  progra-ralng  [2]. 

The  solution  to  the  time-optimal 
synthesis  problem  provides  both  the  op¬ 
timum  performance  index  Q*  and  the  cor¬ 
responding  optimum  force,  displacement 
aqd  velocity  trajectories  (uf( t) ,x| ( t) , 
xj(t)).  This  information  constitutes 
tne  results  of  the  time-optimal  synthesis 
phase,  and  is  used  as  input  for  the  sys¬ 
tem  identification  phase.  The  values 
for  the  system  parameters  are  obtained 
by  evaluating  relation  (13)  for  each 
isolator  in  the  system. 

Next  we  consider  the  consequence  of 
imperfect  curve-matching.  An  indication 
of  how  the  accumulation  of  the  J  individ¬ 
ual  curve-fitting  errors  will  affect  the 
final  response  of  the  system  [i.e., 
uS(x.,x.  ,a|)  in  place  of  Uj  in  Eqs.  (14)] 
designed  by  the  indirect  synthesis  method 
can  be  obtained  from  analysis  of  a  spec¬ 
ially  defined  system  composed  of  a  col¬ 
lection  of  isolators  that  satisfy  the 
linear  property 

Uj(Xj+v,ij+w,Oj)-Uj(Xj (Xj,aj)+Uj(v,w,aj) . 


Cx(t)  -  -y(t)  +  y(0)+(do)i  +  [(vo)i+y(0)]t 

t 

+  5“  /  (t-OuiCOdx 
o 

To  obtain  an  explicit  expression 
for  the  constraint  relation  (7)  in  terms 
of  the  variable  Uji,  a  discretization 
scheme  must  be  selected.  For  example, 
a  piecewise  constant  representation  of 
u^  is : 

I 

U1(C)  [ulr‘ul(r-l)3H<t-tr>> 

r=*l 


For  example,  a  linear  spring  and  dashpot 
is  parallel  (Eq.  (10a)  with  N ,  ”  N!  “1 
satisfies  this  criterion.  3  3 

The  relation 

7(t)  -  X  (t)  -  X(t)  (16) 

defines  Z  as  the  difference  between  the 
trajectory  determined  from  the  time- 
optimal  synthesis  problem  and  the  tra¬ 
jectory  obtained  by  integrating  the 
equations  of  motion  of  the  candidate  * 
system,  (i.e.,  Eq.  (14)  with  u^x^xj.aj) 
in  place  of  u<(t))._  The  parameters  Sri 
appearing  in  69(x»  ,xj  ,a"p  are  the  results 
obtained  from  theJ sequence  of  curve¬ 
fitting  problems  defined  by  Eq .  (13). 


where  H  is  the  unit  step-function.  With 
this  expression  the  constraint  Eq .  (7) 
now  appears  as 

-Xx  <  -y(t1/+y(0)+(do)i+[(vQ)i+y  (0)]ti 
+  ^£[ulr'ul(r-l)l /  H(T-tr)[T-ti]dT<  \ 

tMl  O  jr_*.  o  t 


A  relationship  between  the  J  curve¬ 
fitting  errors  A-j(t)  and  the  trajectory 
error  o(t)_can  be  obtained  by  first  sub¬ 
stituting  X  *>  y*  +  Z  into  the  candidate* 
system  equations;  then  substituting  X'X 
and  uj  “  u?(t)  into  the  time-optimal  sys¬ 
tem  equations  [i.e.,  into  Eqs.  (14)  with 
uj  =  u|(t)]  and  subtracting  these  two 
differential  equations  and  initial  con¬ 
ditions;  and  using  (15)  to  cancel  out 
like  terms.  Thus,  the  error  differential 
equation 
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— - — u?  , , (6, , , ,  6.  ,af,  ,)  -f -i-  +  JL1  , 

Lfflj+1  j+lv  j+1’  J+l  J+l'  Lmj+1  raj  J 


*u  S(a  j  •  V  “  j  } + ^j-^5  j-i*  *  j  - 1  ,5j -  i } . 


Lmj+lAj  +  l(t)’  [mj  +  1  +  njj 

j“l » 2 , . . . J 

(17) 

Is  obtained  subject  to  initial  conditicr.a 


'  «j(0)- 

l:.i 

A 

(17a) 


j"l, 2,  .  . .  J 


where 


u.  “  0;  A„  -  0;  m 

o  o  ’  m 


j+i 

'j+i 


0; 


\j+l 
11  J+l 


“J+l 


0 ;  and 


mJ+l 


0. 


Let  the  variable  5?n(t)  denote  Che  solu¬ 
tion  to  Eqs.  (17)  subject  to  a  unit  im¬ 
pulse  applied  in  the  nctl  row  of  the  non- 
homogeneous  portion  of  Eq.  (17),  i.e., 
the  second  column  vector.  (All  other 
terms  in  the  nonhomogeneous  vector  taken 
as  zero.)  Then  the  trajectory  error 
across  the  j11*1  isolator  Chat  is  due  to 
the  expression 


_1 _ 

mn+l 


An+1 


1 _ 

n+1 


Wc> 


appearing  in  only  the  n1’'1  row  of  the  non¬ 
homogeneous  portion  of  Eq.  (17)  is  given 
by 


w*> 


:><t)  -jf 

—  +  — 1  A  (x)  +  —  A  .  ( T ) 

K+l  V  n  Hn  n‘1 


1  (18) 
dr . 


The  total  error  across  the  nt^1  isolator 
is  che  contribution  from  all  the  n"l,2, 
...J  rows  of  the  lower  partition  of  the 
nonhomogeneous  term  in  Eq .  (17) 


"j 


(e) 


£  V'> 


n-1 


j“l 2J .  (18a) 


The  expressions  (18)  illustrate  the  man¬ 
ner  in  which  the  trajectory  error  4i(t) 
for  the  j^*1  isolator  depends  upon  tne 
accumulated  curve- fi tting  errors  experi¬ 
enced  at  each  isolator  in  the  system. 

The  form  of  the  error  solution  given  by 
Eqs.  (18)  does  not  depend  on  the  partic¬ 
ular  performance  or  constraint  definition 
(i.e.,  peak  acceleration  of  mass  m^  and 
constraints  across  each  isolator)  selected 
for  illustration,  but  holds  for  the  gen¬ 
eral  criteria  definitions  given  earlier. 

In  Eqs.  (18),  note  that,  as  the 
peak  value  of  each  A  ("0  curve  tends 
toward  zero  (0  <  T  <ntf)  ,  the  peak  value 
of  the  Aj(t)  quantity  tends  toward  zero, 
thus  indicating  that  the  indirect  syn¬ 
thesis  trajectory  is  approaching  the 
time-optimal  synthesis  trajectory.  Con¬ 
sequently,  any  constraints  imposed  on 
the  state  variables  in  the  originally 
defined  optimization  problem  tend  toward 
being  satisfied  exactly  as  the  curve 
fitting  errors  get  smaller. 

Sinc^  the  system  performance  depends 
upon  the  X(t)  trajectories,  it  too  will 
be  affected  by  the  accumulated  curve¬ 
fitting  error.  The  performance  obtained 
by  indirect  synthesis  will  tend  toward 
the  time-optimal  synthesis  performance 
Q*  as  curve-fitting  errors  tend  toward 
zero. 


If  any  of  the  An(t)  functions  are 
substantially  large,  the  6j(t)  quantity 
may  lead  to  candidate  system  trajector¬ 
ies  X|(t)  -  xj(t)+  5*(t)  that  exceed 
the  originally  impo  sed  constraints. 
Such  a  situation  may  be  rectified  by 
selecting  other  candidate  isolator  con¬ 
figurations  containing  more  open  param¬ 
eters  that  consequently  may  result  in 
closer  curve  fitting,  hence  smaller 
trajectory  errors. 
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Model  2 


The  system  of  Fig.  2(b)  has  been 
selected  to  illustrate  some  system  iden¬ 
tification  techniques  for  situations  in 
which  a  single  isolator  is  interposed  be¬ 
tween  a  mass  and  a  general  linear  elastic 
structure  (e.g.,  a  configuration  of  inter¬ 
connected  beams,  shells,  springs).  Two 
different  approaches  to  the  system  iden¬ 
tification  problem  are  discussed.  The 
first  is ' essentially  the  same  as  that  of 
Model  1,  wherein  the  determination  of  the 
optimum  system  parameters  are  found 
through  curve-matching  on  the  isolator 
force.  The  second  approach  differs  in 
that  the  curve-matching  is  performed  on 
the  response  trajectories  rather  than  on 
force.  In  addition  to  providing  an  alter¬ 
nate  method  for  performing  the  parameter 
identification,  this  second  approach 
holds  the  promise  of  more  closely  satis¬ 
fying  the  response  constraints  by  empha¬ 
sizing  curve-matching  to  the  response 
trajectories  Instead  of  to  the  isolator 
forces.  Expressions  relating  the  curve¬ 
matching  error  to  the  trajectory  error 
is  made  for  both  approaches. 


We  start  the  system  identification 
phase  by  assuming  the  time-optimal  syn¬ 
thesis  phase  is  completed,  i.e.,  the 
optimum  force  u*  and  trajectories  x*,x*, 
r*  are  known  such  that  the  performance 
is  optimum  and  the  constraints  are  satis¬ 
fied  . 


First  Approach.  The  candidate  sys¬ 
tem  equations  are  "defined  by  replacing 
u(t)  in  Eq .  (19)  with  uc(x,x,ct).  The 
determination  of  the  optimum  parameters 
is  essentially  the  same  as  the  general 
case,  where  j  assumes  the  value  1  in 
relations  (10),  (11),  and  (13).  The 
effect  of  imperfect  curve-matching  for 
the  class  of  isolators  defined"  by  Eq.  (15) 
can  be  ascertained  for  Model  2  in  the 
same  fashion  as  for  Model  1.  The  error 
differential  equation  relating  the  curve 
fitting  error  A(t)  and  the ^tra j ec tory 
error  6(t)  (where  x(t)  *>  x"  +  6)  is 
given  by 


m 


+ 


(5(T),6(t),a*)R(t-T)dT 


During  the  time-optimal  phase  the 
isolator  forces  are  expressed  as  explicit 
functions  of  time.  This  leads  to  system 
equations  for  Model  2  in  the  form 

m[  y  +  r  +  x]  +  u(t)  =  0 


+  uc(6(t),6(t),a*)  (20) 


A(t)  +  m  ^-7-  f  A(T)R(t-T)dr 
o 


r 


g<y.O 


R(t-r)u(r)dT 


(19) 


subject  to 

6(0)  -  6(0)  =  0 


(20a) 


subject  to 

x(0)  ”  d0,  x(0)  =  vq  (19a) 

Since  there  is  only  one  isolator  in  this 
problem,  the  nonessential  subscript  one 
on  m,x,R,  and  u  have  been  omitted. 

The  term  S(t-r)  is  rb~  elastic  struc¬ 
ture  relative  displacement  response  [i.e., 
the  distance  between  the  rigid  base  and 
the  isolator  attachment  point  in  Fig.  2(b)] 
due  to  a  unit  impulse  applied  at  the.iso- 
lator  attachment  point.  The  term  g(y,t) 
contains  both  the  response  contribution 
of  the  base  input  acceleration  alone 
and  the  homogeneous  solution  (i.e.,  the 
response  with  y  and  u(t)  both  zero,  sub¬ 
ject  to  any  nonhomogeneous  initial  con¬ 
ditions  or  r  and  r) . 

There  is  nothing  fundamentally  new 
in  the  determination  of  the  time-optimal 
synthesis  characteristics  for  this  model. 
The  only  computational  difference  between 
Models  1  and  2  is  that,  in  the  latter, 
the  calculations  involving  the  unit  im¬ 
pulse  responses  are  more  involved. 


This  form  is  valid  for  time-varying  a 
coefficients,  since  Eq.  (15)  is  the  only 
assumption  made  regarding  the  functional 
form  of  uc .  In  the  special,  but  impor¬ 
tant,  case  where  the  coefficients  a  are 
constant,  a  solution  to  Eqs.  (20)  can  be 
expressed  as 


6(t) 


i(T)W1(t-T)dT, 


(21) 


where 


w,<t) 


l+s  mR(s) 

' — n - * — - * — ~ 

ms>  [l+s  mR(s)] 


tuC(l,s,a*>  1 
(22 1 


The  operator  represents  the  inverse 
Laplace  transform,  R(s)  is  the  Laplace 
transform  of  R(t),  and  s  is  the  trans¬ 
form  variable  on  time. 
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BEST  AVAILABLE  COPY 


Equation  (21)  leads  to  the  relation 


5  ( t )  <[_  max 


which  illustrates  that  the  upper  bound 
on  f.(t)  is  reduced,  according  to  the 
peak  magnitude  of  the  curve- f i t t ing  error, 
and  in  the  limit  as  the  peak  A ( t )  ap¬ 
proaches  zero.  It  follows  that  the  time- 
optimal  and  candidate  system  trajectories 
approach  each  other. 


Second  Approach .  In  this  approach, 
curve-matching  is  performed  by  fitting 
the  time-optimal  synthesis  trajectory 
x^t)  to  a  specially  constructed  version 
of  the  candidate  sys tem^eauations  obcained 
by  replacing  x,x  with  x" ,x*  in  only  the 
expression  for  r 


x  is_the  time  optimal  trajectory,  and 
x‘(t,a)  is  a  solution  to  the  Eqs.  (24). 
Analogous  to  Eq.  (12),  Eq .  (25)  can  be 
approximated  with  a  finite  sum,  and  the 
optimum  design  parameters  are  determined 
as  the  solution  to 


H’(I*)  - 


I 

V' 

Z-w 

i-1 


ttt  1(27) 


Because  the  determination  of  x’(tj_,n) 
can  be  rapidly  computed  from  Eqs.  (24) 
for  an  assumed  set  of  trial  parameters 
cij^,  Eq .  (27)  can  be  minimized  with  a 
mathematical  search  code  without  much 
difficulty.  This  approach  has  an  advan¬ 
tage  in  that  the  curve  matching  is  per¬ 
formed  on  the  relatively  smooth  x*(t) 
curve  rather  than  on  the  less  smooth 
u*(t)  curve  required  with  the  first  ap¬ 
proach. 


m  [  y  ( t )  +1? 1  ( t )  +x 1  ( t )  ]  -HjC  (x'(t),x,(t),a)-0 

r'(t)-g(y(t),t)  (24) 

t 

+  j  Uc(x*(t) ,x*(t) ,a)R(t-T)dr 
o 

subject  to 


A  relation  between  the  curve  fitting- 
error  A.'(t)  (for  an  isolator__that  satis¬ 
fies  Eq .  (15)  with  constant  a)  gnd  the 
trajectory  error  (i(t)  •>  x(t)-x*(t))  can 
be  obtained  in  a  similar  manner,  and  is 
given  by  the  expression 

t 

6(t>  “  f  A’(T)W2(t-T)dT  (28) 


x ' (0)  »  dD,  x ' (0)  «  v0  (24a)  where 


The  notation  x'  and  r'  rather  than  x,  r 
Is  used  to  emphasize  that  the  dependent 
variables  of  this  set  differ  from  those 
of  the  actual  candidate  equations.  The 
essential  difference  is  that  a  solution 
of  Eqs.  (24)  requires  solving  a  simple 
second-order  (generally  nonlinear)  dif¬ 
ferential  equation.  This  is  a  conse¬ 
quence  of  r'  being  a  known_function  of 
time  (depending  only  upon  a).  In  con¬ 
trast,  the  solution  to  the  actual  candi¬ 
date  system  equations  requires  analysis 
of  the  entire  system  including  the  struc¬ 
tural  elements,  because  the  unknowns, 
x,x  appear  in  the  integral  expressions 
for  r. 


W2(t )-£ 


-1 


uC_LLjl 


— 2 - 7  c  _ 

ms  +{  ms^R(s)  +  l]  u  (  1 ,  s  ,a  ) 


(29) 


Consider  another  method  for  perform¬ 
ing  the  curve-matching  on  x*(t).  This 
approach  eliminates  the  repetitive  inte¬ 
gration  of  Eqs.  (24)  previously  required 
to  attain  the  minimum  value  ofH'(a).  The 
first  step  is  to  construct  an  integral 
equation  of  the  form 


x'(t) 


o 


K(t,T)F(t)dT  (30) 


For  a  candidate  iso lator^conf igura- 
tion,  the  design  parameters  a*  are  de¬ 
termined  such  that 


t 

H 1  (a)  =  j 


[  a'(T)rdT 


(25) 


is  minimized,  where 

A'(t)  ■=  x*(t)  -  x  '  ( t  ,a ) ,  (26) 


from  the  equation  x’(t)  -  F(t), 
where 

F(t)s  -  7(t)-uc(x ' ( t) ,x ' ( t) ,a)-g(y ( t) , t) 
m 


d 

dt 


UC(X*(T),X*(T) ,a)R(t-t)dT 


(31) 


F(t,x',x' ,a) . 
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where 


The  kernal  K(t,i)  is  constructed  so  as 
to  satisfy  one  of  four  possible  types  of 
homogeneous  conditions, 

(1)  x’(0)=0,  x'(tf)=0  and 

x®3  meets  x^(0)”x*( 0)  , x^(  t£)=x*(  t£) 

(2)  x’(0)”0,  x'(t^)=0  and 

xP  meets  xp(0) “x*(0) ,xP( t^)=x*( t^) 

(3)  x'(0)=0,  x'(t^)=0  and 

xP  meets  xP(0)=x*(0)  ,xP(t j)“x*(tg) 

(4)  x’ (0)»0,  i’ (  0 )=0  and 

xP  meets  :<P(0)=x"  (0)  ,xP  (.0)  =x*(  0  )  , 

and  xP  is  constructed  to  satisfy  the 
actual  corresponding  nonhomogeneous 
boundary  condition,  with  F(t)  =0. 

For  example,  the  K(t,r)  function 
and  corresponding  xP(t)  term  for  the 
first  type  are  given  by 


X(t,T) 


0  <  i  <  t 


t  <  T  <  tf 


and  Xp  ”  tfx*(t<:)-x  (0)] /tf  +  x  (0). 

Other  kernels  ate  tabulated  in  Ref.  [l], 
Note  that  K(t,t)  does  not  depend  on  the 
functional  form  of  the  candidate  iso¬ 
lator  hence  does  not  have  to  be  recon¬ 
structed  for  other  candidate  isolator 
configurations.  For  this  method,  the 
curve-fitting  deviation  is  obtained  by 
first  substituting  x'"x*(t)  and  i'-x^t) 
into  Eq.  (31),  then  Eq .  (31)  into  Eq.(30) 
and  finally  that  result  into  Eq .  (26) 
to  give 


A'(t)  -  x*(t) 


(32) 

K(t,T)f(T,x*(T),x*(T)  ,cx)dtl  . 


Consider  the  particular  case  wherein  uc 
can  be  written  so  that  its  unknown  de¬ 
sign  parameters,  or  functions  Gn  of  the 
unknown  parameters,  factor  so  that 

uC(x,x,a)  “  yj3n(a)Un(x,x)  (33) 
n 


For  example,  the  isolator  Eq.  (10a) 
is  one  of  this  type.  When  Eq.  (33)  is 
substituted  into  (32),  A'(t)  becomes 


A'(t)  -  x*(t)-T(t)-  ]T0n<a)Sn(t)  (34) 
n 


T(t) 


and 


rf 

=xp(t)-/  [  yi 


y(>)+g(y(>),>JK(t,>)d> 
(35) 


*„<'>-/ 


f  r 


Un(x*(»,AV: 


+  ^—7  f  U  (x*(T),x*(t))R(>-T)dt 

^  Jo 


The  quantities  T(t),  Sn(t)  are  functions 
of  time  that  do  not  have  to  be  re-evalu¬ 
ated  for  different  values  of  a:  Conse¬ 
quently,  when  Eq.  (34)  is  substituted 
into  Eq.  (27),  the  computations  for  H'(a) 
can  be  made  without  repetitive  integra¬ 
tion  of  Eqs.  (24)  as  previously  required. 
Equation  (27)  is  then  minimized  to  obtain 
the  optimum  design  parameters.  If  assutnp 
tion  (33)  does  not  apply,  the  more  gen¬ 
eral  expression  (32)  can  be  used  directly 
in  Eq.  (27 )_;_  The  minimization  computing 
time  of  H'(a)  will  be  Increased  since 
re-evaluation  of  the  integral  appearing 
in  Eq._(32)  will  be  required  for  each 
trial  a. 


The  relation  between  the  curve¬ 
fitting  error  A*(t)  (for  an  isolator 
satisfying  Eq.  (15)  with  constant  a)  and 
the  trajectory  error  6 ( t)=x( t) -x''( t )  is 
given  by 


>/' 

•'n 


i(t W  A’(>)W  (t-l)d>+A'(0) 


)f  W- 
•'n 


(>)di 


+A 


'(0 )f  fv 

-n  -’o 


2(t)dtd> 


(36) 


where 


Note  that,  A'(0)  «  0  if  type  l.or  type  2 
boundary  conditions  are  used;  A'(0)  -  0 
if  type  3  is  used;  and  both  A'(0)  **  0 
and  A' (0)  *  0  if  type  4  is  used. 

The  6(t)  error  differs,  depending 
on  which  of  the  four  types  is  selected. 
Once  a  computational  scheme  has  been  set 
up  to  implement  the  formulation,  it  is  a 
simple  matter  to  experiment  with  any  or 
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all  of  these  four  kernals.  Our  current 
experience  with  the  method,  based  on  sev¬ 
eral  example  problems,  indicates  that 
the  second  and  third  types  result  in  a 
smaller  trajectory  error  than  the  first 
or  fourth. 

Other  System  Identification  Techniques 

The  literature  contains  a  variety 
of  system  identification  techniques  other 
than  those  treated  here.  Most  of  these 
methods  are  concerned  ■•'ith  the  problem 
of  matching  a  variable  that  occurs  as  a 
dependent  variable  in  a  differential 
equation.  Some  of  the  earlier  methods 
for  parameter  identification  are  the  so- 
called  equacion-of-motion  methods  (e.g., 
the  Laplace  transform  method,  the  Fourier 
transform  method  and  the  derivative 
method)  which  are  discussed  in  Ref.  [4]  . 
These  methods  are  limited  in  that  lin¬ 
earity  in  the  variable  to  be  fitted  is 
required.  A  generalization  of  these 
methods,  Shinbrot's  method  function. 

Ref.  [5]  overcomes  this  restriction  and 
has  been  successfully  applied  to  an  iso¬ 
lation  design  (Ref.  [1])  by  the  indirect- 
synthesis  method.  A  more  recent  tech¬ 
nique,  termed  quasi linearizat ion ,  [  6]  , 

( 7] ,  [8],  is  also  a  general  identifica¬ 
tion  method  whicn  accepts  nonlinearities 
in  the  variable  to  be  fitted. 


CONCLUDING  REMARKS 

The  complete  success  of  the  indirect 
synthesis  method  depends  largely  upon 
the  magnitudes  of  the  curve-matching 
deviations  (d(t)  or  A'(t))  experienced 
during  the  system  identification  phase. 

If  a  candidate  isolator  has  a  great  de¬ 
gree  of  flexibility,  in  that  its  re¬ 
sponse  characteristics  can  be  made  to 
closely  conform  to  chose  of  the  time- 
optimal  synthesis  characteristics,  the 
method  should  work  quite  effectively. 
Results  with  single  isolators  [ 1]  have 
been  encouraging.  The  application  of 
the  method  to  multi- iso lator  problems 
has  yet  to  be  demonstrated,  although  it 
appears  promising.  Its  success  depends 
on  the  accumulation  of  curve-fitting 
errors  [e.g.,  as  demonstrated  with 
Model  1,  Eqs .  (18)] . 

If  a  candidate  configuration  is  not 
capable  of  responding  in  a  near  optimum 
fashion  regardless  of  the  design  param¬ 
eters  selected,  the  trial  configuration 
can  be  rejected  and  replaced  with  one 
possessing  a  greater  potential  for  con¬ 
forming  to  the  time-optimal  response 
(e.g.,  a  configuration  with  more  open 
parameters).  To  a  degree,  this  rede¬ 
sign  step  is  one  of  trial  and  error; 
however,  because  the  indirect  synthesis 
method  allows  evaluation  of  each  of 


these  candidates  without  reanalysis  of 
the  entire  system  dynamics,  a  series  of 
candidate  configurations  can  be  rapidly 
analyzed. 

If  excessive  curve-fitting  errors 
result  in  a  set  of  design  parameters 
that  leads  to  an  unacceptable  candidate 
system  response  (i.e.,  the  constraints 
imposed  by  the  originally  stated  optimi¬ 
zation  problem  are  violated),  then  in 
such  situations  it  may  be  desirable  to 
employ  direct  synthesis.  The  indirectly 
synthesized  parameters  may  already  be  in 
the  same  neighborhood  of  an  optimum  solu¬ 
tion  and  can  be  used  as  intelligent 
starting  values  for  the  initiation  c£  a 
direct  search. 
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DISCUSSION 


Mr.  Howard  (Aerospace  Corp,):  Have  you 
gotten  any  results  from  more  than  a  one  degree 
freedom  system  ? 

Mr.  Pilkey:  Yes,  we  have  results  at  the 
moment  from  only  a  single  isolator,  but  we  do 
have  results  from  niulti -degree  of  freedom  sys¬ 
tems.  Also  the  paper  deals  with  error  analyses 
for  multi -degree-of-freedom  multi-isolator 
systems. 


Mr.  Howard:  Do  you  feel  you  have  the  com¬ 
putational  facilities  to  handle  multi-degree  of 
freedom  multi -Isolator  problems? 

Mr,  Pilkey.  Yes,  the  paper  refers  to  a  com¬ 
puter  code  developed  for  the  linear  programming 
problem  which  will  accept  any  structural  analysis 
as  input  as  long  as  it  is  linear,  and  it  may  have  an 
arbitrary  number  of  isolators.  The  code  is  de¬ 
veloped,  running  and  debugged. 


ANALYTIC  INVESTIGATION  OF  BELOWGROUND  SHOCK -ISOLATING 


SYSTEMS  SUBJECTED  TO  DYNAMIC  DISTURBANCES 


J.  Nells  Thompson,  Ervin  S.  Ferry,  Suresh  C.  Arya 
The  University  of  Texas  at  Austin 
Austin,  Texas 


This  paper  presents  an  analytical  method  used  to  determine  a  closed- 
form  solution  of  the  response  characteristics  of  belowground  circular  con¬ 
crete  liner  packing  systems  when  subjected  to  dynamic  disturbances.  A 
mathematical  model  consistin';  of  a  two  -degree  -of -freedom  system  with 
lumped  masses  and  springs  having  distributed  weight  was  used  to  repre¬ 
sent  the  system.  Piecewise  continuous  linear  equations  of  motion  were 
developed  for  the  trtlinear  phases  of  crushing  of  the  backpacking  material 
and  solved  by  use  of  principal  coordinates  on  a  digital  computer. 

This  study  showed  that  lew  crushing  strength  and  largo  thicknesses 
of  backpacking  are  desirable  characteristics  of  backpacking  materials. 

So  long  as  crushing  takes  place  in  the  backpacking  layer,  liner  accele¬ 
rations  duo  to  a  dynamic  input  disturbance  will  stay  below  the  maximum 
input  accelerations.  An  increase  in  the  mass  of  the  backpacking  results 
in  increases  to  both  the  deformation  of  the  backpacking  layer  and  the 
acceleration  of  the  liner,  but  it  acts  also  ns  a  damping  agent  in  decaying 
vibrations  in  the  liner. 


INTRODUCTION 

Shock-isolating  systems  for  belowground- 
protective-structures  have  been  given  more 
attention  during  the  past  few  years  due  to  the 
need  for  developing  structures  that  are  capable 
of  withstanding  explosion-generated  ground 
motions  and  accelerations.  The  motiongene¬ 
rated  may  be  due  to  close-in  nuclear  bursts  or 
detonations  of  other  high-posvered  explosions. 

The  types  of  belowground  structures  most 
commonly  built  have  been  in  the  form  of  circular 
rings  of  reinforced  concrete.  They  are  rr3inly 
used  as  galleries  and  passages  to  serve  as 
chambers  to  house  equipment  and  personnel. 
Recently  protective  structures  normally  con¬ 
sisted  of  reinforced  concrete  placed  In  direct 
contact  with  the  surrounding  rock  or  soil  medium. 
The  design  criteria  generally  used  for  such  sys¬ 
tems  were  that  the  primary  structure  must  be 
adequate  to  resist  the  external  forces.  Various 
shock-isolating  devices  have  been  used  to  pro¬ 
tect  sensitive  equipment. 

The  anticipated  serious  damage  due  to  ex¬ 
tremely  high  energy  explosions  requires  that 


the  strength  of  the  primary  structure  be  ex¬ 
tremely  high  unless  the  structure  Is  burled  very 
deep  in  rock  and  has  complex  shock-lsolatlr.g 
devices  to  protect  the  equipment.  To  avoid 
such  expensive  and  complex  solutions,  more 
attention  is  being  given  to  isolating  the  entire 

structure  from  the  surrounding  medium. 

\ 

The  purpose  of  shock-isolating  systems  is 
to  reduce  the  shockwave  that  reaches  the  struc¬ 
ture  by  providing  a  medium  of  crushable, 
energy-absorbing  material  outside  the  structure. 
The  important  features  of  such  a  system  are 
that: 

1.  With  every  shockwave,  the  energy  and 
acceleration  should  be  damped  through  the  per¬ 
manent  deformation  of  the  backpacking  layer. 

2.  The  permanent  deformation  of  the  back¬ 
packing  layer  should  not  exceed  its  bottoming 
strain  from  either  a  single  shockwave  or  from  a 
specified  number  of  smaller  successive  shock- 
waves  . 

3.  The  acceleration  of  the  liner  structure 
should  not  exceed  certain  specified  limits  or 
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the  input  acceleration. 

■I.  For  certain  systems,  required  to  with¬ 
stand  multiple  shots,  the  backpacking  layer 
should  retain  as  much  as  possible  its  otiginal 
shape. 

The  broad  objectives  of  the  research  study 
being  reported  here  wore  to  determine  analyt¬ 
ically  the  response  characteristics  and  struc¬ 
tural  behavior  of  the  reinforced  concrete 
cylindrical  liner,  as  well  as  the  energy¬ 
absorbing,  backpacking  layer.  The  designer  of 
protective  structural  systems  can  use  these 
results  to  formulate  approximations  for  develop¬ 
ing  a  design  and  to  aid  in  determining  the 
effects  of  various  parameters  on  the  system. 

Previous  research  on  such  systems  con¬ 
sisted  of  experimental  work  on  laboratory 
models  and  the  testing  of  actual  systems  In  the 
field.  (Refs.  1,  2  and  5.)  A  few  analytical 
Investigations  have  also  been  conducted  on 
shock-isolating,  energy-absorbing  materials 
ar.d  reported  in  Refs.  3  and  4,  and  have  pro¬ 
vided  guidance  for  the  conduction  of  this 
research. 


The  structural  system  investigated  con¬ 
sisted  of  a  reinforced  concrete  iiner  of  cylin¬ 
drical  shape  encompassed  by  a  low-strength  . 
lightweight  concrete  backpacking  layer.  The 
parameters  of  the  system  were  as  follows: 

(1)  A  structural  concrete  liner  with  radii  vary¬ 
ing  from  3. 5'|  to  8.0'  and  with  a  minimum  per¬ 
centage  of  reinforcement  (total  1%)  with  ratio  of 
thickness  to  mean  liner  radius  =  0.2,  as  shown 
in  Fig.  1,  and  (2)  a  backpacking  layer  with 
thickness  varying  from  4.0'  to  8.0'  made  of  low- 
strength  concrete  with  density  varying  from  30 
to  50  lbs/cfband  compression  yield  strength 
varying  from!l5  to  200  psi. 

A  disturbance  function  of  ground  displace¬ 
ment  with  amplitudes  varying  from  one  to  four 
feet  and  a  residual  permanent  displacement  of 
50%  was  used.  The  period  of  disturbance  func¬ 
tion  was  400  msec.  Corresponding  velocity  and 
acceleration  curves  were  obtained  from  the  first 
and  second  derivations  of  the  displacement 
curve,  respectively. 

To  investigate  this  structural  system  ana¬ 
lytically,  it  was  necessary  to  establish  an 
equivalent  mathematical  model,  which  would 
provide  a  similar  response  and  state  of  stress. 
In  the  field  of  structural  dynamics,  a  spring- 
mass  systenvhas  been  found  to  bo  a  convenient 


representation  of  an  actual  structure.  To 
achieve  that  objective,  dynamic  equivalent 
parameters  were  used  in  this  sytem.  The  Im¬ 
portant  parameters  involved  were  the  masses 
and  stiffness  of  the  liner  and  of  the  backpack¬ 
ing  and  the  forcing  functions.  The  equivalent 
system  Is  shown  In  Fig.  2. 


Y 


section  x-x 


Fig.  1  -  Liner  backpacking  system 


Fig  .  2  -  Spring  mass  system  in 
equilibrium  position 
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The  stiffness  of  the  'iner  was  established 
such  that  the  deflection  o!  the  lr  aped  masses 
under  concentrated  leads  was  the  same  as  that 
for  the  corresponding  point  on  the  liner  under 
circular  segmental  distributed  pressure  (i.e.  , 
at  poiuis  of  maximum  deflection) .  The  approxi¬ 
mate  value  obtained  is  given  by  F.q,  1. 


k 


s 


n-SEci 

r^ 


(1) 


This  liner  spring  stiffness  (ks)  was  as¬ 
sumed  to  behave  elastically  and  the  same  in 
both  tension  and  compression. 

The  equivalent  spring  stiffness  for  the 
backpacking  layer  was  obtained  by  giving  a 
horizontal  displacement  Aj  to  the  liner  (this 
caused  deformation  in  the  backpacking  layer  of 
the  same  magnitude  A,),  which  varied  cosis- 
oldal  towards  the  vertical  diameter.  After 
ignoring  the  second  order  strain  terms  and  mak¬ 
ing  the  assumption  that  either  the  backpacking 
layer  was  fully  in  the  elastic  phase  or  fully  in 
the  plastic  phase,  the  variable  strains  were 
Integrated  and  from  that  expression  the  total 
force  acting  on  the  liner  was  obtained  as  given 
by  Eq .  2 . 


Pe  = 


-  -AlEer 


2t 


(2) 


The  unit  elastic  spring  stiffness  was  obtained 
by  dividing  Eq .  2  by  the  ground  displacement 
amplitude  Aj  and  as  given  by  Eq.  3. 
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(3) 


For  the  range  of  Flastlc  phase,  the  unit 
plastic  spring  stiffness  was  obtained  by  using 
the  modulus  of  backpacking  Ep  instead  of  Ee  in 
Eq .  4 . 
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rEP  ro 
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(1) 


The  structural  behavior  of  the  backpacking 
spring  for  unloading  and  reloading  was  assumed 
to  have  the  same  modulus  as  the  initial  elastic 
stiffness.  The  paths  of  loading  and  unloading 
are  shown  in  Fig .  3 . 


Fig.  3  -  Assumed  structural  behavior 
of  backpacking 


The  mass  elements  for  the  liner  were  ob¬ 
tained  by  distributing  the  actual  mass  of  the 
liner,  lumped  105',  at  each  end  of  the  spring  k 
and  the  rest  of  the  20 'A  uniformly  distributed  in 
the  spring  ks.  The  dynamic  equivalence  In 
harmonic  motion  was  50%  of  the  static  mass  but 
the  actual  mass  of  the  liner  was  used  with  the 
understanding  that  in  most  cases  the  tunnel 
liner  would  be  used  for  housing  equipment  and 
instruments.  The  addl.ional  mass  for  these 
fixtures,  when  moving  in  phase  with  the  liner, 
will  add  their  masses  to  the  liner  mass. 

The  backpacking  material  used  could  be 
cellular  or  vermicultte  concrete.  Their  strengths 
and  properties  are  given  in  Table  I.  A  typical 
stress -strain  curve  is  shown  in  Fig.  4. 

The  mass  of  the  backpacking  layer  was  in¬ 
cluded  in  this  analysis  and  was  assumed  to  be 
distributed  in  the  springs  kj  and  k2.  Only  that 
volume  of  the  backpacking  layer  was  included 
in  the  mass  which  lies  in  the  region  a.b.c.d, 
drawn  on  the  exterior  dimension  of  the  liner  as 
shown  in  Fig.  1. 

The  forcing  function  employed  was  in  the 
form  of  a  ground  displacement  disturbance 
caused  by  the  nuclear  blast.  This  function  was 
approximate  and  was  based  on  a  mixture  oi 
theoretical  studios  made  for  ideal  conditions 
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TABLE  I 


PROPERTIES  OF  BACKPACKING  CONCRETES 


Type  of 
Concrete 

Densi'y 

(w) 

Lb/Ft3 

Yield 
Stress 
(  ~y)  PSI 

Bottoming 
Stress 
(  ?b) 

PSI 

— 

Yield 
Strain 
(-:  )  % 

Bottoming 

Strain 

<v  % 

Modulus 

of 

Elasticity 
(Ee)  PSI 

Tangent 
Modulus 
(Ep)  PSI 

Elastic 

Spring 

Stiffness 

(ke)k/ft* 

Plastic  1 

Spring 
Stiffness 
(k  )k/ft* 

** 

Cellular 

20 

20 

■ 

40 

2 

40 

to 

60 

1000 

34 

22£— 

lP 

■7  7  ro 

1P 

** 

Vermiculi 

e  50 

200 

330 

2 

40 

10000 

77.3-12- 

*P 

*  Per  ft.  of  width  of  backpacking  layer,  See  Eqs.  3  and  4  respectively. 
**  Ref.  (4) 


/)  STRAIN 

HARDENING 


CT,  (BOTTOMING 
STRESS) 


Fig.  4  -  Stress-strain  curve  for 
low-strength  concretes 


and  actual  field  conditions.  The  displacement 
curve  is  shown  in  Fig.  5.  To  use  this  dis¬ 
placement  curve  in  this  analytical  solution,  a 
tenth  order  polynomial  function  was  derived  by 
the  method  of  least-square-fit  and  is  given  by 
Eq.  5(a). 

10 

Xj  =  ^2  at  (t)1  (a) 

i  =  1 

10  'd-fc-tP  <5) 

x2  =  ZT  ai  (td}1  {b) 

1  =  1 


The  effect  of  a  time  lag  in  the  ground  motion 
experienced  by  the  windward  and  leeward  sides 
was  found  to  bo  negligible  and  hence  was 
ignored  in  the  actual  results  but  was  Included 
in  the  mathematical  formulation.  The  displace¬ 
ment  on  the  leeward  side  is  given  by  Eq.  (5b) 
which  includes  the  effect  of  time  lag .  Instead  of 
deriving  separate  polynomials  for  the  velocity 
and  accelerations  of  the  ground  ,  these  were 
respectively  obtained  by  single  and  double 
differentiations  of  Eq.  4. 

Development  of  Solution 

The  lumped  mass  system  shown  in  Fig.' 2 
was  assumed  to  represent  the  actual  liner¬ 
backpacking  structure  as  shewn  in  Fig.  1.  Due 
consideration  was  given  to  the  use  of  the  two- 
degree-of-freedom  system  Instead  of  the  multi- 
degree-of-freedom  system.  The  investigations 
reported  in  Refs.  3  and  4  showed  that  the  rigid 
body  response  of  the  multi-degree  system 
differs  to  the  extent  of  about  5%  from  the  rigid 
body  response  of  the  single-degree-of-freedom 
system.  Except  for  very  low  amplitudes  in  the 
two-degree-of-freedom  system,  rigid  body 
response  was  always  greater  than  the  body 
deformation  of  the  liner;  therefore,  the  error  in¬ 
volved  in  the  general  solution  would  not  be 
significant. 

The  equations  of  motion  for  the  spring - 
lumped-mass  system  for  Fig.  2  are  developed 
in  the  Appendix.  The  effect  of  damping  was 
ignored  due  to  the  unknown  nature  of  the  damp¬ 
ing  coefficient.  The  mass  of  stiffness  springs 
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Fig.  5  -  Idealized  wave  form  for  direct- 
transmitted  ground  shock 


of  the  backpacking  layers  and  tunnel  liner  were  continuous  in  x-coordinates  by  the  use  of  the 

taken  into  consideration.  The  general  solution  following  boundary'  conditions: 

was  obtained  by  the  use  of  principal  coordi¬ 
nates  and  is  given  by  Eq .  11,  in  the  Appendix.  Initial  Conditions  (at  t  =  0): 

The  solution  in  x-coordinates  can  be  obtained 

by  using  the  transformation  relationship  as  x  (0)  =  0+  (a) 

given  by  Eq.  6,  in  the  Appendix. 

x  (0)  =  0+  (b) 

In  the  solution  oi  Eq.  11,  the  parameters 
kj,  ’<2 ,  m,  and  m2  change  in  value  depending  x  (0)  =  0+  (c) 

upon  the  elasto-plastlc  conditions  of  springs 

k-i  and  k2  and  the  contact  of  the  liner  with  the  Boundary  Conditions  (at  t  =  t ' ) : 

backpacking  layer.  The  elasto-plastic  condi¬ 
tions  and  the  resulting  natural  frequencies  of  x<  ^  )  =  xn  <  (d) 

the  system  during  those  phases  are  shown  in 

Fig.  6.  Upon  combining  the  change  of  spring  (t')  =  xn  Ct  ' )  (e)  (6) 

stiffnesses  kj  and  k2  of  the  windward  and  lee¬ 
ward  sides  respectively,  it  resulted  in  nine 

sets  of  piecewise  continuous  equations  of  mo-  subscripts  l  and  n  refer  to  equation 

tions  to  provide  a  complete  response.  me., tons,  which  provide  for  continuity  be¬ 

tween  two  phases  of  deformation  of  the  back- 
Thc  solution  of  these  nine  piecewise  con-  packing  material, 

tinuous  equations  of  motion  was  made 
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(1*1.2) 
<*M  S) 


Fig.  6  -  Natural  frequency  and  backpacking 
stiffness  relationship 

Whenever  the  liner  was  not  in  contact  with 
either  side  of  the  backpacking  layer,  It  was  as¬ 
sumed  that  the  backpacking  layer  stayed  in  con¬ 
tact  with  the  rock  cavity  rather  than  with  the 
liner.  The  equation  of  motion  (Eq.  9  in  Appen¬ 
dix)  was  modified  for  the  rigid  body  as  given  by 
Eq.  7  below: 

2*!  —  0  (a) 

2  (7) 
r2  +  iri22  r2  *  0  ^ 

The  solution  of  these  equations  was  simple 
and  the  constant  of  integration  was  evaluated  by 
the  Initial  and  boundary  conditions  . 

The  solutions  for  the  responses  of  dis¬ 
placement,  velocity,  acceleration  of  liner  mas¬ 
ses  and  the  liner  deformation  were  computed  at 
successive  intervals  of  time  using  a  Control 
Data  CDC  6600  digital  computer. 

Discussion  of  Results 

The  significant  results  obtained  from  ana¬ 
lytical  work,  as  previously  described,  are 
presented  in  this  section.  The  main  study  was 
directed  towards  showing  the  response  charac¬ 
teristics  of  the  backpacking  layer  as  a  shock- 
isolating  agent.  Parameters  associated  with 


the  system  that  were  varied  included  backpack¬ 
ing  thickness  (tp) ,  radius  of  liner  (r -} ,  ampli¬ 
tude  of  the  Input  displacement  pulse  (Aj) ,  mass 
of  the  tunnel  liner  (V.)  and  the  mass  of  the 
backpacking  layer  (rr.) .  In  this  paper  only  the 
most  Important  parameters  connected  with  the 
design  criteria,  such  as  backpacking  layer 
thickness  (tp) ,  inside  radii  of  the  tunnel  liner 
(rj)  and  the  amplitude  of  the  displacement  pulse 
(Aj)  are  discussed.  The  other  parameters,  such 
as  yield  strength  (  g  ) ,  density  of  backpacking 
material,  and  liner  stiffness  (kg)  =  5,000  kips 
per  ft  per  ft  width  were  kept  as  common  var¬ 
iables . 

Case  T.  Variation  of  backpacking  layer 
thickness  (tp) . 

tp  =  1.0', 2. O’,  4.0'  and  8.0' 

Aj  =  2.0' 

rj-3.5' 

Case  H.  Variation  of  inside  radius  of 
liner  (rj) . 

tp-4.0* 

Aj  =  2.0' 

tj  =  3.5',  5.0',  6.0',  7.0'  and  8.0' 

Case  TIT.  Variation  of  amplitude  of  input 
displacement  pulse  (A^). 

tp-4.0* 

A j  =  1.0’,  2.0'  and  4.0’ 

^  =  3 .  S' 

In  order  to  facilitate  the  explanation,  the 
side  of  the  system  which  first  encounters  the 
shockwave  is  called  the  "windward"  side  or 
the  loaded  side,  and  the  other  side  is  referred 
to  as  the  "leeward"  side  or  the  unloaded  side. 

For  all  the  cases  studied,  the  results  with 
respect  to  time  are  shown  for  the  maximum 
responses  of  acceleration  (Xj),  of  the  liner 
mass  (Mj),  and  backpacking  layer  deformation 
(uj)  of  windward  side  of  the  backpacking  layer 
for  different  values  of  yield  strength  of  the 
material  (ay).  The  reason  that  only  the  re¬ 
sponse  of  the  windward  side  of  the  system  Is 
presented  is  that  the  leeward  side  of  the  sys¬ 
tem  was  not  directly  put  into  motion  by  the 
input  pulse  of  the  shockwave  but  by  the  mo¬ 
mentum  of  the  system  generated  by  its  Inertial 
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forces.  The  Influence  of  Inertial  forces  was 
assumed  to  encounter  appreciable  damping  ,  and 
consequently  the  system  would  slow  down  or 
would  stop  with  time.  The  internal  damping  of 
the  system  would  also  be  appreciable  after  the 
shockwave  had  passed;  therefore  the  system 
was  studied  only  for  the  duration  of  the  shock- 
wave. 

Case  I.  In  Fig.  7  are  shown  the  struc¬ 
tural  systems  investigated.  Their  results  are 
presented  In  Fig.  8  ,  which  show  the  crushing 
of  the  windward  side  of  the  backpacking  layer 
and  the  acceleration  response  (xj)  for  thewind- 
ward  mass  (M.)  for  different  yield  strengths 
(Oy)  of  the  material.  It  will  be  noticed  that  the 


Fig.  7  -  Case  I  -  Structural  systems  with 
variation  in  backpacking  thickness  (tp) 

backpacking  layer  undergoes  three  stages  of 
deformation  as  the  shockwave  passes  through 
the  system.  The  first  stage  of  the  deformation 
was  up  to  the  elastic  limit,  which  was  recover¬ 
able  with  the  passing  of  the  shockwave.  On 
studying  the  acceleration  of  the  mass  Mj,  in 
this  stage,  it  will  be  noted  that,  its  value  ex¬ 
ceeded  the  input  acceleration  (xj) ,  or  in  other 
words  ,  the  resulting  liner  acceleration  was 
greater  than  the  input  acceleration.  With  the 
increase  of  the  yield  strength  of  the  material 
and/or  of  the  backpacking  layer  thickness  ,  the 
range  of  deformation  in  the  elastic  stage  in¬ 
creased,  but  this  did  not  cause  the  reduction 


in  the  acceleration  of  the  liner.  Another  func¬ 
tion  of  the  backpacking  layer  is  to  curb  the 
transmission  of  external  forces  to  the  liner. 

This  action  does  not  take  place  in  the  elastic 
phase  because  the  backpacking  does  not  crush 
and  thus  does  not  reduce  the  forces  transmitted. 
Also,  this  results  in  the  liner  moving  essen¬ 
tially  with  the  ground  displacement.  For  the 
elastic  phase  it  can  be  concluded  that  the  back¬ 
packing  layer  serves  a  very  limited  purpose. 

During  the  second  stage  of  the  deformation, 
which  lies  between  the  elastic  and  bottoming 
limit  of  the  backpacking  material  and  which  is 
larger  than  the  elastic  stage,  significant  reduc¬ 
tion  occurred  in  the  acceleration  of  the  liner. 

As  the  yield  strength  of  the  material  was  de¬ 
creased,  the  resulting  acceleration  of  the  liner 
also  decreased.  Therefore,  the  use  of  a  low 
yield  strength  material  for  the  backpacking 
layer  is  an  effective  means  of  reducing  accele¬ 
ration  of  the  liner. 

The  contribution  of  the  backpacking  layer 
thickness  in  the  second  stage  was  found  to  be 
twofold.  First,  the  use  of  a  larger  thickness 
reduced  the  liner  acceleration.  The  second 
effect  was  found  to  be  that  the  larger  thickness 
permits  a  larger  range  of  material  yield 
strength  compared  to  the  smaller  thickness. 
Therefore,  for  materials  that  change  strength 
with  time,  the  greater  thickness  provides  a 
longer  period  of  usable  life. 

The  third  stage  which  the  backpacking 
layer  might  undergo  lies  beyond  the  bottoming 
limit.  During  this  stage  it  was  noted  that  the 
acceleration  of  the  liner  stayed  below  the  in¬ 
put  acceleration  but  the  external  forces  were 
transmitted  to  the  liner  which  negated  the 
further  usefulness  of  the  backpacking. 

Summarizing  these  stages  of  behavior  of 
the  backpacking  layers,  v.-a  find  that  in  the 
elastic  stage  only  the  net  force  on  the  liner 
was  reduced;  in  the  plastic  stage  both  accv.v- 
ratlon  and  net  force  on  the  liner  were  reduced. 

In  the  bottoming  stage,  only  the  acceleration 
of  the  liner  was  reduced. 

Case  .II.  It  was  noted  In  this  case  that  the 
systems  with  the  larger  radii  had  the  same 
effect  on  all  three  of  the  main  characteristics  , 
namely,  acceleration  of  the  liner,  deformation 
of  the  backpacking  layer  and  available  range  of 
yield  strength  of  material  were  similar  In  nature 
as  discussed  in  Case  I. 
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X,  (MAX.  ACCELERATION  OF  LINER)  FT. /SEC*  U(  (MAX.  CRUSHING  DEFORMATION  OF  BACKPACKING)  FT. 


PARAMETERS 

E,  YIELD  STRAIN  2% 

E*  BOTTOMING  STRAIN  40% 

O,  BOTTOMING  STRESS  I  67  CTy 

r;  INSIDE  RAO.  OF  LINER  3  5' 

h  THICKNESS  OF  LINER  0  2  r 

A,  INPUT  DISP  PULSE  AMP  2!  + 
l„  INPUT  OISP  PULSE  PER  400  m  tec 


Fig.  8  -  Acceleration  and  deformation  responses  for 
variation  of  backpacking  thickness  (t^) 


Case  III.  One  purpose  of  this  case  was  to 
determine  the  relationship  of  results  when 
different  magnitudes  of  input  displacement  pul¬ 
ses  were  applied  to  a  single  structural  system. 
Associated  with  these  input  pulses  are  veloc¬ 
ities  and  accelerations.  The  magnitudes  of 
these  quantities  are  shown  in  Fig.  9. 

In  Fig.  10  are  presented  the  results  for 
these  forcing  quantities. 

The  effect  of  variation  of  the  input  pulse 
on  the  acceleration  of  the  liner  was  quali¬ 
tatively  different  but  was  quantitatively  in  pro¬ 
portion  to  their  variation  in  certain  ranges  of 
yield  strength  of  material.  This  proportionality 
also  existed  in  the  peak  crushing  of  the  back¬ 
packing  layer.  The  other  effect  of  this  case 
was  that  as  long  as  the  peak  amplitude  of  the 
pulse  was  less  than  the  bottcming  limit,  the 
backpacking  layer  never  crossed  into  the 
bottoming  phase.  The  resulting  effect  on  avail¬ 
able  range  of  yield  strength  was  similar  as  in 
Cases  I  and  II.  The  higher  magnitude  pulses 
caused  larger  ranges  of  yield  strength  to  be 


effective.  The  magnitude  of  range  of  yield 
strength  was  the  same  for  all  values  of  pulses  , 
thus  indicating  that  the  responses  on  the  sys¬ 
tem  were  linearly  proportional  to  the  magnitude 
of  the  shockwave  applied. 

Conclusions 

1.  Low  crushing  strengths  and  large  thick¬ 
nesses  are  desirable  characteristics  of  back¬ 
packing  materials  for  use  in  shock-isolating 
systems. 

2.  For  the  imposed  damaging  accelerations, 
it  is  necessary  to  design  the  backpacking  layer 
such  that  permanent  crushing  will  occur  if  the 
external  forces  that  are  transmuted  to  the  liner 
are  to  be  reduced. 

3.  Crushing  in  the  backpacking  layer  will 
not  exceed  the  bottoming  limit  as  long  as  the 
magnitude  of  the  input  displacement  pulse  is 
less  than  the  rnduct  of  the  bottoming  strain 
and  the  thickness  of  the  backpacking  layer. 
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Fig.  9  -  Case  II  -  Structural  systems  with  variation  in 
inside  radius  of  liner  (r^ 
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X,  (MAX  ACCELERATION  OF  LINER)  FT./SEC*  u,  (MAX  CRUSHING  DEFORMATION  OF  BACK  PACKING)  FT. 


PARAMETERS 

E,  YIELD  STRAIN  2% 

6,],  BOTTOMING  STRAIN  40% 

CT„  BOTTOMING  STRESS  l.67CTy 

h  THICKNESS  OF  LINER  0.2r 

t„  THICKNESS  OF  BACKPACKING  4.0' 

t,  INPUT  OISP  PULSE  PER.  400  m  sec 
A,  INPUT  OISP  PULSE  AMP  2,'  + 


Fig.  10  -  Acceleration  and  deformation  responses  for 
variation  of  inner  radius  of  liner  (r^) 
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3.  Liner  acceleration  from  a  dynamic 
input  disturbance  will  stay  below  the  maximum 
input  acceleration  as  long  as  crushing  in  the 
backpacking  exceeds  the  elastic  phase.  It  is 
possible  for  the  Hner  acceleration  to  exceed 
slightly  the  input  acceleration  for  short  periods 
of  time  if  the  backpacking  remains  In  the 
elastic  phase. 

5.  The  maximum  crushing  deformation  in 
the  backpacking  layer  varies  inversely  linearly 
with  the  yield  stress  of  the  backpacking 
material  for  the  same  output. 

6  .  The  deformation  of  the  liner  ts  reason¬ 
ably  small  during  the  crushing  phase  of  the 
windward  side  of  the  backpacking.  However, 
if  the  bottoming  phase  is  reached  in  the  sub¬ 
sequent  phases,  the  deformation  would  be 
sufficient  to  result  in  failure  of  the  liner  pro¬ 
vided  damping  resistance  is  negligible  in  the 
system. 

7.  With  an  increase  in  the  thickness  of 
the  backpacking  only,  the  results  Indicate: 

a.  A  decrease  in  the  acceleration  of 
the  liner. 

b.  An  increase  in  the  range  of  useful 
yield  strength  of  the  backpacking  material. 

c.  An  increase  In  the  deformation  of 
the  backpacking. 

8.  With  an  increase  in  the  inner  radius  of 
the  liner  only,  the  results  indicate: 

a.  A  decrease  ir  the  acceleration  of 
the  liner. 

b.  An  increase  in  the  range  of  useful 
yield  strength  of  the  backpacking  material. 

c.  An  increase  in  the  deformation  of 
the  backpacking . 

9.  With  an  Increase  in  the  amplitude  of 
the  input  displacement  pulse  only,  the  results 
indicate: 

a.  An  increase  In  the  range  of  useful 
yield  strength  of  the  backpacking  material. 

b.  An  increase  in  the  acceleration  of 
the  liner. 

c.  An  Increase  in  the  rattling  of  the 
liner. 


d.  An  increase  in  the  deformation  of 

the  backpacking . 
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APPENDIX 

The  symbols  adopted  for  use  In  the  follow¬ 
ing  formulation  are  given  at  the  end  of  the 
Appendix.  The  equations  of  motion  for  the  sys  • 
tem  as  shown  in  Fig.  2,  as  well  as  their  solu¬ 
tions,  are  also  presented  in  this  section. 

The  kinetic  and  the  potential  energies  of 
the  system  measured  at  the  equilibrium  posi¬ 
tion  are  given  by  Eq .  1,  assuming  that  the 
velocity  varies  iinearl>  'long  the  length  of 
springs . 

K.E.  =  1/2M j  xj2  =  1/2M2  x22  +  1/2 

2l  1  1 

I  *1  +  (»1  *  *i>  «/*i  2de 

0 

r*8 

+  1  /lHhi  J  [  X!  =  (  -  X,)  e/23]2ds 

0 

ll 

+  1/2  ■  t  T  ■  J  r  X2  +  (x2  -  x2)  e/ 22]‘‘de 

Z  o 

P.  E.  =  1/2  kj  (xj  -  xj)2  +  1/2  kg  (x2-Xl)2 

+  1/2  k2  (x2  -  x2)2  (1) 

Equation  1  when  employed  in  Lagrange's 
equation,  assuming  a  conservative  force  field, 
resulted  In  a  pair  of  equations  of  motion.  The 
effect  of  damping  In  Eq.  1  was  ignored  because 
of  the  unknown  nature  of  the  magnitude. 

Equation  2  is  a  set  of  linear  differential 
equations  of  second  order  and  it  is  evident  that 
coupling  between  them  is  due  to  ks  and  ms- 
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(Mj  +  )  X  +  .  X2  +  (kj  +  ks)  Xj- 

(ks)x2  =  kj  xj  -  mj  Xj 

(^«!+  (M2+^)X2-(yx1+ 

(k2  +  k£)  x2  =  x2  -  m2  x2  (2) 


These  equations  can  be  solved  by  the  use  of 
principal  coordinates  (normal  coordinates)  such 
that  the  equations  of  motion  will  appear  In  a 
diagonalized  form  and  car.  be  uncoupled.  The 
equations  are  arranged  first  In  the  matrix  sym¬ 
bolic  form  as  shown  by  Eq.  3. 

M  (J<  }  +  K  (x  ]  =  {C  }  (3) 

Equation  3  can  be  written  as  given  by  Eq. 

4  by  multiplying  by  M"1  and  defining  a  dy¬ 
namic  matrix  by  H  =  M'lk: 

(x  ]  +  H  £<  ]  =  M*1  (C  }  (4) 

Introducing  principal  coordinates,  Eq.  4 
appears  as  given  by  Eq.  S. 

(H  +  A  (r')  -  {0  }  (5) 

where  A  is  a  diagonal  matrix  with  >. jj  as  Its  dia¬ 
gonal  elements . 

Since  {x  }  and  (r  }  describe  the  same 
physical  system,  these  coordinates  can  be 
transformed  into  each  other.  Assuming  a  linear 
relationship,  this  transformation  is  represented 
by  Eq.  6 . 


{x]  =  Cu3 

[r  ] 

(a) 

(*  )  -  [u] 

('  ) 

(b) 

(x  )  =  [u] 

tv  } 

(c) 

(6) 

Substituting  Eq . 

6  Into  Eq . 

.  4  and  pre- 

multiplying  it 

by  Cn] 

-1,  Eq.  7 

is  obtained. 

(r)  +  [u] 

"1  H  [d]  (r  ]  =  [u] 

■‘m"1  {C ) 

(7) 

Comparing  Equations  5  and  7,  then  [p]"1 
H  [p]  =  A  and[p]  is  a  modal  matrix. 

In  order  to  obtain  the  modal  matrix  Cm  ]  , 
and  the  natural  frequencies  of  the  system,  the 
determinate  of  the  homogeneous  part  of  Eq.  S 
must  be  zero.  Therefore,  the  characteristic 
function  of  the  matrix  K  Is  given  by  Eq,  8. 

i  (X  )  =  XI  -H  =  0  (8) 


From  eigenvalues ,  eigenvectors  can  be 
obtained  which  will  1  rm  transformation  matrix 
[u]  .  The  matrix  [u  ]  when  employed  in  Eq.  7 
will  diagonalize  the  matrix  H.  Now  Eq.  5  Is 
rewritten  in  expanded  forms  with  the  definition 

xU=*ljZ- 

^  +*jVj=£li'xl  +  'c2jVS3J5t2  + 

c4  j  x2  (j  =  1 ,2)  (9) 

Wherein  ctj  are  known  constants  made  up 
of  the  mass  matrix. 

The  general  solution  of  Eq.  9  consists  of 
homogeneous  and  particular  parts.  The  homo¬ 
geneous  solution  is  simple  and  is  given  by  Eq. 
10. 

* 

r^  =  A.  Sin  utj  it  +  Cos  uu  j  jt 
2 

Xj  =  Du  ijtj  (1  =  1-2)  0  =  1.2)  (10) 


The  particular  solution  of  Eq.  8  can  be 
found  by  the  use  of  Laplace  transforms.  The 
resulting  solution  Is  as  follows: 

r)  ^  =  ®ln  JJ  j  j  1  +  Cos  *  j  jt 
10  1+1 

+  ^lj  C  i  =  lai  p  =  1  (l  "  P  +  1)  ! 

Cos(p-l)  j  t  (i-p-1)  ] 

2(.JiJj)P+l 

10  i=l 

+  c  2j  [  E  (i)  (i-  l)ai  (j  -p-  1)  ! 

J  i=2  p=l 
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(>-p-  0  i 


Cos  (p-1)  - 
-i'  ^  jj)  P+1 


+  ;  5j  -  L'  a,  (i-1  +  1)  ! 

i-  i  p-1 

Cos  (p-1)  ~  ,  (i-p+1)  , 

■Mtjjlp+l  d  J 

10  j-1 

+  c4j  [  u  n.  (i)  (i-  1)  (i-p-  i j  , 

1  "L.  p=  1 

cos  (p-n  -  .  (i-p-i)  i 

a(xjj)PM  d 

i-p-1  >  0  (j  =  1,2)  (11) 

The  first  and  second  derivatives  of  Eq.  11 
will  give  velocities  and  accelerations  in  r- 
coordir.ates  .  The  general  response  can  be  ob¬ 
tained  in  x-coordlnates  by  the  use  of  Eq.  6  (a, 
b,  and  c) . 

Symbols  and  Notations 

A  =  area  of  cross  section. 

Aj  =  maximum  amplitude  of  input 

displacement  pulse. 

Aj  =  constant  of  integration  of 

"jth''  equation. 

AS,A'S  =  area  of  tensile  and  compres¬ 
sive  steel  reinforcement. 

b  =  unit  length  of  cylindrical 

tunnel  liner. 

.  c  =  seismic  velocity  of  rock 

media  surrounding  the  cavity. 

c  j  j  =  coefficients  of  particular 

solution  obtained  from  “1th'' 
and  "jth"  equations. 

d  =  effective  depth  to  steel  rein¬ 

forcement. 

d'  =  concrete  cover. 

Ec  .=  modulus  of  elasticity  of 

structural  concrete. 

Ee  =  ■  modulus  of  elasticity  of  back¬ 

packing  material  in  compres¬ 
sion. 

Ep  _  =  modulus  of  backpacking 

material  in  compression  in 
.  plastic  phase . 

Es  =  modulus  of  elasticity  of  retn- 

'  forcing  steel. 

ly  =  ■  yield  strength  of  reinforcing 

steel  in  the  liner. 


fc  =  compressive  strength  of  the  struc¬ 
tural  concrete  in  the  liner, 
h  =  thickness  of  cylindrical  tunnel 
liner. 

hm  =  ordinate  of  mass  of  liner  on  hori¬ 
zontal  diameter. 

I  =  moment  of  inertia  of  liner  thickness 
for  unit  length . 

k  =  general  spring  stiffness  of  back¬ 
packing  layer. 

ke,kp  =  spring  stiffness  of  backpacking 
layer  in  compression  in  elastic 
and  plastic  phases  respectively. 
k_  =  liner  elastic  stiffness . 

kj,k2  =  spring  stiffness  of  windward  and 

leeward  sides  of  backpacking  layer. 
2S  =  length  of  equivalent  spring  of  liner. 

jt  1 ,  2  2  =  spring  lengths  of  windward  and  lee¬ 
ward  sides  of  backpacking  layer. 

M  =  mass  of  liner. 

Mj.NU®  lumped  masses  of  liner. 

m  =  mass  of  backpacking  layer. 

m$  =  total  distributed  mass  of  liner 

spring  ks . 

mj.rr^  =  total  distributed  masses  of  back¬ 
packing  layer  springs  kj  and  <2. 

Pe  =  tctal  horizontal  pressure  of 

backpacking  layer  on  liner  per  unit 
length. 

p  =  radial  pressure  of  backpacking  layer 

,  on  liner  per  unit  length. 

rj  =  "jth”  coordinate  in  principal  axes. 

r,rj,r0  --  mear,  inside  and  outside  radii 
respectively  of  liner. 
rt  =  inside  radius  of  rock  cavity, 
tjj  =  time  period  of  input  displacement 
pulse. 

tp,tg  =  thickness  of  backpacking  without 
deformation  and  with  deformation 
at  central  angle?  respectively. 
tf  =  transit  time  of  shockwave  traver¬ 
sing  rock  cavity  diameter, 
u  =  deformation  of  backpacking  iayer. 

ul'u2  =  elastic  deformations  of  crushing 

deformations  on  windward  and  lee¬ 
ward  sides  of  backpacking  layer. 

Xj,X2  =  displacements  of  lumped  masses 
and  M2  respectively. 

*1'*2  =  input  displacements  on  windward 
and  leeward  faces  of  rock  cavity 
due  to  shockwave. 

x  =  maximum  input  acceleration, 

y  =  specific  weight  of  structural  con¬ 
crete. 

Sjj  =  horizontal  deformation  of  liner. 
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x 


x  U 


strains  of  backpacking  mate¬ 
rial  at  elastic  and  bottoming 
points  respectively, 
central  angle  (polar  co¬ 
ordinates)  . 

eigenvalue  of  1,1  modal 
columns . 

compression  stresses  of 
backpacking  material  at  yield 
and  bottoming  points  respec¬ 
tively. 

radial  stress  in  backpacking 
at  angle. 

natural  circular  frequency  of 
dynamic  system,  radians  per 
second . 

natural  frequency  of  “ith", 
"jth"  mode  of  system. 


Superscripts 


+  =  slightly  greater 


References  (Reports) 

1 .  C.  J.  Costantlo  and  R.  L.  Marino,  Jr.  , 
"Response  of  Cylindrical  Shells  Encompassed 
With  Isolation  Material  to  a  Plane  Pressure 
Pulse,"  I.  I.  T.  Research  Institute,  Chicago, 
Ill.  Research  Report  AFWLTR-76 -1 22 ,  Febru¬ 
ary,  1966. 

2.  W.  R.  Cox,  "Interaction  of  Cylindrical 
Lining  and  Packing  System  with  Rock  Defor¬ 
mation,"  PhD  Thesis  ,  University  of  Illinois  , 
Urbana,  1964. 

3.  W.  P.  Dawkins,  "Dynamic  Response 

of  a  Tunnel  Liner-Packing  System,"  PhD  Thesis, 
(  University  of  Illinois  ,  Urbana,  Ill.,  1966  . 

4.  M.  Salah  Nossier,  ErvinS.  Perry  and 
J.  Neils  Thompson,  "A  Study  of  the  Response 
of  Backpacking  Material  Encasing  a  Tunnel 
Liner  Subjected  to  a  Dynamic  Disturbance," 
Structural  Mechanics  Research  Laboratory,  The 
University  of  Texas ,  Austin,  Texas,  December, 
19CG . 


5.  R.  H.  Sievers,  Jr.  ,  and  A.  R.  Stacy, 
"Structural  n  oonse  and  Permanent  Displace¬ 
ment  Measurement,"  U.  S.  Army  Engineer 
Research  and  Development  Laboratories,  Fort 
Belvoir,  Va.  ,  Operation  Hardtack,  June,  1960. 


211 


GAS  DYNAMICS  OF  ANNULAR  CONFIGURED  SHOCK  MOUNTS 


W.F.  Andersen 
Westinghouse  Electric  Corp. 
Sunnyvale,  California 


A  rigorous  analytical  solution  of  the  gas  dynamics  phenomena  of 
annular  configured  shock  mounts  has  been  achieved.  The  results  of 
this  study  are  of  particular  interest  in  shock  isolation  applications 
where  the  rattle  space  thicknesj-to-diameter  ratio  is  small,  on  the 
order  of  1:50.  The  specific  case  for  which  the  solution  was  developed 
and  applied  was  in  the  lateral  shock  support  portion  of  the  Poseidon 
Fleet  Ballistics  Missile  System.  The  solutions  for  several  shock 
inputs  have  been  obtained,  and  experimental  verification  of  the 
analytical  results  has  beer,  produced.  It  was  found  that  loads  on  the 
missile  from  the  air  effects  were  of  the  same  magnitude  of  those 
from  the  lateral  support  material.  Other  important  findings  included 
pressure  distributions  affecting  missile  buckling  strength  and  high 
frequency  oscillations  affecting  missile  components.  In  addition,  a 
simplified  mathematical  model  is  presented,  consisting  of  linear 
spring,  mass,  and  damper  elements,  which  adequately  duplicates  the 
forcing  function  response  of  the  gas  dynamic  effects  of  the  special 
case  considered. 


INTRODUCTION 

Recent  trends  in  the  shock  hardening  oflarge 
missiles  have  been  toward  the  use  of  a  shock 
mitigating  material  such  as  flexible  foam  or 
elastomer  structure  in  the  annulus  between  the 
missile  and  its  container.  The  space  efficiency 
obtained  with  this  kind  of  lateral  shock  isolator 
makes  it  an  attractive  choice  for  retrofitting 
larger  diameter  missiles  into  existing  launch 
tubes  or  silos,  and  for  cases  where  costs  are 
sensitive  to  container  diameters.  There  are  two 
primary  design  considerations  relating  to  the 
shock  mitigation  properties  of  such  a  system. 
The  first  is  the  stiffness  of  the  foam  or  elasto¬ 
mer  structure.  This  may  be  controlled  by 
changes  in  polymer  formulation  and/or  struc¬ 
tural  properties.  The  other  consideration  is  that 
of  air  compression  and  gas  dynamics.  Gas 
dynamics  effects  are  an  important  feature  of  any 
shock  isolator  employed  in  an  annular  space 
envelope  where  the  thickness-fo-diameter  ratio 
is  small. 

In  order  to  demonstrate  the  acceptable  per¬ 
formance  of  a  complex  spring-mass  system,  it 


is  often  necessary  to  model  the  system  math¬ 
ematically  and  show  through  analytical  means 
that  the  system  will  function  adequately.  To  ac¬ 
complish  this,  the  system  components  mu3t  first 
be  modeled  and  tested  separately,  then  combined 
and  tested  with  the  design  input. 

This  paper  deals  with  the  modeling  of  the 
gas  dynamics  effects  inherent  in  an  annular  con¬ 
figured  shock  mount.  The  specific  case  analyzed 
is  the  lateral  support  portion  of  the  Poseidon 
Missile  System.  The  Poseidon  (  C-3  )  lateral  sup¬ 
port  system  as  shown  in  Figure  1,  consists  of  a 
series  of  elastomer  pads  placed  around  the  mis¬ 
sile  in  several  annular  rings.  The  basic  internal 
structure  is  that  of  a  pre-buckled  column  as 
shown  in  Figure  2.  The  pad  is  normally  free 
breathing,  except  during  shock  when  the  inertial 
effects  of  air  have  to  be  considered. 

During  relative  motion  between  the  missile 
and  launch  tube,  the  air  trapped  in  the  annulus 
will  be  compressed  on  one  side  and  will  be  ex¬ 
panded  on  the  other  side.  (Hereafter,  the  loca¬ 
tions  around  the  missile  will  be  referred  to  as 
indicated  on  Figure  3.)  To  relieve  this  pressure 
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Figure  1.  Poseidon  (C-3)  Lateral  Support  System 


Figure  2.  Pad  Construction  Details 


SECTION  A-A 

Figure  3.  Location  Terminology  and  Configuration  Effects 


differential,  air  will  flow  from  the  pressurized 
region  to  the  region  of  lower  pressure.  An  oscil¬ 
lation  -will  be  created  due  to  wave  reflection,  and 
thus  an  oscillatory  forcing  function  will  tee  ap¬ 
plied  to  the  missile.  As  a  result  of  the  configur¬ 
ation  of  the  shock  mitigation  pads,  the  process 
for  equilibrium  of  air  pressure  Is  quits  complss. 

Duo  to  tho  construction  of  the  missila,  two 
limitations  are  present  during  shock.  The  first 
is  the  acceleration  of  tha  missile,  and  the  second 


to  the  maximum  akin  pressure  to  which  the  mi  s¬ 
sile  can  be  subjected.  The  dynamic  effects  of  air 
have  a  large  effect  on  bothof  these  lateral  shock 
constraints;  therefore,  time  and  effort  was  de¬ 
voted  to  understanding  and  predicting  tho  effects 
of  air  under  shock  loading.  Gao  dynamics  theory 
in  conjunction  with  configuration  paramatora 
was  incorporated  into  an  Airflow  Analysis  which 
was  used  to  predict  presoura  profiles  and  forces. 
To  check  the  validity  of  the  Airflow  Analysis, 
tests  were  run  at  tho  Partial  Full-Scale  Test 
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Machine  (PFSTM)  facility  at  Hunter's  Point, 
San  Francisco,  and  then  the  Airflow  Analysis 
and  the  PFSTM  tests  were  modified  until  satis¬ 
factory  agreement  was  obtained.  The  next  step 
was  to  use  the  Airflow  Analysis  to  predict  the 
response  to  the  design  shock  input.  The  analysis 
is  complex  and  time  consuming  even  though  it  is 
carried  out  on  a  high  speed  digital  computer. 
For  this  reason,  a  simplified  mechanical  model 
was  developed  which  accurately  duplicated  the 
force-time  history  from  the  analytical  gas  dy¬ 
namics  solution.  This  simplified  mechanical 
model  was  then  used  for  the  total  shock  model 
and  allowed  many  different  cases  to  be  run 
economically.  .  . 

AIRFLOW  ANALYSIS 

Gas  dynamics  theory  and  the  configuration 
parameters  (diameter  of  missile,  thickness  of 
annulus,  elastomeric  pad  design  and  spacing, 
etc. )  were  incorporated  into  an  Airflow  Analysis. 
Of  the  features  included  in  the  analysis,  the 
mass  injection  characteristics  ( see  Figure  3 ), 
where  air  from  the  pad  is  forced  into  the  hori¬ 
zontal  stream  of  flow,  have  the  greatest  effect 
on  the  final  results,  as  they  directly  control  the 
amount  of  mass  transfer,  the  speed  of  wave 
propagation,  and  the  magnitude  of  pressure  build 
up.  The  effects  of  mass  injection  can  be  increased 
and  decreased  however,  by  proper  vertical  spac¬ 
ing  of  the  elastomeric  pad  segments.  This  is  the 
primary  design  parameter  used  to  vary  the  total 
force-time  history  of  the  dynamic  air  effects. 

Because  the  pads  have  a  free  height  which  is 
less  than  the  sum  of  the  initial  clearance  and 
the  maximum  missile  excursion,  a  reservoir  or 
void  is  created  on  the  trailing  edge  as  illustrated 
by  Figure  3.  This  effect  is  achieved  mathematic¬ 
ally  by  allowing  the  horizontal  annulus  to  expand 
when  missile  excursions  create  a  void. 

A  number  of  simplifying  assumptions  were 
made  to  allow  the  airflow  analysis  to  become 
manageable.  These  were: 

1.  The  shear  columns  have  no  effect  on  the 
vertical  flow  in  the  pads. 

2.  The  control  volume  has  a  constant 
height. 

3.  The  flow  is  frictionless. 

4.  The  effect  of  bending  the  flow  into  a 
circular  path  is  neglected. 

5.  Axial  symmetry  is  assumed  about  the 
SO 0  -  270  *  axis. 


The  constraints  and  assumptions  mentioned 
previously  were  incorporated  into  a  computer 
program  "AIRFLOW"  topredictpressure distri¬ 
butions  and  forces  as  a  function  of  time.  Fig¬ 
ures  4  and  5  show  an  element  of  the  annulus  and 
the  vectorial  equations  used  to  derive  the  final 
differential  equations  on  Figure  6.  The  equations 
are  a  modification  of  those  proposed  by  Shapiro 
in  The  Dynamics  and  Theromodvnamics  of  Com¬ 
pressible  Fluid.  Fiow  for  one-dimensional  flow 
with  area  change  and  mass  injection. 

To  obtain  the  solution,  the  pad  and  the  space 
where  considered  as  separate  control  volumes 
and  the  equations  of  continuity,  momentum,  and 
energy  in  conservation  form  for  each  were 
written.  An  isothermal  state  equation  was  as¬ 
sumed  for  the  pad-space  combination,  and  an 
empirical  mass  injection  momentum  loss  equa¬ 
tion  was  used  for  the  pad. 

Integration  of  the  differential  equations  on 
Figure  6  was  accomplished  through  the  use  of  a 
Runge-Kutta  numerical  integration  technique. 
The  spatial  derivatives  were  calculated  by  the 

approximation  ^  ^  -  f,., 

_  _ 

To  assure  numerical  stability,  the  time  steps 
used  for  the  Runge-Kutta  routine  always  satis¬ 
fied  the  Courant  stability  criterion, 

(M  +  C )—•  <  1.0  , 

for  one-dimensional  flow.  However,  a  rigorous 
stability  analysis  involving  the  mass  injection 
and  area  change  terms  would  probably  show  a 
more  stringent  stability  criterion,  but  by  step¬ 
ping  time  in  smaller  increments,  this  difiiculty 
was  overcome.  The  Airflow  Analysis  was  then 
ready  to  be  checked  with  experimental  data. 

PARTIAL  FULL-SCALE  TEST 
MACHINE-PFSTM 

The  experimental  tool  used  to  verify  the  Air¬ 
flow  Analysis  was  a  shock  test  apparatus  called 
the  Partial  Full-Scale  Test  Machine  (PFSTM). 
It  is  a  drop  test  machine  sealed  to  represent  a 
60"  vertical  section  of  the  missile,  elastomeric 
liner,  and  launch  tube  ( Figure  7).  To  conduct  a 
shock  test,  the  missile- launch  tube  assembly, 
supported  by  parallelogram  linkages,  is  raised 
to  various  heights  and  then  released  to  impact 
against  a  concrete  and  steel  buttress.  At  impact, 
an  approximate  step  velocity  is  imparted  across 
the  annulus,  and  the  frame  or  launch  tube  is 
latched  into  place.  The  missile  segment  is  then 
free  to  respond  to  the  force  from  the  elastomer 
segments  and  the  airflow  effects.  During  the 
tests,  data  is  collected  by  displacement,  accel¬ 
eration,  and  pressure  measuring  transducers 
and  recorded  on  a  high  speed  oscillograph. 
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THE  VECTOR  EQUATIONS  FOR  THE  ELEMENT  ABOVE  CAN  BE  WHITTEN 
IN  CONSERVATION  FORM  AS: 
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WHERE  U,  F,  K  &  T  ARE  THE  FOUR  DIMENSIONAL 
VECTORS  DESCRIBED  ABOVE 


Figure  4.  Control  Volume  Element  and 
Vectorial  Equations 


RESULTS 

Tha  relative  dl3placement-time  results  from 
a  FF3TM  teat  wore  used  as  input  to  the  Airflow 
Analysis  in  order  to  test  the  validity  of  the  con¬ 
figuration  phenomena  and  ga.3  dynamics  theory. 
The  pressures  at  various  azimuth3  generated  by 
the  Airflow  Analysis  are  plotted  with  respect  to 
time  and  are  compared  with  those  obtained  at 
PFSTM.  A  typical  cross  section  of  the  test  con¬ 
figuration  is  shown  on  Figure  8. 


Figure  9  shows  the  pressure -time  history  of 
various  locations  around  the  missile  for  a 
PFSTM  test.  Also  plotted  on  Figure  9  are  the 
curves  generated  by  the  airflow  analysis. 
Figure  10  shows  the  displacement  time  history. 
Note  particularly  that  the  pressures  are  not  in 
phase  with  the  displacement,  consequently,  au 
integrated  force-deflection  curve  of  the  air¬ 
flow  characteristics  is  very  unusual  a3  illus¬ 
trated  by  Figure  11.  The  hysteresis  loop  is  very 
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TEE  EQUATIONS  IN  FIGURE  4  ARE  SUITABLE 
FOR  SOME  TYPES  OF  INTEGRATION  ROU¬ 
TINES,  HOWEVER  FOR  THE  INTEGRATION 
ROUTINE  USED  IN  THIS  STUDY,  THE  EQUA¬ 
TIONS  HAD  TO  BE  REARRANGED  AS  IN  FIG¬ 
URE  8, 


Figure  5.  Definition  o f  Terms 


large,  thus  a  large  amount  of  energy  is  dissipated 
by  the  effects  of  the  air  flow. 

The  predicted  pressures  on  the  trailing  edge 
azimuths  do  not  agree  with  those  recorded  during 
PFSTM  tasting.  The  reason  for  the  apparent 
anomaly  is  that  during  tasting  the  seals  on  the 
trailing  edge  azimuths  did  not  function  properly, 
and  vented  air  to  the  atmosphere .  The  correlation 
for  the  other  azimuths  however  is  good,  thus 
leading  to  the  conclusion  that  the  Airflow  Analy¬ 
sis  is  able  to  reproduce  test  data,  and  should 
therefore  be  able  to  be  used  for  predictions  with 
other  shock  inputs. 

When  the  design  input  was  used,  similar  re¬ 
sults  were  obtained  (Figure  12).  Once  again  the 
peculiar  phasing  effects  are  prominent.  Fig¬ 
ure  13  shows  a  particularly  significant  pressure 
profile  which  occurred  at  18  milliseconds  after 
impact.  This  pressure  profile  has  an  effect  on 
the  missile  analogous  to  stepping  on  a  tin  can. 
The  effect  only  lasts  a  few  milliseconds,  but 
could  aggravate  the  buckling  strength  capa¬ 
bilities  of  the  missile.  The  Integrated  pressures 
gave  a  force-time  plot  which  had  very  nearly 
a  full  cycle  of  force-time  history  ( Figure  14 ) 
for  only  a  half  cycle  of  displacement  time  history. 

MATHEMATICAL  MODEL 

As  mentioned  previously,  the  gas  dynamics 
approach  to  modeling  the  air  pressure  force 
response,  although  accurate,  would  be  cumber¬ 
some  and  time  consuming  in  the  total  shock 
model.  To  overcome  this  problem,  a  simplified 
math  model  producing  the  force  developed  by  the 
air  pressure  was  desired. 


THE  REARRANGED  SIMULTANEOUS  PARTIAL  DIFFERENTIAL  EQUATIONS  TO  EE  SOLVED  ARE- 
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Figure  8.  Final  Differential  Equations 
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Figure  7.  Partial  Full-Seals  Test  Machine  (PFSTM) 


Figure  14  shows  the  integrated  force  from 
the  air  pressure  aa  obtained  from  the  "AIR¬ 
FLOW"  program,  it  i3  interesting  to  note  that 
from  a  very  non-linear  process,  a  continuous 
curve,  approaching  a  sine  wave  for  tire  l.rst 
cycle,  is  generated.  The  smooth  share  of  the 
curve  is  probably  due  to  the  integration  of  the 
pressures  around  the  missile,  as  integration 
usually  provides  a  smoothing  effect.  The  shape 
of  the  curve  obtained  strongly  suggests  a  simple 
spring-mass-damper  system  to  produce  forces 
similar  to  the  one  shown.  Classical  vibration 
theory  provides  direction  by  suggesting  the  hy¬ 


draulic  system  shown  on  Figure  15  as  an  effective 
analogy  to  the  system  in  consideration.  The 
launch  tube-missile  configuration  is  a  complex 
pneumatic  system  where  the  compressibility  of 
air  has  distinct  effects,  but  since  the  force-time 
curve  is  very  near  a  sine  wave  for  the  first 
cycle,  the  hydraulic  analog  is  relatively  good. 


The  forces  developed  by  the  dynamic  effects 
of  air  only  occur  as  a  function  of  relative  dis¬ 
placement.  To  include  this  constraint  In  the  math 
model,  a  linkage  (Figure  18)  was  used  to  insure 


Figure  8.  Typical  PFSTM 
Test  Assembly 


that  forces  could  only  be  developed  during  rela¬ 
tive  motion.  Assuming  an  infinitesimal  displace¬ 
ment,  the  point  connecting  the  spring  to  the 
linkage  has  the  same  velocity  as  the  relative 
velocity  between  the  missile  and  the  launch  tube , 
Once  the  model  was  developed,  the  nest  task  was 
to  specify  the  constants  to  he  used  for  the  three 
elements  of  the  model.  This  was  accomplished 
through  the  use  of  a  parametric  study  with  toe 
same  time-displacement  input  used  in  "AIR¬ 
FLOW"  to  produce  the  theoretical  curve  to  be 
matched.  The  correlation  between  the  force- 
time  outputs  from  "AIRFLOW*  and  the  mechan¬ 
ical  model  is  very  good  as  evidenced  by  Fig¬ 
ure  17. 


Note  specifically  the  ability  of  the  mechanical 
model  to  reproduce  the  characteristic  full  cycle 
of  force-time  history  for  tee  half  cycle  time- 
displacement  history.  Due  to  the  good  agreement 
obtained,  it  is  felt  teat  the  mechanical  model  is 
adequate  for  use  in  the  complete  shock  model. 

CONCLUSIONS 

The  results  of  the  Airflow  Analysis  developed 
in  tills  study  show  an  important  aspect  of  the 
lateral  shock  capabilities  of  any  shock  mitigation 
system  where  tee  teicteness-to-diameter  ratio  is 
small.  The  Airflow  Analysis  provides  valuable 
information  as  to  the  pressure  distributions 
applied  to  tea  missile  and  tea  forcing  function 
response  of  the  airflow  characteristics.  The 
simplified  mathematical  model  adequately  rep¬ 
resents  tee  dynamic  effects  of  air  and  repro¬ 
duces  all  of  the  important  basic  phenomena.  It 
is  useful  for  the  specific  case  involved,  however 
when  different  shock  profiles  are  used,  when 
different  pad  configurations  are  considered,  or 
when  the  basic  dimensions  of  the  system  change, 
the  constants  of  the  mathematical  model  will 
no  doubt  have  to  be  changed. 
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Figure  8.  Pressure-Time  History  With  PFSTM  Input 


221 


I 

i 

i 


DISPLACEMENT 


0.010 

0.020 

0.030 

0.040  o.OiO 

0.030 

0.070 

O.OSO 

TIME  SEC 

Figure  10.  Displacement-Time  History  at  PFSTM 


Figure  11.  Force-Deflection  Curve  Due  to  Calculated  Airflow  Efiecta 
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Figure  12.  Pressura-Tiraa  History  with  Design  Input 
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DURING  MOTION  OF  THE  PISTON,  FORCER 
ARE  DEVELOPED  BY  THE  MOVING  FLUID. 
TRI3  13  SIMILAR  TO  THE  MISSILE-LAUNCH 
TUBE  CONFIGURATION 


Figure  14.  Total  Integrated 
Force  Duo  to  Airflow  Ellectn 
with  the  Design  Input 


Figure  15.  Hydraulic  Analogy 
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TO  OBTAIN  FORCE  ONLY  AS  A  FUNCTION 
OF  RELATIVE  DISPLACEMENT,  THE  IOL- 
i  LOWING  LINKAGE  WAS  USED. 
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Figure  IS.  Machnnlcal  Equivalent  of  tha 
Hydraulic  Analogy 


Figure  17.  Comparison  of  Forca-Tim® 
Elstoriss  from  LAffiFLOW15  and  tha 
Mathematical  Model 
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A  SCALE  MODEL  STUDY  OF  CRASH  ENERGY 


DISSIPATING  VEHICLE  STRUCTURES 


D.J.  Bozich  and  G.C.  Kao 
Research  Staff,  Wyle  Laboratories 
Huntsville,  Alabama  35806 


The  objectives  of  this  paper  are  to  show  that  the  energy 
dissipation  mechanisms  of  motor  vehicle  structures  can  be 
simulated  by  scale  model  experiments  and  that  the  experi¬ 
mental  results  car,  be  of  significant  value  toward  the  for¬ 
mulation  of  an  analytical  model.  The  crash  models  were 
designed  to  represent  a  one-tenth  scale  passenger  car  using 
gravitational  scaling  laws.  The  scale  weight  of  the  model 
can  be  varied  to  represent  actual  vehicle  weight  from  about 
2,500  to  about  5,000  pounds.  A  scaled  mannequin  and  seat-re¬ 
straint  system,  and  restrained  cargo  were  added  as  options 
for  a  few  cf  the  experiments  to  study  the  effect  of  the  range 
of  energy  dissipators  on  their  responses.  Accelerometers  were 
attached  to  the  model  structure,  the  mannequin  and  the  cargo. 

Tests  were  conducted  on  a  ballistic  pendulum  at  several 
different  drop  heights  to  simulate  impact  speeds  up  to  about 
40  miles  per  hour.  Three  types  of  barriers,  namely,  a  small 
area  barrier  (SAB) ,  a  medium  area  barrier  (MA3) ,  and  a 
wedge  barrier  (WB)  were  used  during  the  tests.  Five  basic 
scaled  energy  dissipating  materials  were  used  to  construct 
several  different  types  of  energy  absorbers  to  simulate 
multiple  structural  zones  of  a  vehicle. 

This  paper  offers  an  approach  to  study  the  energy  absorbing 
characteristics  of  motor  vehicles  as  well  as  to  set  prelimi¬ 
nary  criteria  for  the  design  of  more  efficient  structural 
systems  for  absorbing  collision  forces. 


INTRODUCTION  systems  and  testing. 


The  crashworthiness  of  a  vehicle 
structure  i3  closely  related  to,  among 
other  things,  the  amount  of  impact  energy 
which  can  be  dissipated  through  struc¬ 
tural  deformation.  In  order  to  ach  .eve 
this  objective,  vehicle  structures  should 
be  designed  to  deform  effectively  during 
impact  collisions  so  as  to  reduce  g-loads 
on  occupants.  Analytical  models  for  ve¬ 
hicles,  as  well  as  component  structures 
are  needed  to  predict  responses  and  to 
provide  design  information  for  vehicle 


A  recent  study  on  structural  re¬ 
sponses  of  vehicle  structures  [l]  has 
revealed  that  the  peaks  and  valleys  of 
deceleration  response  curves  actually 
represent  the  successive  collapse  (or 
failure)  of  structural  components  which 
react  to  impact  collisions.  This  find¬ 
ing  leads  to  a  hypothesis  that  the  re¬ 
acting  structural  components  act  as 
energy  dissipating  mechanisms  (or  energy 
dissipators) .  The  problem  is  reduced  to 
finding  suitable  analytical  models  to 
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represent  multiple  energy  dissipators 
rather  than  to  deal  with  the  more  compli¬ 
cated  motor  vehicles. 

The  objectives  of  this  paper  are  to 
show  that  the  energy  dissipating  mecha¬ 
nisms  of  motor  vehicles  can  be  simulated 
by  scale  model  experiments  and  that  the 
experimental  results  can  be  of  signifi¬ 
cant  value  toward  the  formulation  of 
analytical  models.  Since  scale  model 
experiments  can  be  conducted  with  a  high 
degree  of  accuracy  and  repeatability; 
this  advantage  would  greatly  enhance  the 
reliability  of  analytical  models.  On 
the  other  hand,  scale  model  experiments 
cannot  be  used  to  simulate  all  the  struc¬ 
tural  characteristics  and  crash  environ¬ 
ments  of  impact  collisions.  Therefore, 
cautions  must  be  exercised  in  choosing 
the  desired  crash  parameters  used  in 
crash  testing. 

In  this  investigation,  scale  models 
were  designed  and  fabricated  to  represent 
one-tenth  3cale  medium  range  passenger 
cars  using  gravitational  scaling  laws. 

Two  types  of  model  vehicles  were  used 
in  the  experimental  tests.  The  first 
model  was  designed  to  simulate  decelera¬ 
tion  response  only,  and  had  a  scale 
weight  of  40  pounds.  The  second  model 
comprised  a  scaled  vehicle,  mannequin  and 
cargo;  and  had  a  scale  weight  of  43.6 
pounds.  Both  mannequin  and  cargo  were 
equipped  with  restraining  wires  to  repre¬ 
sent  respective  restraint  systems.  The 
objective  here  was  to  study  the  relative 
effect  of  the  range  of  energy  dissipators 
on  the  mannequin  and  cargo  responses. 
Accelerometers  were  used  to  measure  and 
acquire  the  impact  response  signals. 

Tests  were  conducted  on  a  ballistic 
pendulum  at  several  different  drop  heights 
to  simulate  full-scale  impact  speeds  up 
to  40  miles  per  hour.  Three  types  of 
barriers  were  used  during  the  tests; 
namely,  a  small  area  barrier  (SAB) ,  a 
medium  area  barrier  (MAB) ,  and  a  wedge 
barrier  (WB) .  Five  basic  scaled  energy 
dissipating  materials  were  used  to  con¬ 
struct  thirteen  different  types  of  energy 
dissipators  to  simulate  multiple  struc¬ 
tural  zones  of  a  vehicle.  Over  one  hun¬ 
dred  and  eighty  tests  were  performed. 

An  analytical  model  was  developed  in 
an  attempt  to  predict  model  vehicle  re¬ 


sponses.  The  analytical  model  uses  the 
elasto-plastic  deformation  characteris¬ 
tics  of  energy  dissipating  materials  to 
obtain  responses  of  medium  area  barrier 
impact  tests.  Satisfactory  comparisons 
between  analytical  and  experimental  re¬ 
sults  were  obtained. 

This  paper  presents  the  feasibility 
of  using  scale  model  experiments  in  for¬ 
mulating  analytical  models,  and  in  simu¬ 
lating  effects  of  barrier  size,  shape, 
and  impact  velocity  to  the  responses  of 
scaled  elements  (i.e.,  vehicle,  manne¬ 
quin  and  cargo,  etc.);  it  also  illus¬ 
trates  the  effectiveness  of  ''programmed" 
structural  deformation  techniques  in 
reducing  deceleration  response. 

DYNAMIC  MODELING  AND  SCALING  LAWS 

The  state-of-the-art  in  dynamic 
modeling  has  been  well  treated  in  many 
text  books  and  the  literature.  Ref.  [2] 
is  particularly  good  and  one  of  the 
better  sources  for  a  complete  treatment 
on  this  particular  subject.  The  theory 
of  dynamic  modeling  is,  therefore,  not 
presented  here,  but  rather  moderately 
reviewed. 

The  use  of  scale  models  for  simula¬ 
tion  of  complex  or  expensive  engineering 
problems  has  been  found  to  be  particu¬ 
larly  valuable  in  several  respects; 

(i)  to  obtain  experimental  data  for 
quantitative  evaluation  of  a  par¬ 
ticular  theoretical  analysis, 

(ii)  to  explore  the  fundamental  behav¬ 
ior  involved  in  the  occurrence  of 
little-understood  and  particular 
types  of  phenomena, 

(iii)  to  obtain  quantitative  data  for 
use  in  prototype  design  problems, 
particularly  when  mathematical 
theory  is  overly  complex,  or  non¬ 
existent, 

(iv)  to  obtain  qualitative  and  quanti¬ 
tative  data  with  minimum  axpense 
and  effort. 

Two  general  types  of  dynamic  model¬ 
ing  techniques  are  recognized.  Geo¬ 
metrically  similar  modeling  is  widely 
used  and  its  technique  is  well  developed 
due  to  less  complexity  in  relating  the 
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model  and  the  full-scale  prototype. 
Wind-tunnel  tests  of  aircraft  and  aero¬ 
space  vehicles  are  well-known  applica¬ 
tions  of  this  technique.  A  skew  model 
is  a  distorted  model  of  the  prototype 
that  gives  a  possible  amplified  response 
of  a  portion  of  a  structure,  which  is  of 
interest  to  the  investigator.  Skew  model¬ 
ing  is  generally  less  popular  in  model 
testing  because  of  inherent  complexi¬ 
ties  in  the  basic  model-to-protceype 
relationship,  such  as  less  accuracy 
in  predicting  the  prototype’s  dynamic 
behavior  from  the  model's.  A  geometri¬ 
cally  similar  model  was  used  for  this 
experimental  study. 

Geometrically  similar  modeling 
branches  in  several  directions;  each  of 
which  has  scaling  laws  which  depend  on 
the  items  or  quantities  that  are  or 
interest  to  the  investigator.  The  quan¬ 
tities,  to  name  a  few,  may  be  stress, 
strain,  frequency,  force,  acceleration, 
etc.  It  has  been  found  generally,  how¬ 
ever,  that  complete  geometrical  simi¬ 
larity  between  the  model  and  the  proto¬ 
type  is  unattainable  and  dissimilarity 
between  some  less  important  quantities 
must  be  accepted.  The  vehicle  model  for 
studying  crashworthiness  must  satisfy 
laws  of  similitude  dealing  with  acceler¬ 
ation  -  and  consequently,  the  human 
deceleration  tolerance  and  structural 
behavior  as  well  as  geometric  similarity. 
Gravity  scaling  laws  (also  known  as 
Froude's  law)  therefore  were  applied 
throughout  this  experimental  study.  These 
scaling  laws  were  used  because  the  model 
vehicle  and  a  full-scale  automobile  will 
both  experience  the  same  deceleration 
levels  in  g  units  (lg  =  32.2  ft/sec^), 
upon  impact.  Let  the  geometrical  (length) 
scale  factor  be  X  ,  then  Table  I  summa¬ 
rizes  the  essential  ratio  between  model 
and  full-scale  prototype  parameters.  It 
can  be  shown  that  some  less  important 
parameters,  such  as  Young's  Modulus, 
stress,  and  others,  are  not  scaled.  How¬ 
ever,  they  were  of  no  significant  impor¬ 
tance  to  the  experimental  crashworthi¬ 
ness  model  program. 

DESCRIPTION  OF  TEST  MODEL  ELEMENTS 

An  automobile  model  was  fabricated 
for  the  experimental  crashworthiness 
study.  A  geometrical  scale  factor  X  of 
1/10  was  selected.  It  was  shown  in  the 
previous  section  that  the  gravity  scal¬ 


ing  laws  require  the  length  and  width 
of  the  model  to  be  l/10th  those  of  the 
full  size  automobile.  However,  if  the 
vehicle  model's  weight  is  l/100th  that 
of  a  full-scale  automobile,  then  the 
material  density  of  the  model  should  be 
ten  times  greater. 


TABLE  I 


Table  of  Gravity  Scaling  Laws 


Quontity 

Rctio  of  Model 
to  Prototype  (X) 

Numerical  Ratio 
for  a  1/10  Scale 
Model 

Acceleration 

1 

I 

Area 

X’ 

0.01 

Deflection 

X 

0.10 

Density 

l/X 

10.0 

Energy 

x3 

0.01 

Frequency 

vVT 

3.16 

Length 

X 

0.1 

Mass 

X* 

0.01 

Modulus  of 
Elasticity 

1 

1* 

Strain 

I 

r 

Stress 

1 

1* 

Time 

0.316 

Velocity 

VT 

0.316 

Volume 

X3 

0.001 

*  Unify  only  when  density  ratio  is  mode  to  equal  l/X . 
In  mcny  procficol  cases,  density  ratio  can  not  be 
controlled . 


The  average  American  automobile 
weighs  approximately  4000  pounds,  and 
occupies  a  volume  of  approximately  500 
to  700  cubic  feet.  The  material  density 
(made  of  steel  and  void)  is  approximately 
5  lb/cu  ft.  The  vehicle  model,  weighing 
37.7  pounds,  is  made  of  steel  which  has 
a  known  density  of  490  lb/cu  ft.  The 
''density"  of  the  model  vehicle  volume  is 
about  49  lb/cu  ft,  or  about  ten  times 
that  of  an  average  full-scale  automobile, 
thus  satisfying  the  gravity  scaling  laws. 
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TABLE  XI 


Two  types  of  crash  simulation  models 
were  used  in  the  experiments.  The  type 
I  model,  as  shown  in  Figure  1,  was  used 
to  simulate  vehicle  response  only.  The 
type  II  model,  as  shown  in  Figure  2.  was 
used  to  simulate,  respectively,  the  mo¬ 
tions  of  the  vehicle,  the  mannequin  and 
the  cargo  block.  Statistics  of  these 
two  models  are  listed  in  Table  II. 


Figure  1.  Type  I  Model 


Figure  2.  Type  II  Model 


Statistics  of  Crash  Simulation  Models 


Item 

Type  I 

Type  II 

Width 

5.9  in. 

5.9  in. 

Overall  length 

.  20.25  in. 

)8.8  in. 

Thickness 

9.75  in .+ 

1.3  inf 

Vehicle  Weigh? 

40.0  lbs 

37.70  lbs 

Mannequin 

- 

1 .35  lbs 

Cnrgo 

- 

4.51  lbs 

Total  Weight 

40.0  lbs 

43.56  lbs 

+  Bottom  to  top  of  channel 


*  Base  plots  only 


The  same  gravity  scaling  law  applies 
to  the  mannequin.  The  material  density 
of  the  mannequin  should  be  ten  times 
that  of  a  human  being.  A  human  being 
comprised  of  solid,  liquid,  air,  and 
visco-elastic  components  has  a  specific 
gravity  of  approximately  1.0.  A  commer¬ 
cial  material,  having  a  specific  gravity 
of  10.0  could  not  be  found,  therefore, 
a  compromise  was  made  and  the  mannequin 
was  made  of  brass  which  had  a  specific 
gravity  of  8.6.  The  material  was  also 
chosen  because  it  was  easily  machinable. 

The  design  profile  of  the  mannequin 
and  the  construction  of  the  joints 
(specially  designed  for  seated  position) 
were  guided  by  the  research  report  of 
Ref.  [3].  The  width  of  the  body,  the 
extremities,  head,  and  neck  are  so  pro¬ 
portioned  that  the  mannequin  has  the 
same  weight  distribution  as  that  of  an 
actual  human  being.  The  mannequin  weighs 
1.35  pounds,  which  is  l/100th  of  an 
average  adult's  weight  (male  and  fe¬ 
male)  .  The  legs  and  hands  of  the  manne¬ 
quin  are  free  to  move  within  the  same 
effective  limitations  that  a  human  may 
experience  in  a  forward  seating  position. 
Figure  3  is  a  photograph  of  the  final 
mannequin  assembly. 

The  material  elasticity  is  not  pro¬ 
portionally  scaled  in  this  mechanical 
mannequin  to  that  of  a  living  body.  The 
entire  body  is  known  to  be  elastic  in 
nature.  The  internal  organs,  suspended 
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and  inter-related  within  a  body  frame¬ 
work  can  be  considered  as  a  multiple- 
degree-of-f reedom  system  in  dynamic  be¬ 
havior.  The  natural  vibration  frequen¬ 
cies,  the  material  elasticities,  and  the 
material  damping  play  important  roles  in 
the  study  of  human  deceleration  toler¬ 
ance  during  an  abrupt  change  of  velocity. 
Obviously  the  mechanical  mannequin  dees 
not  attempt  to  simulate  the  biochemical 
nature  of  the  human  body  under  dynamic 
loads;  rather,  it  is  primarily  intended 
to  study  only  the  flexing  of  the  extremi¬ 
ties,  and  the  “ jackni f ing  '  of  the  upper 
torso  of  a  human  body  under  abrupt  de¬ 
celeration. 


Figure  3.  Actual  Si2e  of  the  1/10 
Scale  Mannequin 

A  2.5  inch  cube,  made  of  Brass, 
weighing  4.51  pounds  was  fabricated  to 
simulate  a  cargo  load  of  450  pounds, 
carried  inside  an  automobile  or  in  the 
bed  of  a  pickup  truck,  etc.  This  load, 
when  used,  was  restrained  only  in  a 
forward  direction  by  e  piano  wire,  which 
breaks  at  a  predetermined  force  of  320 
pounds . 


(ii)  Time  duration  lasts  from  0.1  to  . 
0.23  seconds. 

(iii)  60  to  90  percent  of  the  area  under 
the  curve  is  contained  in  the 
early  half  of  the  time  duration. 

(iv)  Peak  deceleration  ranging  from 
20  g  to  150  g  are  commonly  found 
depending  on  the  vehicle’3  initial 
impact  velocity,  type  of  vehicle, 
and  the  struck  object. 

Therefore,  it  is  important  to  be 
able  to  simulate  experimentally  the  de¬ 
celeration-time  curve,  peak  deceleration, 
and  energy  distribution  during  an  impact 
collision  of  the  vehicle  mode;  and  later, 
perhaps,  to  control  and  to  improve  the 
deceleration-time  history  and  the  energy 
absorption  characteristics  of  an  auto¬ 
mobile  design  through  the  evaluation  of 
the  model  test  data. 


In  order  to  achieve  similarity  of 
the  deceleration-time  curves  of  the  ve¬ 
hicle  model  and  of  the  full-scale  proto¬ 
type,  several  energy  absorbing  materials 
and  their  combinations  were  used  to  ab¬ 
sorb  crash  energy  of  the  vehicle  model 
upon  collision  with  various  types  of 
barriers.  Five  types  of  materials  were 
selected.  They  are  as  follows: 


Materials 


Symbol 


Fiber  Glass 

Styrofoam  . 

Acoustic  Tile 

Paper  Honeycomb,  load  parallel 
to  cell 

Aluminum  Honeycomb,  350  psi 

strength,  load  parallel  to 
cell 

Aluminum  Honeycomb,  350  psi 

strength,  load  vertical  to 
cell 

Aluminum  Honeycomb,  150  psi 

strength,  load  parallel  to 
cell 


F 

S 

T 

P 


3P 


Most  head-on  collisions  display  de¬ 
celeration  time  curves  which  are  char¬ 
acterized  by  the  following; 

(i)  Several  deceleration  peaks  occur 
in  the  early  half  of  the  time- 
history  during  collisions. 


The  elements  were  cut  to  give  a  nom¬ 
inal  size  of  3“  x  6"  x  2”.  Three  differ¬ 
ent  elements  were  put  together  in  series 
to  form  an  energy-dissipating  block,  of 
size  3"  x  6”  x  6".  The  elements  were 
separated  from  each  other  by  a  3"  x  6" 
x  1/32"  aluminum  plate,  to  ensure  that 
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each  element  would  not  interfere  with 
the  others  when  the  entire  block  was 
being  deformed.  An  extra  aluminum  plate 
was  also  located  in  the  front  of  the 
energy  absorbing  block.  The  arrange¬ 
ments  of  the  elements  in  a  block  were 
varied.  Thirteen  arrangements  of  the 
energy  absorbing  blocks  were  formed  and 
tested.  Their  arrangement,  signations, 
and  average  weights  are  listed  in  Table 
III.  Figure  4  shows  one  of  these  energy 
dissipators. 


TABLE  III 


Description  of  Energy  Dissipators 


Material 
Combiniations 
(Front  to  Bock) 

Test  Series 
Designation 

Average 
Weight  (ib) 

P  -  S  -  T 

100 

0.66 

P  -  S  -  F 

200 

0.40 

P  -  F  -  T 

300 

0.86 

S  -P-A 

400 

0.39 

S  -  F  -  T 

5C0 

0.70 

P  -  F  -  A 

600 

0.45 

P  -  T  -  A 

7C0 

0.75 

S  -  F  -  A 

SCO 

0.42 

S  -  T  -  A 

900 

0.70 

F  -  T  -  A 

1,000 

0.80 

P-T-A,P 

700  A 

0.70 

S-A3V"V 

800  A 

0.37 

S-T-A3P 

900  A 

0.73 

The  deceleration  response  of  an  auto¬ 
mobile  in  an  accident  varies  significant¬ 
ly  upon  impact  with  various  struck  ob¬ 
jects.  Three  barrier  designs  were  em¬ 
ployed  in  the  experimental  study.  They 
consist  of: 

A  Pole  Barrier  -  Small  Area  Barrier 
(SAB) 

A  Wedge  Barrier  (90°  Angle)  -  (WB) 

A  Flat  Barrier  -  Medium  Area  Barrier 
(MAB) 


Figure  4.  Typical  Material  Arrangement 
of  an  Energy  Dissipator 


These  barriers  simulate  the  colli¬ 
sion  of  a  vehicle  with  a  rigid  utility 
pole,  a  rigid  corner  of  a  heavy  object 
such  as  a  bridge  abutment  or  a  45  degree 
head-on  collision  with  another  vehicle, 
and  a  rigid  flat  barrier.  Figures  5,  6. 
and  7  show  photographs  of  the  three  bar¬ 
rier  designs  used  in  this  study. 


Figure  5.  Medium  Area  Barrier  (MAB) 
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figure  6.  Wedge  Barrier  (V.’B) 


open  end  of  the  wooden  framework,  and 
secured  slightly  by  paper  tape  to  the 
►eflon  floor  and  to  the  sides  of  the 
wooden  framework  to  prevent  any  prema¬ 
ture  movement  of  the  vehicle.  Upon  im¬ 
pact  the  vehicle  model  is  free  to  slide 
backward  or.  the  "frictionles3"  teflon 
floor.  The  p  atform  and  the  initial 
location  of  the  vehicle  model  with  re¬ 
spect  to  the  platform  are  so  designed 
that  the  vehicle  model  hits  the  designed 
barrier  at  the  platform’s  lowest  posi¬ 
tion,  after  its  release  from  a  predeter¬ 
mined  initial  raised  position.  After 
a  time  delay  sufficient  to  acquire  the 
model  impact  response  data,  the  platform 
impacts  the  large  reaction  mass  which  is 
made  of  reinforced  concrete  with  a  steel 
covering  and  frame.  The  scaled  barrier 
is  welded  t  •  the  reaction  mass.  Figure  9 
is  a  photograph  ^f  the  experimental 
facility. 
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Figure  8,  General  View  of  Shock  Test 
Facility 


Figure  7.  Small  Area  Barrier  (SAB) 


DESCRIPTION  OF  EXPERIMENTS 


The  actual  impact  velocity  of  the 
model  vehicle  at  the  moment  of  impact 
can  be  calculated  from  the  conversion  of 
potential  energy  into  kinetic  energy, 
namely: 


A  U-shape  wooden  framework  is  secured 
on  the  top  surface  of  the  pendulum  plat¬ 
form.  A  2'  x  6'  teflon  sheet  (1/16  inch 
thick)  forms  the  bottom  floor  inside  this 
wooden  framework.  The  test  vehicle 
model  is  placed  on  the  teflon  sheet  a 
few  inches  from  the  leading  edge  of  the 


V  =  V  2  gh 

where  V  =  actual  impact  velocity,  ft/sec 
g  =  32.2  ft/sec2 
h  =  platform  drop  height,  ft. 
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The  simulated  impact  velocity  of  the 
model  vehicle  is  related  to  the  actual 
velocity  by  the  scaling  laws,  discussed 
previously.  It  can  be  shown  that 

1 

V  ,  .  .  =  .Tr-  V  actual 

simulated  y X 

The  geometrical  scale  factor  is  1/10 
in  this  experiment.  Figure  9  gives  a 
design  chart  of  platform  drop  height  vs. 
simulated  automobile  impact  velocity. 
Three  drop  height  values.  2.0  ft.,  3.5 
ft.,  and  5.0  ft.,  were  used  in  the  ex¬ 
periments  to  simulate  a  prototype  vehicle 
traveling  at  24.4,  32,  and  39  mpn,  re¬ 
spectively. 


o.  10  50  10  «j  x 

IMPACT  SPtEO,  MPH 

Figure  9.  Drop  Height  vs.  Simulated 
Impact  Speed 

Two  laboratory  test  series  were  con¬ 
ducted  in  this  program.  The  first  lab¬ 
oratory  test  series  was  designed  to  give 
more  insight  and  knowledge  about  the 
energy  absorption  problem,  and  to  simu¬ 


late  the  deceleration-time  history  of  an 
actual  automobile  crash.  Type  I  model 
was  used  in  the  tests.  Ten  arrangements 
of  energy  dissipating  blocks,  series  100 
through  1000,  the  three  drop  heights, 
and  the  three  barriers  formed  a  1C  x  3 
x  3  lattice  of  experiments  (that  is.  a 
total  of  90  tests) .  Forward  deceleration 
of  the  vehicle  model  and  the  platform 
were  recorded  by  a  two-channel  visi- 
corder.  The  deceleration  of  the  plat¬ 
form  was  needed  just  to  ensure  that 
there  was  enough  time  delay  between  the 
vehicle  model  impacting  the  barrier, 
and  the  platform  impacting  the  large 
barrier.  The  mechanical  mannequin  and 
the  simulated  cargo  load  were  not  in¬ 
stalled  in  the  vehicle  model  ir,  this 
first  test  series. 

After  a  careful  study  of  the  test 
data  compiled  from  the  first  test  series, 
a  second  laboratory  test  series  was  con¬ 
ducted  a  few  days  later  on  the  200,  700A, 
800A,  and  900A  series  of  energy  dissi¬ 
pating  blocks.  The  type  II  model  was 
used  in  the  tests.  Two  drop  heights 
(2.0  ft.  and  3.5  ft.)  and  the  three 
barriers  were  used  to  give  a  total  of 
24  tests.  A  scaled  seat  mannequin,  re¬ 
strained  fcv  a  simulated  seat  belt  only, 
and  the  simulated  cargo  load,  restrained 
in  a  forward  direction  by  a  piano  wire 
restraint,  were  added  to  the  vehicle 
model  in  this  second  test  series.  The 
breaking  forces  of  the  simulated  seat 
belt  wires  and  the  cargo  restraint  piano 
wire  were  tested  and  found  to  be  55  and 
315  pounds,  respectively.  Selection  of 
these  two  load  values  was  based  on  simu¬ 
lating  the  dynamic  failure  of  actual 
full-scale  seat  belts  and  restraint  belts 
for  heavy  loads.  The  estimated  failure 
loads  of  the  simulated  seat  belt  and  the 
piano  wire  were  70  g  and  100  g  loads, 
respectively. 

The  forward  deceleration  responses 
were  recorded  by  a  four-channel  direct 
writing  oscillograph  (visicorder)  tor 
positions  on  the  platform,  the  vehicle 
model,  head  of  the  mannequin,  and  the 
load.  High  speed  movies  were  also  used 
in  this  second  series  of  tests.  A 
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Test  results  for  the  pendulum  drop 
tests  of  the  model  vehicles  and  static 
compression  tests  of  the  energy  dissipa¬ 
tions  have  been  reduced  to  graphical 
form.  They  are  presented  as  follows: 

a.  Figures  14  through  23  represent 
the  Peak-g  responses  of  Type  X 
model. 


b.  Figures  24  through  26  represent 
deceleration  responses  of  Type  II 
model,  mannequin,  and  cargo  sub¬ 
ject  to  a  32  mph  impact  velocity 
with  the  three  barriers. 
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24  32  39 

FULL  SCALE  IMPACT  VELOCITY,  MPH 


Figure  14.  Peak  c  Response  -  Series  100 
Energy  Dissipator  Subject  to 
Three  Impact  Velocities 


24  32  39 

fUU  SCALE  IMPACT  VELOCITY,  MPH 


FULL  SCALE  IMPACT  VELOCITY,  MPH 


Figure  16.  Peak  g  Response  -  Series  300 
Energy  Dissipator  Subject  to 
Three  Impact  Velocities 
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FULL  SCALE  IMPACT  VELOCITY,  MPH 


Figure  17.  Peak  g  Response  -  Series  400 
Energy  Dissipa.tor  Subject  to 
Three  Impact  Velocities 


24  32  39 

FULL  SCALE  IMPACT  VELOCITY.  MPH 


Figure  15.  Peak  g  Response  -  Series  200  Figure  18.  Peak  g  Response  -  Series  500 

Energy  Dissipator  Subject  to  Energy  Dissipator  Subject  to 

Three  Impact  Velocities  Three  Impact  Velocities 
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150 


150 


24  32  39 

FULL  SCALE  IMPACT  VELOCITY.  mPh 


Figure  19.  Peak  g  Response  -  Series  600 
Energy  Dissipator  Subject  to 
Three  Impact  Velocities 


24  32  39 

FULL  SCALE  IMPACT  VELOCITY,  mPm 


Figure  20.  Peak  g  Response  -  Series  700 
Energy  Dissipator  Subject  to 
Three  Impact  Velocities 


24  3?  3« 

FULL  SCALE  IMPACT  VELOCITY.  MPH 

Figure  21.  Peak  g  Response  -  Series  900 
Energy  Dissipator  Subject  to 
Three  Impact  Velocities 


Figure  22.  Peak  g  Response  -  Series  900 
Energy  Dissipator  Subject  to 
Three  Impact  Velocities 


24  32  39 

FULL  SCALE  IMPACT  VELOCITY,  MPH 

Figure  23.  Peak  g  Response  -  Series  1000 
Energy  Dissipator  Subject  to 
Three  Impact  Velocities 


The  conclusions  on  the  test  results 
can  be  summarized  as  follows: 

a.  Energy  dissipation  is,  in  general, 
dependent  on  impact  velocity.  This 
phenomenon  is  demonstrated  by  the 
peak  g  vs.  impact  velocity  curves, 
as  shown  in  Figures  14  through  23. 

j.  Energy  dissipation  is  dependent 
upon  barrier  shape.  The  wedge 
barrier  would  render  lower  peak 
g  responses  than  that  of  che  me¬ 
dium  ar.d  small  area  barriers. 
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Deceleration,  g  Deceleration,  g  Deceleration 


Figure  24,  Responses  of  Cargo,  Dummy  and  Scale  Vehicles  with  Series  200 
Energy  Dissipator  Subject  to  32  Miles  Per  Hour  Impact 
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26. 


Responses  of  Cargo,  Dummy  and  Scale  Vehicles  with  Series  900A 
Energy  Dissipator  Subject  to  32  Miles  Per  Hour  Impact 
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c.  Certain  energy  dissipator:;.  such 

as  Series  100.  200  and  400. 

when  interacting  with  the  wedge 
and  pole  barriers  tend  to  main¬ 
tain  relatively  low  and  yet  con¬ 
stant  peak  responses  of  the  model 
vehicle,  as  shown  in  Figures  14, 
15,  and  17,  respectively.  Fur¬ 
thermore,  the  responses  of  the 
mannequin  and  the  simulated  car¬ 
go  to  wedge  barrier  impact  tests, 
as  shewn  in  Figures  24  through 
26,  are  comparatively  lower  than 
that  of  other  barrier  impacts; 
and  the  respensas  of  the  dummy, 
in  particular,  are  considered 

as  tolerable  for  humans  to  sur¬ 
vive.  This  phenomenon  may  sug¬ 
gest  that  the  principal  energy 
dissipating  mechanisms  gener¬ 
ated  between  theae  dissipatorr. 
and  the  barriers  could  be  uti¬ 
lized  to  design  structural  sys¬ 
tems  of  prototype  vehicle 
which  would  respond  in  the  aarc 
manner  as  that  of  the  experimen¬ 
tal  model. 

d.  The  one-tenth  scale  mode  i 

in  the  tests  have  shc-’n 
factory  results  in 

energy  dissipating  ir 
of  barrier  collisions.  F. 
example,  Figure  27  repress.. cs  a 
comparison  between  the  barrier 
collision  responses  of  a  1937 
Plymouth  [4]  and  the  typo  I 
model  with  a  series  200  energy 
dissipator.  Figure  28  repre¬ 
sents  a  comparison  between  the 
responses  of  a  1949  Chevrolet 
[5]  and  the  typo  I  model  with 
a  Series  700  energy  dissipator. 
The  similarity  of  the  curves  in 
these  examples  are  remarkable. 

The  discrepancy  in  the  early 
peaking  of  the  model  venicle 
can  be  eliminated  by  modifying 
the  material  properties  of  the 
energy  dissipator. 


Figure  27.  Comparison  of  Deceleration 

Responses  of  a  Prototype  Car 
and  Type  I  Model  Vehicle 
with  a  200  Energy  Dissipator 


Figure  29.  Comparison  of  Deceleration 

Responses  of  a  Prototype  Car 
and  Type  II  Model  Vehicle 
with  a  700  Energy  Dissipator 
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PREDICTION  OF  SCALE  MODEL  VEHICLE  RE¬ 
SPONSES  TO  MEDIUM- AREA- BARRIER  IMPACT 

The  mathematical  model  used  in  this 
analysis,  as  shown  in  Figure  29,  con¬ 
sists  of  a  vehicle  V  of  mass  mv  travel- 
-ng  at  an  initial  velocity  vc  striving  an 
infinitely  rigid  barrier.  The  front  of 
the  vehicle  is  protected  by  a  series  of 
three  crushable  energy  dissipators  of 
thicknesses  L±,  L2.  L3.  The  crcss- 
sectional  area  A  is  common  to  the  front 
of  the  vehicle,  the  three  dissipators 
and  t.he  barrier. 


Vehicle  Model 


Rigid 

Barrier 


V 

0 

«  CO 

i 

0 

<5  CM 

I 

!~mi 

*0  cn 

Figure  29.  Analytical  Model  of  the 
Scale  Vehicle 


The  stress-strain  characteristics  of 
the  three  dissipating  materials  are 
known;  their  idealized  characteristics 
are  shown  in  Figure  30.  For  the  pur¬ 
pose  of  the  present  analysis,  it  is 
assumed  that  dissipator  1  reaches  its 
yield  point  (crc  *c  )  ,  collapses  to  its 
1  1 

plastic  state  (cr  <  )  ,  and  then  reaches 

*1  1 

the  end  of  its  plastic  state  (<rp  *c  )  , 

11 

after  which  it  is  crushed  to  its  mini¬ 
mum  thickness  and  then  becomes  inert. 

The  stress  begins  to  rise  again,  until 
dissipator  2  reaches  its  yield  point, 
and  so  on.  We  assume  that  there  is  no 
"stress  overlap",  i.e.,  that 


cr_  >  >  <r„  >  <r_  >  cr 

c3  P3  c2  P2  C1  Pi 


We  also  assume  that  e  >  €_,  and  that  the 
P  c 

gradient  of  the  character istcc  becomes 
infinite  at  t  =  <L  . 


1 


Figure  30.  Idealized  Stress-Strain 

Characteristics  of  Energy 
Dissipators 


Having  estimated  the  stress-strain 
characteristics  for  the  three  materials 
comprising  the  energy  dissipator  under 
consideration,  the  analysis  divides  the 
post-impact  behavior  into  nine  phases. 
For  the  purposes  of  the  analysis,  it  has 
to  be  assumed  that  one  material  reaches 
its  yield  point,  passes  through  its 
plastic  mode  and  becomes  compressed  to 
its  maximum  limit,  (after  which  it  is 
energetically  inert) ,  before  the  stress 
has  reached  the  yield  point  of  the  next 
material.  The  first  material  to  yield 
is  denoted  dissipator  1,  the  second  as 
2,  and  the  third  as  3.  For  a  non- 
collapsible  material,  it  is  assumed  that 
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the  plastic  mode  is  very  limited,  i.e., 
that  the  maximum  crushing  limiting  strain 
is  only  very  slightly  greater  than  the 
hypothetical  "yield  strain." 

The  analysis  of  the  vehicle  model, 
is  divided  into  nine  phases,  each  phase 
being  evaluated  numerically  in  small 
increments  of  either  c  or  e.  The  princi¬ 
pal  assumption  is  that  the  stress  is 
constant  throughout  the  system  at  any 
given  instant  in  time;  that  is,  that  the 
same  stress  is  applied  to  each  disripator 
in  each  increment.  The  nine  phases  of  the 
analysis  outlined  in  Table  III  are: 

Phase  1 

The  stress  excursion  during  Phase  1  is 
divided  into  a  number  (say  25)  of  incre¬ 
ments  Acr,  where 

Ac  =  c  /25  (1) 

ci 


The  final  stress  at  the  end  of  the  n-th 
increment  is  nAc.  If  we  denote  the  gra¬ 
dient  of  the  elastic  portion  of  the 

streco- strain  curves  at  m.,  then  the 

i 

compression  at  the  end  of  the  n-th  in¬ 
crement  for  dissipator  i  is  given  by 

L. 

As'  *=  nAc  •  -  (2) 

1  mi 

where  L^  is  the  initial  length  of  the 

dissipator.  If  we  denote  by  I  As  the 

i 

compression  at  the  beginning  of  the  in¬ 
crement,  the  compression  which  took 
place  during  the  increment  is  given  by 

L. 

As  *  nAc  — - —  XAs  .  (3) 

i  mi  i 

Now,  strain  energy  absorbed  is  given  by 

the  general  expression 

AE  =  ffAAs  (4) 


TABLE  IV 


Nine  Phases  of  the  Analysis 


Stress 

*  1  Strain 

*2  Strain 

*3  Strain 

Mec^onicol  Condition  of 
Disiiuotion 

Energy  Transfer  of 
Dissipation 

Initial 

Final 

Initial 

Final 

Initial  | F #r>0 1 

Initial 

Final 

n 

<.?  <3 

# ! 

*? 

#3 

1 

0 

c 

c. 

0 

t 

c. 

0 

•* 

0 

* 

Elastic 

Elastic 

Elostic 

3 

Absorb 

Absorb 

2 

a 

0 

p. 

C 

ci 

< 

pi 

* 

* 

* 

Fail  ing 

Elastic 

Elastic 

Absorb 

Emit 

Emit 

0 

a 

Pi 

0 

Pl 

t 

p. 

*i 

1 

- 

— _ 

- 

P  lost  ic 

n 

Stationary 

Absorb 

Inert 

Inert 

4 

0 

Pl 

a 

r 

2 

Inert 

Ine>  t 

* 

c 

ci 

' 

Inert 

Elastic 

Elostic 

Inert 

Absorb 

Absorb 

5 

a 

a 

p2 

% 

'P! 

• 

• 

■ 

Failing 

Elastic 

■ 

Absorb 

Emit 

6 

< 

p2 

\ 

- 

■ 

Plastic 

Stationary 

■ 

Absorb 

Inert 

7 

0 

Pj 

a 

c 

3 

Inert 

Inert 

( 

Pj 

■ 

inert 

Elastic 

■ 

Inert 

Absorb 

8 

0 

C1 

a 

p, 

€ 

C3 

€ 

pl 

■ 

Failing 

■ 

Absorb 

9 

0 

pi 

c 

P3 

< 

p; 

*L 

3 

Plastic 

■ 

2 

Absorb 

•  Intermediate  Stialn  to  be  Computed 
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where  S’  =  mean  stress  acting, 


A  =  cross-sectional  area,  and 

As  =  stroke  during  the  increment. 
Now  we  have,  for  the  n-th 
increment, 


(■-!)■ 


and  hence 


AEi  =  ^n  - -i-j  AcA  As  ,  (6) 

where  As^  is  given  by  Equation  (3) . 

The  total  energy  absorbed  during  the 
increment  is  given  by 

AEt=i>E.  (7) 


and  the  rate  of  change  of  deceleration 


Phase  2 

Dissipator  1  has  passed  its  yield  point 
and  is  collapsing  towards  the  plastic 
state.  As  the  stress  falls,  dissipators 
2  and  3  elastically  expand  and  give  up 
energy  to  the  system.  Analogous  to 
Equation  (1)  we  have 


^  '  75  (%  -  "pJ 


and  this  quantity  is  known.  Now  if  the 
initial  velocity  at  the  beginning  of  the 
increment  is  v^,  and  the  final  velocity 
(v‘  -  Av) ,  we  may  calculate  Av  from  the 

equation  of  conservation  of  energy  in 
the  form 


= -  —  r 

't  2  g  r 


•2-  (v'  -  Av)2  (S) 
o  ° 


Now  the  total  distance  traveled  during 
the  increment  by  the  vehicle  is  given 
by 


As  =  >  As. 


and  the  mean  speed  of  the  vehicle  during 
the  increment  is 


7-Mv 

2lo 


+  (v^  -  Av) 


Thus  we  may  calculate  the  time  occupied 
by  the  increment  as 


If  we  denote  the  gradient  of  the 
failing  portion  of  the  3tress-strain 
characteristics  as  m  ,  then,  using 
C1 

the  same  arguments  as  previously  we  have 
for  the  n-th  increment 


(nAcr\ 

e  +  - ]  L  -  ZAs  (15) 

=1  mcJ  1  1 

where  we  have  assigned  a  negative  sign 
to  m  .  ThU3  the  energy  absorbed  by  1  is 
C1 

given  by 

AE  =  <j  -  (n - Wr  AAs  (16) 

1  [  cl  V  2/  J  1 

Dissipators  2  and  3  have  expanded  again, 
their  strokes  being  given  by 


/  nAcrx 

3.  =  ZAs.  -  L.  - 

i  l  l  \  i  m.  j 


where  £^  =  the  strain  of  that  dissipator 

at  the  beginning  of  the  phase.  The 
energy  given  up  by  2  and  3  is 


the  mean  deceleration  during  the  incre¬ 
ment  a3 


i  =  er  -  (n - \  Ac  A  As  (18) 

i  [C1  \  2/  J  i 
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Thus,  noting  that 


up  energy.  The  calculations  are  similar 
to  those  for  Phase  2. 


As^  =  A 3^  -  As^ 


=  As. 


AS. 


(19) 


we  may  compute  Av, 
before 


At  , 

1 


g- 


and 


g  as 


Phase  6 

Dissipator  2  is  collapsing  in  its  plas¬ 
tic  state,  absorbing  energy  at  constant 
stress.  Dissipator  3  is  temporarily 
stationary  and  inert.  Calculations  as 
Phase  3. 


Phase  3 


Phase  7 


Dissipator  1  is  absorbing  energy  in  its 
plastic  mode  at  constant  stress  c 

P1 

Dissipators  2  and  3  are  inert  and  sta¬ 
tionary.  We  now  consider  the  strain 
excursion  e  to  <  33  being  divided 

Pi  Li 

into  increments  At  given  by 


(20) 


Dissipator  2  is  totally  collapsed  and 
henceforth  inert.  Dissipator  3  is  ab¬ 
sorbing  energy  in  its  elastic  mode 
again.  Calculations  as  Phase  1. 


Phase  8 


Dissipator  3  reaches  its  yield  point  and 
collapses  towards  its  plastic  state,  ab¬ 
sorbing  energy.  Calculations  as  Phase  2, 
except  of  course,  no  energy  is  given  up 
by  other  dissipators. 


For  the  n-th  increment  the  compression 
of  1  is  given  by 

An  =  («  +  nA<)  L  -  XAs  (21) 

1  \  pl  /  1  1 

and  the  energy  absorbed  is  given  by 


AS 

1 

aA3i 

(22) 

Notinq  that 

AFt  -  AEX 

and  Asfc  *  As  ,ve 

may  compute 

Av ,  At  g . 

and  g  as  before. 

Phase  4 

Dissipator  1 

is  totally 

collapsed  and 

henceforth  i3  inert.  Dissipators  2  and 
3  are  absorbing  energy  in  their  elastic 
modes,  and  the  calculations  are  similar  - 
to  those  presented  for  Phase  1. 

Phase  5 

Dissipator  2  reaches  its  yield  stress 
and  collapses  towards  it3  plastic  state, 
absorbing  energy.  Dissipator  3  expands 
elastically  as  the  stress  falls,  giving 


Phase  9 

Dissipator  3  absorbing  energy  in  its 
plastic  mode  at  constant  stress. 


The  analysis  permits  the  calculation 
of  the  complete  displacement,  velocity, 
deceleration,  and  rate-of-change  of  de¬ 
celeration  histories,  from  the  moment  of 
impact,  through  as  many  of  the  phases  as 
are  utilized,  until  either  all  the  inci¬ 
dent  kinetic  energy  has  been  absorbed, 
or  until  the  dissipators  are  all  totally 
expended.  Vehicle  rebound  is  ignored 
and  only  the  case  of  impact  against  a 
flat  barrier  of  area  equal  to  the  cross- 
sectional  area  of  the  dissipators  is 
cons idered . 

In  order  to  predict  analytical  re¬ 
sponses,  numerical  computations  have 
been  performed  to  evaluate  medium  area 
impact  responses  with  Series  200,  700, 
and  900  energy  dissipators.  The  ideal¬ 
ized  stress-strain  curves  of  the  energy 
dissipating  materials  are  presented  in 
Figures  31  through  33.  The  analytical 
results  are  compared  with  the  following 
test  cases: 
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Strain,  in./ in. 


Figure  31.  Component  Stress-Strain  Curves  of  Series  200  Energy  Dissipator 


Aluminum  Honeycomb,  A^p  . 


rAcoirttic 

Tilery 
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Strain ,  in  ./in . 

Figure  33.  Component  Stress-Strain  Curves  of  Series  900  Energy  Dissipator 


Case  Is  Series  200  dissipator  (paper 

honeycomb .  fiberglass  and  styro¬ 
foam)  at  impact  velocity  of  32 
mph.  Comparison  between  analy¬ 
tical  and  experimental  results 
for  Test  No.  206C  Is  presented 
in  Figure  34. 

Case  IX:  Series  700  dissipator  (paper 
honeycomb,  aluminum  honeycomb 
and  acoustic  tile)  at  impact 
velocity  of  24  mph.  Comparison 
between  analytical  and  experi¬ 
mental  results  for  Test  Nos. 

701B  and  703G  is  presented  in 
Figure  35. 

Case  III:  Series  900  dissipator  (alumi¬ 
num  honeycomb,  acoustic  tile 
and  styrofoam)  at  impact  velo¬ 
city  of  39  mph.  Comparison  be¬ 
tween  analytical  and  experi¬ 
mental  results  for  Test  No. 

905F  is  presented  in  Figure  35. 
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Figure  34.  Comparison  of  Analytical 
and  Experimental  Vehicle 
Responses  with  Series  200 
Energy  Dissipator 


SUMMARY  AND  CONCLUSIONS 
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Figure  35.  Comparison  of  Analytical 
and  Experimental  Vehicle 
Responses  with  Series  700 
Energy  Dissipator 


TT**.  «C 

Figure  36.  Comparison  of  Analytical 
and  Experimental  Vehicle 
Responses  with  Series  S00 
Energy  Dissipator 


The  comparison  between  experimental 
and  analytical  response  curves  is  quite 
encouraging.  Although  there  exists 
certain  disagreements  in  response  ampli¬ 
tudes,  the  general  shapes  of  analytical 
curves  are  quite  satisfactory.  It  is 
believed  that  accuracy  in  analytical 
prediction  could  be  achieved  with  im¬ 
proved  stress-strain  curves. 


The  test  data  obtained  through  simu¬ 
lated  crash  experiments  have  revealed 
several  interesting  results,  namely: 

a  Peak-g  levels  of  Wedge  Barrier 
Impacts  are  usually  lover  than 
those  of  Medium  Area  Barrier  and 
Small  Area  Barrier,  and  for  some 
cases,  responses  are  not  sensitive 
to  impact  speeds; 

•  The  models  respond  severely  to 
Medium  Area  and  Small  Area  Bar¬ 
riers  at  high  impact  speeds.  The 
cargo  restraining  system  broke 
loose  on  series  700A,  800A  and 
900A  dissipators  at  32  mph  impact 
speeds.  Series  200  dissipators 
with  softer  composite  material 
properties  performed  well  to  pro¬ 
tect  both  the  occupant  and  the 
cargo; 

e  Series  100,  200  and  400  dissipa¬ 
tors  are  relatively  insensitive 
to  Wedge  Barrier  impacts,  and 
peak-g  levels  are  substantially 
lower  than  those  of  the  other 
groups. 

The  objectives  of  this  study  were  to 
show  that  the  energy  dissipation  mecha¬ 
nisms  of  motor  vehicle  structures  can  be 
simulated  by  scale  model  experiments, 
and  that  the  experimental  results  can  be 
of  significant  value  toward  the  formu¬ 
lation  of  an  analytical  model. 

The  results  of  the  scale-model  exper¬ 
imental  study  have  provided  a  significant 
understanding  of  structural  impact  mech¬ 
anisms;  and  have  shown  the  effectiveness 
of  experimental  models  for  simulating 
vital  crash  parameters  which  may  be  en¬ 
countered  during  full-scale  tests.  In 
particular,  the  following  concluding  re¬ 
marks  can  be  made: 

9  The  crash  model  performed  remark¬ 
ably  well  in  simulating  collision 
responses . 

9  The  response  prediction  model  de¬ 
veloped  in  this  report  provides 
satisfactory  agreement  in  predic¬ 
ting  decelerating  responses  to 
medium  area  barrier  impacts. 
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•  Energy  dissipation  of  the  crash 
iscdels  is  dependant  upon  impact 
velocity,  barrier  shape  and 
cross-sectional  area.  Tost  re¬ 
sults  also  indicate  that  the 
model  impacts  with  the  wedge -type 
barrier  demonstrated  energy  dis¬ 
sipation  character istics  which 
provided  smoother  and  substan¬ 
tially  lower  deceleration  loads 
to  the  occupant  and  cargo  than 
did  the  other  barriers. 

©  It  is  possible  to  design  optimum 
energy  dissipatcrs  which  are  inde¬ 
pendent  of  impact  velocities  for 
each  type  of  barrier. 
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DISCUSSION 


Mr.  Hanks  (NASA,  Langley):  V/hat  is  the 
purpose  for  this  study,  do  you  plan  to  use  this 
to  study  the  human  effects  in  a  crash? 

Mr.  Kao:  The  purpose  of  this  study  is  two¬ 
fold.  First  we  try  to  develop  a  technique  to  use 
the  scale  model  vehicle  to  simulate  the  true  or 
equivalent  collision  environment.  The  scale 
model  testing  program  is  relatively  inexpensive 
and  you  can  try  it  out  on  a  very  small  size  and 
can  test  out  all  the  pertinent  test  parameters 
that  you  would  like  to  test  later  on  for  the  pro¬ 
totype  vehicle.  We  ran  about  120  scale  model 
tests  in  a  10  day  period,  and  collected  much 
good  data.  Then  we  can  decide  what  would  be 
the  most  important  parameter  to  look  for  in  the 
prototype  testing.  Secondly,  we  try  to  establish 


♦The  opinions,  findings,  and  con¬ 
clusions  expressed  in  this  publication 
are  those  of  the  authors  and  not 
necessarily  those  of  the  National  High¬ 
way  Safety  Bureau. 


an  analytical  model  to  predict  the  response  of 
the  vehicle  structure. 

Mr.  Hanks:  I  was  more  intrigued  by  the 
small  human  model. 

Mr.  Kao:  We  did  not  intend  to  predict  ana¬ 
lytically  the  response  of  the  human  model. 

Mr.  Verga  (Hazeltine  Coro.):  I  am  curious 
as  to  who  is  budgeting  this  program?  Is  it  an  in- 
house  Wyle  project  or  are  there  auto  industries 
looking  into  this  and  should  we  look  forward  to 
seeing  a  crash  proof  compartment  in  addition  to 
the  fire  wall  in  passenger  cars  in  the  near 
future? 


Mr.  Kao:  This  program  was  sponsored  by 
the  Department  of  Transportation.  Currently  we 
are  locking  into  the  possibility  of  conducting  sec¬ 
ondary  collision  type  of  testing. 
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Mr.  Renius:  I  would  like  to  add  that  to  my 
knowledge  all  the  automotive  manufacturers  are 


looking  into  the  same  sort  of  materials  applica¬ 
tion  for  future  automobiles. 

Mr.  Kapur  (Aerospace  Corp.):  What  kind 
of  material  propertie.3  did  you  use  -  dynamic 
material  properties  or  static  ones? 

Mr.  Kao:  These  are  the  static  material 
properties.  That  may  be  the  reason  that  cur 
analytical  results  do  not  quite  agree  w.th 
experiment. 

Mr.  Kapur:  I  think  you  will  get  much  better 
correlation  if  you  use  dynamic  material  prop¬ 
erties. 

Mr.  Kao:  In  the  future  I  think  we  will  do  that. 

Mr.  Westine  (Southwest  Research  Institute): 

I  have  some  comments.  1  have  a  friend  who  be  - 
fines  modeling  as  the  art  of  skilful  approxima¬ 
tion.  Among  the  things  that  you  approximate  is 
the  strength  of  the  mannekin.  How  does  one  de¬ 
cide  what  is  the  strength  in  the  muscles  in  the 
man’s  arm,  particularly  when  you  know  a  real 
individual  tenses  up.  What  are  the  load-deflec¬ 
tion  characteristics  of  a  mannekin  when  he  is 
getting  smashed.  This  means  of  course  that  you 
have  made  approximations.  The  other  thing  I 
would  note  is  that  the  form  of  modeling  which 
you  chose  us^d  a  true  time  scale  and  the  model 
which  you  used  simulated  lumped  inertial  effects, 
gravitational  effects  and  constitutive  effects,  or 
stress-strain  effects  of  material,  you  did  this  by 
distorting  what  I  would  call  distributed  inertial 
effects.  You  approximated  them  with  lump  iner¬ 
tial  effects.  Why  didycupickthisform  of  a  model 
over  what  I  would  call  a  Cauchy  model  ?  Some 
people  might  call  it  a  mock  one,  others  a  replica 
model.  That  form  of  model  simulates  distributed 
inertial  effects,  lumped  inertial  effects,  lead  de¬ 


flection  or  constitutive  effects  and  distorts  grav¬ 
itational  effects.  It  is  a  question  of  what  one  ap¬ 
proximates.  Why,  for  example,  did  you  think  that 
gravitational  effects  mattered  and  had  to  be  sim¬ 
ulated  in  making  the  model  ? 

Mr.  Kao:  To  answer  your  first  question 
about  the  use  of  human  volunteers.  I  think  you 
can  get  human  volunteers.  In  fact  we  did  contact 
an  association  in  Los  Angeles  and  learned  that 
you  can  get  3  men  for  two  weeks  for  $5,000. 

To  answer  your  second  question  -  the  true  pa¬ 
rameter  that  we  tried  to  simulate  was  the  decel¬ 
eration  versus  time.  That  is  why  we  chose  the 
gravitation  scaling  law  which  gives  1  to  1  ratio 
without  any  modification.  If  we  do  this  we  have 
to  sacrifice  other  parameters.  Because  this  i3 
such  simple  modal  we  did  not  try  to  complicate 
the  other  scaling  parameters. 

Mr.  Westine:  Tne  replica  model  to  which  1 
referred  which  simulates  distributed  inertia, 
lumped  inertia  and  constitutive  effects  would 
use  scale  time  as  the  length  ratio  and  forces  as 
the  square  of  the  length  ratio  which  you  did.  It 
would  just  be  a  question  of  how  you  interpret 
time.  For  example,  I  noted  that  your  peak  for¬ 
ces  and  accelerations  seem  to  match  pretty  well 
but  you  seem  to  have  a  little  trouble  with  your 
time  scales.  You  simulated  gravitational  ef¬ 
fects  and  I  do  not  tliink  they  matter. 

Mr.  Kao:  I  agree  with  you.’  The  reason  we 
have  to  take  the  time  into  consideration  is  be¬ 
cause  the  human  impact  toieranceTimit  is  in¬ 
versely  proportional  to  the  time  duration.  The 
human  can  take  a  high  g  input  for  a  very  short 
period  of  time.  However;  he  cannot  sustain  a 
lew  g  input  for  a  sustained  period  of  time  and 
that  is  why  we  look  into  the  time  factor  as  well. 
Your  comment  is  very  worthwhile. 
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DESIGN  OF  RECOIL  ADAPTERS 


FOR  ARMAMENT  SYSTr.MS 


A.  S.  Whitehill,  T.  L.  Quinn 
Lord  Manufacturing  Company 
Erie,  Pennsylvania 


Placement  of  guns  in  aircraft  has  always  presented  interesting 
engineering  problems.  At  one  time,  it  was  necessary  to  syn¬ 
chronize  the  firing  rate  with  the  rotation  of  the  propeller  to 
prevent  the  pilot  from  shooting  himself  down.  Today’s  rapid 
firing  weapons  producing  high  recoil  forces  demand  adequate 
protection  for  the  aircraft  structure. 

The  gun  on  its  supports  must  be  considered  a  six  degree  of  free¬ 
dom  system.  Proper  evaluation  of  the  problem  of  placing  guns  in 
aircraft  must  consider  the  dynamics  of  the  entire  system  includ¬ 
ing  the  stiffnesses  of  the  support  points  and  the  motion  of  the 
gun  in  response  to  the  forces  and  torques  resulting  from  recoil. 
It  is  passible  to  make  several  valid  assumptions,  however,  which 
will  simplify  the  analysis  without  sacrificing  understanding  of 
the  problem.  The  new  approach  in  designing  recoil  adapters 
viev/3  the  gunfire  as  a  forced  vibration  rather  than  ?  series  of 
shock  pulses.  The  concepts  presented  reveal  r.ew  avenues  leading 
to  a  significant  reduction  in  recoil  dither  forces. 


INTRODUCTION 


Since  the  advent  of  supersonic  tac¬ 
tical  fighters,  there  has  been  a  con¬ 
tinuing  emphasis  on  the  development  of 
a  more  versatile  firing  platform.  The 
Vietnam  conflict  has  clearly  demon¬ 
strated  the  need  for  both  missiles  and 
guns  on  fighter  aircraft  to  eliminate 
any  performance  gaps  wniuh  one  or  the 
other  may  possess. 


Today,  fighter  aircraft  carry  both 
missiles  and  guns.  At  a  range  of  1.5 
to  5  miles,  missiles  using  radar  to 
lock  onto  the  target  are  available  to 
the  pilot.  However,  he  is  often  re¬ 
luctant  to  use  this  weapon  dte  tc?  the 
identification  problem  at  this  dis¬ 
tance.  Vietnam  is  one  warfare  arena 
where  the  chances  that  a  blip  on  the 
radar  screen  may  be  a  commercial  air¬ 
liner  are  as  great  as  being  a  MiG. 


At  distances  le£3  than  1.5  miles  or 
8,000  feet,  the  pilot  will  generally  use 
visual  identification  to  determine 
friend  or  foe.  In  this  case,  the  infra¬ 
red  homing  missile  can  be  used  against 
the  MiG.  Due  to  acceleration  restric¬ 
tions  (the  effectiveness  of  the  missile 
decreases  with  increasing  lateral  accel¬ 
eration)  the  pilot  must  stay  on  the 
MiG's  tail  to  achieve  any  degree  of  suc¬ 
cess.  In  addition,  in  the  event  of  pilot 
error,  a  heat-seekir.g  missile  is  capable 
of  homing  in  on  closer,  friendly  aircraft 
rather  than  the  more  distant  enemy. 

Since  the  heat-seeking  missile  is  in¬ 
capable  of  tight,  fast  maneuvers,  the 
gun  is  still  the  most  effective  weapon 
in  close-in  dogfighting.  The  chart  on 
the  next  page  depicts  the  effective 
range  of  the  various  weapons  in  the  fir¬ 
ing  platform  of  the  modern  fighter. 
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Fig.  1  -Distance  From  Launch  (Mi.) 


While  the  gun  has  clearly  demon¬ 
strated  its  value,  externally  mounted 
gun  pods  on  aircraft  have  the  disadvan¬ 
tages  of  detracting  from  the  aircraft's 
ability  to  maneuver  and  of  costing  some 
aircraft  speed.  While  this  may  be  un¬ 
important  during  missions  involving 
support  fire  of  ground  troops,  it  could 
prove  deadly  in  dogfights  with  highly 
maneuverable  MiGs.  The  resolution  of 
this  problem  involves  placement  of  the 
gun  within  the  aircraft  structure, 
usually  in  the  nose  of  the  plane. 


Recoil  adapters  are  of  prime  impor¬ 
tance  in  a  project  of  this  type.  If  a 
20mm  gun  were  hard  mounted,  the  paak 
recoil  force  per  round  would  be  approxi¬ 
mately  32,000  pounds  occurring  each  time 
the  gun  fires.  Lord  Manufacturing 
Company  became  involved  in  one  project 
through  efforts  in  developing  an  im¬ 
proved  recoil  adapter  to  reduce  this 
recoil  fores. 


DISCUSSION 

In  the  past,  the  philosophy  sur¬ 
rounding  the  design  of  recoil  adapters 
has  been  to  treat  each  firing  pulse  as 
an  individual  shock  problem.  The  ap¬ 
proach  used  was  to  design  sufficient 
damping  into  the  adapter  to  dissipate 
the  energy  of  the  recoiling  gun  and 
return  the  weapon  to  its  original  posi¬ 
tion  before  the  next  round  was  fired. 

This  method  remains  legitimate  for 
low  rate  weapons,  such  as  grenade 
launchers.  The  recoil  adapters  are 
designed  with  the  same  principles  in¬ 
volved  in  the  designing  of  shock 
mounts.  The  energy  to  be  stored  and 
dissipated  is  calculated  from 


2  m 

where  I  =  the  impulse  from  the 
round 

m  =  the  mass  of  the  gun 


Generally,  a  principal  system  con¬ 
straint  is  the  allowable  recoil  deflec¬ 
tion.  If  the  energy  is  to  be  stored  in 
a  spring,  the  linear  spring  rate  can  be 
calculated  from 


where 


K  = 


2E 


K  =  spring  rate  of  the 
adapter 

d  =  allowable  recoil 
deflection 


The  corresponding  peak  recoil  force 
is  then  calculated  from 


Fp;C  =  Kd 


2E  =  I2 
md 


A  linear  spring  is  considered  a  50% 
efficient  energy  storage  device:  that 
is,  the  energy  stored  is  equal  to  one- 
half  its  peak  force  times  the  maximum 
deflection,  or 


E 


1 

2 


PK 


d 


The  corresponding  load-deflection  curve 
is  shown  in  Fig.  2.  The  energy  storage 
capability  is  proportional  to  the  area 
under  the  curve. 


Fig.  2  -  Load-Deflection  Curve 
For  A  Linear  Energy  Storage  Device 
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By  using  a  softer,  preleaded  spring, 
the  efficiency  of  the  device  car.  ho 
greatly  increased  as  shown  in  rig.  3. 


Fig.  3  -  Load-Deflection  Curve 
For  A  Preloadad  Or  Si-Linear 
Energy  Storage  Device 

Thus,  a  bi-linear  recoil  adapter  is 
capable  of  storing  the  sans  amount  of 
energy  as  a  linear  adapter  with  equal 
deflection  but  with  a  much  smaller  re¬ 
coil  force.  For  example,  if  the  pre¬ 
load  of  the  bi-linear  system  is  1/3 
Fpk,  then  the  maximum  recoil  force  from 
the  bi-linear  adapter  will  be  only  2/3 
the  peak  force  from  the  linear  system 
assuming  the  spring  in  the  bi-linear 
device  has  1/3  the  stiffness  an  that  in 
the  linear  adapter. 

To  dissipate  the  stored  energy  before 
the  next  round  is  fired,  damping  is  re¬ 
quired.  The  amount  of  damping  needed 
is  dependent  upon  the  firing  rate  of 
the  weapon.  If  the  firing  rate  is  low, 
the  natural  frequency  of  the  adapters 
could  be  set  sufficiently  high  such 
that  the  system  may  oscillate  through 
several  cycles  between  rounds.  In  this 
case,  the  amount  of  damping  required  is 
usually  not  too  high. 

As  the  firing  rate  is  increased,  how¬ 
ever,  the  time  available  for  dissipat¬ 
ing  the  energy  of  the  gun  becomes 
shorter.  In  this  situation,  the  amount 
of  damping  required  increases  which  re¬ 
sults  in  a  higher  peak  recoil  force. 

Modern  weapon  technology  has  in¬ 
creased  the  firing  rater  of  guns  to  the 
point  that  some  fire  at  rates  of  up  to 


6,000  rounds  per  minute  or  100  rounds 
per  second.  It  was  this  development 
which  led  to  the  treatment  of  each 
burst  of  gunfire  as  a  high-frequency, 
forced  vibration  rather  than  an  indi¬ 
vidual  shock. 


MULTI-DEGREE  OF  FREEDOM  SYSTEM 

A  gun  on  its  supports  should  be  con¬ 
sidered  as  a  six  degree  of  freedom 
system  capable  of  translating  along  and 
rotating  about  the  three  principal  axes. 
However,  because  the  recoil  force  is 
always  in  one  direction,  the  gun  will 
tend  to  translate  in  that  direction  and 
rotate  about  the  pitch  and  yaw  axes 
which  are  perpendicular  to  the  recoil 
axis.  The  rotation  is  a  result  of  the 
torques  caused  by  the  center  of  gravity 
of  the  gun  and  the  center  of  elasticity 
of  its  supports  not  lying  in  the  line 
of  action  of  the  recoil  forcing  pulse — 
that  is,  the  firing  barrel. 

This  rotation  is  considered  highly 
undesirable  because  it  could  cause  wide 
dispersion  of  the  shells.  To  resolve 
this  problem,  guns  have  been  placed  in 
very  stiff  structures  to  permit  trans¬ 
lational  recoil  motion  only.  However, 
if  the  eccentricities  are  significant, 
the  resulting  torques  must  be  reacted 
by  equal  and  opposite  torques  somewhere 
in  the  system.  To  prevent  the  structure 
from  responding  to  the  firing  pulse 
from  each  round,  the  pulse  period  must 
be  more  than  six  times  the  natural 
period  of  the  structure.  The  period  of 
a  gunfire  pulse  is  usually  low  (on  the 
order  of  .002  seconds)  .  Since  the 
natural  period  of  a  simple  spring-mass 
system  is 


and  if  T  is  one-sixth  the  gunfire  pulse 
period: 

T  =  .002  =  3.3  X  10-4  seconds 
6 

Then,  the  needed  spring  rate  of  the 
structure  can  be  calculated  from 

K  =  4-2H  =  4-£w 

T2  T2g 

For  a  gun  weighing  386  pounds,  the 
structural  stiffness  needed  to  prevent 
response  to  the  gunfire  pulse  is  3.6  X 
10°  ibs/in,  a  fantastic  stiffness  to 
expect  from  practical  structures. 


WO  DEGREE  OF  FREEDOM  ANALYSIS 

A  diagram  of  the  system  to  be  anal¬ 
yzed  is  shown  in  Fig.  4. 
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Fig.  4  -  Typical  Gun  System 

r  **  Radius  of  gyration  about  "A" 

f  =  Firing  frequency  in  cps 

fn  *  Axial  natural  frequency 

ir  =  2-f  =  circular  firing  frequency 

•cn  =  <;X/M  *=  2-f  »  circular 

natural  frequency 

X.,,_  =  Set  back  in  the  recoil  direction 

nvt 

XD1T  ~  motion  about  XRVE 

©AVE  =  Angular  windup  about  "A” 

8  =  Angular  dither  motion  about 

dxt  Cave 

t  =  Time  (seconds) 

F =  Time  averaged  recoil  force 

X’AVE  =  Time  averaged  wir.dup  torque 
about  "A” 

KE  =  Free  recoil  kinetic  energy 
V  =  Free  recoil  velocity 
I  =  Recoil  impulse 
Et  =  Energy  stored  in  translation 

E^  =  Energy  stored  in  rotation 


NOTATIONS 

A  =  Pivot  point 

a  =  Distance  between  "A"  and  the 
center  of  gravity 

b  m  Distance  between  "A”  and  the 
firing  barrel 

c  =  Distance  between  "A"  and  the 
rear  support 

AF(t)  =  Recoil  forcing  pulse  as  a 
function  of  time 

Kr  =  Axial  spring  rate  of  the 
recoil  adapters 

Kj^  =  Radial  spring  rate  of  the 
rear  support 

M  =  Mass  of  the  gun 

X  =  Linear  motion  along  the  re¬ 
coil  axis  as  measured  at  the 
recoil  adapter 

X  =  Acceleration  along  recoil  axis 

8  =  Angular  motion  about  "A" 

8  =  Angular  acceleration  about  "A" 

IA  =  Moment  of  inertia  about  "A" 
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The  aasirtoti ana  involved  in  the 
analysis  aro  as  follows* 

1.  Tho  firing  barrel,  tha  center  of 
gravity  of  tha  gun,  tho  olr.atic 
ccntar  of  tha  recoil  edoptern, 
end  tho  rear  bail  support  lie 

in  tha  ear va  piano. 

2.  Tho  system  has  ti-o  degress  of 
freedom  as d  la  capable  of  trans¬ 
lation  along  tha  rscoil  axis  and 
rotation  about  the  attaching  pin 
through  tha  recoil  adaptor  inner 
member . 

3.  Tha  recoil  adapters  aro  linear 
springs  with  little  or  no  damp¬ 
ing. 

4.  The  rear  support  h*»«  some  spring 
rata  in  tho  redial  direction, 
regardless  how  high. 


A?(t)  and  resulting  in  a  linear  second 
order  differential  equation  with  two 
unhnevna. 


L 


Ell  (a  -  b) 

4  3 

Q  • 

4  C2 

*R  0 

M 

-M  (0  -  b)  X  4  b  X 

Solutions  vara  esnumed  of 

’  tha 

(3) 

form 

X  “  XAV2 

♦ 

^DZT 

oin 

cut 

(4) 

6  "  ®AV2 

♦ 

®DIT 

sin 

rrt 

(5) 

In  these  equations,  X~ is  an  average 
recoil  dofloction  snf  is  an  aver¬ 
age*  angular  windup  abou'S  *A" .  and 

ft.--,  are  the  vibratory  or  dithor"  Sotion 
auporirwosed  on  tha  average  recoil  da- 
flection  and  tho  dith.ir  oscillation 
about  the  averages  windup  rcapcceivoly. 
This  fora  generally  ogrcia  with  tho 
appearance  of  tha  oscillograph  traces 
of  gun  motion. 


Tho  differential  equations  of  motion 
involving  two  dependant  variables  X  and 
©  and  ona  independent  variable  aro 

written* 

jP  ■  0  ■  M(X  +  a®)  -r  X^  JC  -  AF(t)  (1) 

ima  »  o  «•  ot  (x  +  a”)  -  bfj(t)  * 

lf$  +  C2  9  (2) 

These  two  equations  can  bo  combined, 
eliminating  tha  recoil  forcing  pulse 


The  second  derivatives  are  tahen 
with  rospact  to  time  to  obtain  tha 
linear  and  angular  acceleration  of 
tha  oysters. 


X  “  “^cxt 

u.2 

sin  “'t 

(6) 

and 

2 

(7) 

e  -  -©DIT 

is 

sin  ist 

Substitution  into  (3)  yieldn: 


°dit  8in  ^ 

r! 

K-j  -  a'2  G?3i  (a  -  b) 

+  ^  J  +  c2  *r 

e 

AVE 

(8) 

■SxT 

oin 

a,t  |b  Ka  +  ts2  M 

(a  -  b)j  4  b  Ka 

XAVE 

Since 

XA77, 

n 

F 

JHS 

ka 

(9) 

®AVE 

m 

<p  b  P 

_2&S  -  _ AiSL 

=  “  *R 

(10) 

than. 

V  ,  -3  - 

b 

♦  /  V  (a  -  b) 

_ Lini _ 

(U) 

DIT 

X*/*A  -  f-^V  La  (a 

77  UX  T 

-  b)  4  rj 

A  second  equation  containing  the 
aaaa  unknowns  of  X--,„  and  9  can  be 

derived  on  the  bao'Si^of  thsr'conaarva- 

l  »  i  r 

T  y 

therefore. 

“  ^*DXT 

FAV2 

tion  of  energy  in  tho  system.  The 
total  free  recoil  enargy  is  equal  to 
tho  energy  stored  in  translation  plus 
tha  energy  stored  in  rotation. 

KS  -  £„  4  E  (12) 

T  R 


XpiT 


AVZ 


(14) 


E  "  1  I  S  «  2  S  bP  (15) 

R  7  A  DIT  AV3 
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therefore, 


Another  equation  involving  the  con¬ 
servation  of  momentum  can  also  be  writ¬ 
ten: 

I  -  K  (AV)  +  XA  (a  3)  (17) 

b 

or, 

1  «  2  (MV  +  h?  )  (18) 

b 


Substitution  of  equations  (14)  and 
(16)  into  (18)  eventually  yields: 


Equations  (11)  and  (19)  can  be 
solved  in  the  conventional  manner  and 
solutions  for  X_.T~,  an<3  ®t>lT  can  ob¬ 
tained  in  terma^or  system  geometry, 
gun  mass  and  radius  of  gyration,  recoil 
adapter  natural  frequency,  firing  fre¬ 
quency,  and  the  ratio  of  the  rear  sup¬ 
port  spring  rate  to  the  recoil  adapter 
spring  rate. 


SAMPLE  PROBLEM 

A  typical  gun  system  might  have  the 
following  parameters: 

#  *  sac* 

a  *■  4  inches  M  *>  .90  in. 

b  *=  8  inches  r  *■  20  inches 

c  •»  20  inches  f  =  13  cps 
n 


Second,  the  natural  frequencies  must 
be  located  a3  far  as  possible  from  the 
firing  frequency  in  all  cases.  When 
this  is  accomplished,  the  dither  mo¬ 
tions  are  then  only  frequency  depend¬ 
ent.  It  is  also  obvious,  then,  that 
the  softer  the  springs  in  all  direc¬ 
tions  at  all  locations,  the  lower  the 
vibratory  forces  will  be  whether  they 
are  caused  by  translation  or  rotation. 


KL  -  6250  #/in.  I  =  31.6  #-sec 

round 

A  computer  program  was  utilized  to 
calculate  values  of  XD-jT  and  Sqxt  ve?3US 
the  firing  rate  for  several  values  of 
the  Kr/X^  ratio.  The  resulting  plots 
of  the  data  are  shewn  in  Fig.  5  and 
Fig.  6.  Note  that  the  curves  are  for 
2Xqxt  ®nd  which  corresponds  with 

the  peak-to-psak  values  of  the  trans¬ 
lational  and  rotational  dither  motions. 

Several  conclusions  may  be  drawn 
from  these  curves.  First,  the  motions 
are  more  or  less  independent  of  spring 
rate  except  in  a  small  frequency  band 
near  the  resonant  frequencies.  This 
indicates  that  most  of  the  recoil  force 
is  reacted  by  the  mass-acceleration 
force  rather  than  the  spring  deflection 
force.  Therefore,  the  dither  forces 
transmitted  to  the  supporting  structure 
at  both  the  recoil  adapters  and  the 
third  point  of  support  are  proportional 
to  the  various  spring  rates  except  at 
frequencies  near  a  resonance. 


Third,  the  angle  through  which  the 
gun  rotates  is  quite  small;  and  for 
steady  state  conditions,  the  angular 
position  in  space  should  be  the  same 
for  each  projectile  leaving  the  weapon. 
Thus,  for  the  high  firing  rate  guns, 
dispersion  on  the  target  becomes  more 
or  less  independent  of  the  support 
rigidity.  Therefore,  when  the  firing 
rates  are  high,  the  support  spring 
should  be  made  as  soft  as  possible  in 
all  directions  to  reduce  the  vibratory 
forces  transmitted  to  the  structure 
while  having  little  effect  on  target 
dispersion.  On  the  other  hand,  for 
low  firing  rates,  the  angular  motions 
become  large;  hence,  there  is  a  prac¬ 
tical  limitation  for  each  system 
which  must  be  evaluated  on  an  individual 
basis. 

SINGLE  DEGREE  OF  FREEDOM  ANALYSIS 

Although  the  angular  dither  motions 
of  the  weapon  are  quit®  small,  this 
rotation  can  be  eliminated  if  there  are 
no  eccentricities  or  offsets  about  the 
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Fig.  6  -  Peak-To-Pea>c  Angular  Dither  Motion  Versus 
Firing  Frequency  For  Various  Ratios  or  Kp/K^ 


pitch  and  yaw  between  the  center 

of  elasticity  of  the  recoil  adapters, 
the  center  of  gravity  of  the  gun,  and 
the  firing  barrel.  This  is  determined 
from  equation  (21) r  to  mahe  On--  *  0, 
it  is  necessary  that  a  =  b  »  0.  When 
this  is  accomplished,  then  equation  (2) 
can  be  reduced  to 


*DI 


I 

16  Mf 


This  equation,  when  considered  in 
conjunction  with  typical  load- 
deflection  curves  of  recoil  adapters, 
provides  an  indication  of  the  improve¬ 
ment  in  performance  which  can  be  achieved 
by  considering  the  adapter  for  a  high 
rate  gun  a  vibration  isolator.  Fig.  7 
depicts  the  load-deflection  curve  for  a 
typical  recoil  adapter  system  designed 
to  be  an  energy-dissipative  device. 


Fig.  7  -  Load-Deflection  Curve 
Of  Low  Rate  Adapter 


If  those  adapters  are  used  in  a  high 
firing  rate  application,  when  steady 
state  firing  is  reached,  the  adapters 
must  react  a  force  (FAVS)  equal  to  the 
impulse  tiroes  the  firing  rate. 


The  gun  will  oscillate  about  FAVE 
through  a  deflection  X  <=  2  XDIT.  The 
total  recoil  dither  force  transmitted 
into  the  structure  is  given  by 
F  »  FB  -  Fa. 

An  adapter  designed  specifically  for 
high  firing  rata  would  have  a  load- 
deflection  curve  as  depicted  in  Fig.  8. 


Fig.  8  -  Load-Deflection  Curve 
of  High  Rate  Adapter 


Again,  the  average  fcrce  will  be  as  cal¬ 
culated  above.  The  dlthar  motion  will 
also  be  the  asm*  as  giver,  efcovjj.  The 
gun  will  recoil  until  it  roaches  polr.u 
B.  It  will  then  move  forward  in  counter 
recoil  until  it  reaches  point  A,  at 
which  time  the  next  round  is  fired, 
causing  the  gun  tc  return  to  a.  How¬ 
ever,  as  the  curves  indicate,  the 
absence  of  high  damping  in  the  high  rate 
adapter  results  in  a  much  lower  recoil 
dither  force  being  transmitted  i-.to  the 
structure  as  compared  with  that  from  the 
adapters  which  were  designed  fee  lower 
firing  rates. 


SUMMARY  AND  CONCLUSIONS 


The  design  of  suspension  systems  for 
rapid-fire  weapons  must  consider  the  gun 
and  its  supports  as  a  multi-degree  of 
freedom  system.  Spring  rates  in  all 
directions  must  be  assigned  to  each 
point  of  support,  and  it  must  be  recog¬ 
nized  that  the  gun  will  translate  and 
rotate  in  response  to  the  forces  ar.ci 
torques  resulting  from  recoil. 


It  has  been  demonstrated  that  the 
stiffness  of  the  supporting  structure 
must  be  so  great  as  to  be  impractical 
in  order  to  prevent  gun  rotation  arising 
from  offsets  between  the  elastic  center, 
the  center  of  gravity,  ar.d  the  firing 
barrel.  If  the  eccentricities  cannot 
be  eliminated,  the  analysis  has  shown 
that  provided  the  natural  frequency  of 
the  supports  is  not  in  the  region  of  the 
firing  frequency,  the  dither  angle  is  of 
the  same  order  of  magnitude  whether  the 
supports  be  “soft"  or  “stiff."  Thus, 
the  designer  may  as  well  use  “soft"  sup¬ 
ports  to  reduce  the  vibratory  forces 
transmitted  into  the  structure. 


Finally,  the  engineer  munt  decide 
whether  the  system  loading  may  ba 
treated  as  a  sarias  of  independent 
shocha  or  a  high  frequency  vibration. 
This  decision  is  based  on  such  factors 
83  firing  rate,  the  available  weapon 
travel,  and  the  maximum  acceptable  force 
transmitted.  If  the  gunfire  can  be 
treated  as  a  vibratory  input,  then  it 
is  possible  to  design  a  system  including 
recoil  adapters  which  will  rasult  in  low 
vibratory  forces  being  transmitted  to 
the  support  structure  and  will  utilize 
part3  having  greater  reliability  and 
durability  by  eliminating  friction  damp¬ 
ers  which  may  tend  to  exhibit  change  in 
performance  characteristics  over  time 
and  have  a  shorter  service  life. 
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The  principle  of  the  dynamic  vibration  aosorter  was  applied 
to' relate  ir.  a  iefir.ei  manner  transient  vibrations  of  a  one 
decree  of  freedom  system.  Ten  rules  were  developed  which 
relate  the  position  of  the  roots  of  the  characteristic  equa¬ 
tion  to  ti.e  physical  parameters;  thre«  of  tr.ese  rul^s.  based 
upon  ar.  approximation  which  is  often  Justified  in  engineering 
pravMce.  can  te  used  directly  to  determine  the  spring  and 
damping  coef ficients  of  the  absorber  to  approximate  tne 
defined  ideal  response.  The  concept  of  the  ’’relative"'  and 
the  ’’absolute  influence  position"  is  intr  duced;  tr.ese  new 
definitions  refer  to  a  particular  position  of  the  roots  of 
the  characteristic  equation  when  only  the  spring  constant, 
or,  respectively,  the  spring  constant  and  the  damning 
coefficient  between  the  masses  are  variable. 


INTRODUCTION  AND  PROBLEM  FORMULATION 

The  idea  of  eliminating  detri¬ 
mental  vibrations  of  a  machine,  a 
structural  part  of  a  machine  or  any 
mass,  or  to  reduce  the  amplitude  of 
vibrations  with  a  tuned  dynamical 
vibration  absorber  has  been  known 
since  1?05  and.  is  extensively 
discussed  in  the  literature.  However, 
dynamic  vibration  absorbers  generally 
are  only  applied  when  the  force  causing 
the  vibrations  is  sinusoidal  and  when 
only  the  steady  state  is  of  interest. 

The  following  question  is  now 
posed:  Is  the  principle  of  dynamic 

vibration  absorption,  namely,  the 
transmitting  of  the  energy  from  the 
vibrating  main  mass  to  a  secondary  mass 
on  which  the  vibrations  can  be  toler¬ 
ated,  applicable  to  transients?  As  is 
customary  in  automatic  control  theory, 
a  step  input  to  the  system  for  the 
investigation  of  transients  is  pi  e- 
scribed. 

A  practical  example,  for  which 
the  transient  vibrations  are  of  inter¬ 
est,  is  the  motion  of  a  model  in  a 
shock  tunnel.  Typical  for  a  shock 
tunnel  is,  first,  the  relatively  short 
running  time  and  therefore  short 


*Thi*  paper  not  presented  at  Symposium. 


measuring  time,  and,  second,  the  step 
function  force  input  acting  on  the 
model.  3ecause  of  the  first  point  the 
transient  vibrations  are  of  specific 
interest,  and  because  of  the  second 
point  those  transients  which  are  due 
to  a  step  input  are  of  interest.  The 
obvious  solution,  eliminating  the 
transients  or  greatly  reducing  their 
amplitude  by  installing  a  suitable 
damper  between  the  vibrating  mass  and 
the  inertial  reference  system,  is,  in 
this  case,  not  satisfactory.  Such  a 
damper,  between  the  model  and  the 
tunnel  wall,  would  influence  the  flow 
around  the  model.  In  other  practical 
applications  in  which  the  amplitude  of 
the  transient  vibrations  is  to  be 
reduced,  the  installation  of  a  damper 
between  the  vibrating  mass  and  the 
reference  system  may  not  be  possible 
for  design  reasons.  The  pcssiblity 
that  seme  damping  of  the  main  mass  may 
already  exist  shall  not  be  excluded; 
in  this  case,  however,  the  damping 
coefficient  is  considered  to  be 
constant. 

A  pure  damper  converts  the 
vibration  energy  into  heat,  while  an 
undamped  dynamical  vibration  absorber 
assumes  the  energy  from  the  main  mass 
but  does  not  reduce  the  total  energy 
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of  the  system,  Therefore,  when  the 
vibration  energy  Is  large,  the  dynami- 
cal  vibration  absorber  will  influence 
the  vibration  of  the  nain  mass  sooner 
than  a  damper .  This  advantage,  offered 
by  a  dynamic  .vibration  absorber,  is 
important  when  the  early  transients  are 
tc  be  reduced  in  magnitude. 

The.  tuning  of  the  vibration 
absorber  is  tc  be  carried  out  in  view 
of  the  following  requirements: 

1.  The  main  mass  is  to  assume 
that  position  which  it  would  assume  at 
the  tine  t  =  «  if  there  were  damping  in 
the  svsten,  and  if  the  forcing  function 
were  a  true  step  input. 

.2.  At  this  position  the  velocity 
of  the  main  mass  is  to  be  zero. 

3.  The  requirements  1  and  2  are 
to  be  approached  simultaneously  during 
the  time  t*-At  <  t  <  t*+4t  where  t*-t0 
is  to  be  as  snail  as-  possible. 

4.  The  time  duration  2 At  is  to  be 
a  maximum. 


Meaningful  measurements  can  be 
obtained  at  the  vibrating  aerodynamic 
model  if  these  requirements  are  at 
least  approximately  satisfied.  It  then 
may  be  of  no  importance  If,  and  to 
whatever  degree,  the  vibration  damper 
feeds  the  energy  back  to  the  mainspring 
mass  system. 


BASIC  EQUATIONS  AND  THEIR  SOLUTIONS 

The  differential  equations  for  the 
idealized  system  (see  Fig.  1)  are: 


«.  x;  »•  t,  x;  •  »,  x,  - »,  <v:  -  v:j  -  t.  <.v,  -  xj  »  m  (1 ) 


m.  x;  •- ».  (,v;  -  x;>  1  t.  <x.  -  x,y  ~  0 ,  (2 ) 


[fiti 


Fig.  1  -  Idealized  mechanical  system 


where  X,^  and  Xp  are  the  deflections 
from  the  position  of  equilibrium  of  the 
main  and  absorber  mass,  respectively, 

X:l  and  X'  are  the  second  an-1  first 
differentiation  of  X  with  respect  to 
time  t,  and  F(t)  is  a  step  forcing 
function  having  the  magnitude  F0  and 
acting  or.  at  t  >  0.  The  damping 
constants  are  designated  by  b  and  the 
spring  constants  are  designated  by  K. 

The  initial  conditions  are: 


x,  =  x,  =  0 


/or  (3) 


By  Introducing  new  variables  the 
Eq.  (1)  to  (3)  are  made  dimensionless 
as  follows: 


X,  -  X,  au.  •  I,  .  X,  —  I'u..  •  *, 


r  =1). 


where  x  Is  a  function  of  r  and  X.  is  an 
arbitrary  constant  having  the  dimension 
(time)"-'-.  Let 


Equations  (1)  and  (2)  now  become: 


it,  +  *1  *1  +  f!  *1  ~  ‘'l  *1  ~~  T*  ”  t  • 


(4) 


+  -  •'til  -  ***i  =  °- 

The  initial  conditions  are: 


(5) 

(6) 


where  x  and  x  are  the  second  and  first 
derivatives  of  x  with  respect  to  t,  and 
a,  c,  d,  e  and  g  follow  from  the 
transformation. 

The  Eq.  (4)  and  (5)  with  the 
initial  conditions  (6)  yield  the 
solution  in  the  form 


i>W=c,W  /(»).  (7) 

where 


C,(*> 


**+]£*  + 
•1C)  " 


I  t. 


(1  -  I,)  (1  -  1,)  _ 

(*  -  fi>(»  -  JH)(»  -  JS>(»-  p,) 
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and  f(oJ  Is  the  replace  transformation 
of  g  *t),  the  input  function.  17,0 
characteristic  equation,  which  is 
obtained  by  setting  the  denominator  of 
♦  lie  transfer  function  equal  to  zero,  is: 


Eq cat  ten  (10),  with  the  given 
coefficients  s.nd  for  the  case 
l>2  <  br'cht!1  r,cw  be  written  In 
tne  foil  swing  convenient  form: 


.  M“.  *».>).  ,,  1 

f  4,  k.  («m,  *  r*,)  • 

M..1 

*i<*) 

;  J'*,  j  /•* 

1 

i  M,  ♦  M#  »  M. 

1*  HI,  •»1  Nj  fr»J 

0  . 

(y) 

For  the  case  for 

which  four 

different  poles  exist 

and  none  of 

those 

*:<0 

,.  Kfr  k  ('n hi,  .  ,  , 

T\f\  r*ro'.  *  ’ 


poles  coincides  with  the  zeros  of  the 
transfer  function,  Eq.  (7)  is  rev.-ritten 
as  follows,  [2], 


r,(r)  —  Ke  JC,  '  i  K,''1'  »  Klr*1  I  K, (If1) 
where 

X",  -  lira  (.  ,(.)] 


+  "  +  fo 

°*J  rt 


'  (12) 


-v-r~  r,fn)l  . 


(13) 


In  the  above  two  equations  the  Renan 
numerals  indicate  zeros  and  the  Arabic 
numerals  indicate  poles  of  the  transfer 
function;  e.g.,  r--p  signifies  the  dic- 
ta.nco  free,  the  zero'll  to  the  pole  3 
(see  Fig.  2).  The  angles  are  also 


and 

-  p.ixMl.  (i  -  1.2.  .1,1) 


If  a  double  pole  is  present  which 
does  not  coincide  with  the  zeros, 

Eq.  (7)  becomes: 


-  K,  (•  K, i  X„iw.-  1  Kti  *>' .  (il  ) 

where 


K ,  --  lira  (('  (j  -  11.1.1:  m  -  1,2) 

»—Tw 

and 


Kt  <=  lira  (A  ;  (.  -  /»,)»  *(•»)!  J  •  (*  -  22.  4«  :  n  -  1,2) 

If  a  pair  of  poles  coincides  with 
the  pair  of  zeros,  (7)  becomes  an  equa¬ 
tion  similar  to  (10),  however,  without 
the  last  two  expressions.  This  case 
may  he  regarded  to  be  of  no  further 
Interest  since  two  sinusoidal  expres¬ 
sions  are  necessary  for  beats,  and 
since  the  coefficients  which  belong  to 
the  same  pair  of  poles  are  complex 
conjugates  of  each  other.  Also,  the 
case  for  which  a  double  pole  exists  is 
at  this  time  of  nc  further  Interest 
because  of  the  factor  t  with  K,i  and 
K33  in  Eq.  (11 ) . 


Fig.  2  -  Nomenclature  for  the  zeros 
and  poles  of  the  transfer  function 


dependent  upon  the  position  of  the  poles 
and  zeros;  e.g.,  ?■,  is  the  sot  of  all 
angles  formed  by  tne  segments  connec¬ 
ting  the  pole  1  with  all  zeros  and  the 
positive  x-axis  minus  the  sum  of  all 
angles  formed  by  the  segments  connec- 
the  pole  1  with  all  poles  and  the 
positive  x-axis.  It  is  interesting  to 
note  that  tho  expression  r-,  r^,  which 
is  the  product  of  the  segments  pole  3- 
pole  1  and  pole  3-pole  2,  can  be  fac¬ 
tored  in  both  equations.  The  particular 
significance  of  this  product,  which 
becomes  apparent  at  this  print,  will  be 
discussed  at  length  later. 
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MATHEMATICAL  FORMULATION  OF  THE 
TUNING  CRITERIA 

The  time-dependent  part  of  the 

Eq.  (12), 

ra  4  re,  i  4  *,)  4  B  r*i  («••,!  1  f  fj ,  (1^*) 
with 


'i  i  rn  > 


(25) 


-  C  t©* 


+  <**|>  i  *  +  1,1  +  i 


(26) 


and 


A  --- 


ri  i  r«  \ 
r*rn**iri 


n'n  s 

ra™3*t 


is  nov?  rewritten,  [31 


(15) 

(16) 


>  --  f*) 


2 


+  *. 


+  ? 


t 


(17) 


C  »  \A**  -f  S'*  * _ 


.  r  +  2  >1'  #>«** ^'c.» [K  - <«*)  A  *  +  !„  -  .  ( 27 ) 


:  •rrt*"[,r.-v.+-  un 


1  +  $11  - 

2 


(28) 


where 


with 


...  2  . f  B  * cm  [{1*^  —  f^)  A  t  -f-  f(  —  fj]  (18  ) 

and 


-  ttrrtcn 


W«-V*  +  B  **" 


Then: 


|  !  r  V<  .  lit  <  C<  |.4  *-*■»'  ^  . 


(20) 


The  period  of  the  envelope  C  follows 
from  (19): 


j.l' B'f— -J,|  C<  \A‘  +  B'e— >J1.  (39) 

Both  envelopes  have  the  same  period; 
the  minima  of  the  envelope  C'  (see  Eq. 
(27))  occur  when 


(-  =  1.3.5...,.  (30) 

The  ideal  requirements  for  the 
motion  of  the  main  mass  posed  in  the 
first  paragraph  may  now  be  expressed 
as  conditions  to  be  satisfied  by  the 
geometry  of  the  poles  and  zeros  of  the 
transfer  function.  The  requirement  1 
becomes ; 


Tt 


i.t 

<™i  - 


(21) 


The  minima  of  this  envelope  occur  when 


t  . 


«*  K.-fJ 
(~i  -  »-Ji  ' 


(*-1,3,5...) 


(22) 


The  3ame  development  for  Eq.  (13) 
yleldr. : 


y  ...  .<*•-•>»  to*  »  i  f„)  +  B'»— +  to)  . 

(23) 


A  B.— 0, 

with 


«•  —  J»  <  i  <  i*  +.-b. 

The  requirement  2  becomes: 


/< =  0, 

with 


-  J»  <  i  <  «•*  +  . 


(3D 


(32) 


'll  'll I 


The  requirement  3  becomes: 


(33a) 
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The  requirement  ^  bee  erne s : 


(33b) 


i  (n,  •  »,) 


(33a) 


is  to  Sc  a  maximum  since  this  expres¬ 
sion  is  proportional  to  it. 

The  numerical  values  of  the 
expressions  (31)  and  (3S)  may  directly 
be  used  as  a  criterion  of  the  notion  of 
the  main  mars  for  the  type  of  applica¬ 
tion  considered.  The  particular 
application  of  the  dynamic  vibration 
absorber  will  determine  the  choice  of  n 
for  the  determination  of  t*  and  t**. 

The  period  of  ti.e  envelope,  expression 
(31* ),  is  a  measure  of  the  duration  2At, 
but  not  the  duration  itself.  For  any 
specific  application,  a  compromise  must 
be  found  between  tr.e  conditions  (33b) 
and  (3’0  which  cannot  be  satisfied 
simultaneously.  In  the  following  deri¬ 
vation  of  the  equations  for  the  direct 
determination  of  the  tuning  parameters 
(kp  and  bp)  at  first  only  conditions 
(31 )  ar.d  (32)  are  taken  into  account. 

It  is  shown  that  in  this  way  the  tuning 
parameters  are  determined  and  that 
within  the  given  approximation,  condi¬ 
tion  (34)  is  adequately  approached. 
Consideration  of  condition  (33b)  will 
lead  to  a  less  satisfactory  approach  to 
the  other  conditions. 


DERIVATION  OF  THE  TUNING  RULES  AND 
EQUATIONS 

A  comparison  of  the  coefficients 
of  the  Eq.  (8)  yields  the  following 
expressions  for  the  real,  imaginary  and 
absolute  values  of  the  zeros  (F,  0  and 
R)  and  for  the  real,  imaginary  and 
absolute  values  of  the  poles  (ct,  u;  and 
r): 


I  bj 

X  2  ' 


(35) 


n 


X 


(36) 


*  1  i~;  • 


(37) 


For  two  complex  conjugate  roots  of 
Eq.  (9)  one  obtains: 


4  n, 


t,  {*»,  4  »>»,)  4  A,  4, 


>±M.J.  (35a) 


K  'i  ■  "1 0  ; 


1  i,i,  ■  M, 

i»  m,  m. 


(4C& ) 


1  i,i.  (4la) 

m,  pi,  * 


(ii2) 

If  two  roots  (c?  and  *4)  become  real, 
then  Eq.  (38)  to  (4l)  become: 


>  i> 
1  », 


(38b) 


rj  •  n,.r,  ■  i .!,(«,  .  7,,) 


I  1,  l.  («,  1  - .)  1, 1  | 

X1  M»,  <**,  *•».  I 


(39b) 


r,  ("j  a,)  ■■  1  <1,  .i,  a, 


1  1,1,  ,  1,1 

-t1  W; 


(40b) 


1  i,i. 

■*'  «i  ‘ 


(41b) 


If  all  roots  become  real,  then  Eq.  (38) 
to  (41)  become: 

w>  '  "«  ■  =  '  P,  •  M»)  •  (38c ) 


("1  - 


In.)  1  <r,<r,  j  ^  ‘  *<  j  , 


(39c) 


n, ",  (n,  *  *,)  ,  (n,  ‘  n,|  *'  ^  4; . 


(40c  ) 
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„  •  (Ulc), 

Rule  1.  Complex  conjugate  zeros  of  the 
transfer  function  may  only  exist  If  the 
relative  damping  constant  bo  of  the 
dynamic  vibration  absorber  ^considered 
as  a  system  by  Itself)  is  smaller  than 
its  critical  value.  If  the  relative 
damping  constant  has  a  value  equal  to 
the  critical  value,  then  the  transfer 
function  has  a  double  zero.  The  posi¬ 
tion  of  the  zeros  Is  Independent  of  the 
absolute  damping  constant  b^. 

From  Eq.  (38a),  (33b)  and  (3'Sc) 
follows : 

Rule  2.  The  sum  of  the  real  parts  of 
aii  poles  is  Independent  of  the 
relative  spring  constant  kj. 

From  Eq.  (41a),  (4lb)  and  (4lc ) 
follows : 

Rule  3-  The  product  of  the  absolute 
•values  of  all  poles  is  independent  of 
the  damping  constants  of  the  system. 

With  the  conditions  (31)  to  (34) 
given  in  the  section,  Mathematical 
Formulation  of  the  Tuning  Criteria, 
and  with  the  above  rules,  the  vibration 
absorber  could  be  tuned  in  a  more  direct 
fashion  than  by  trial  and  error.  Since, 
in  general,  none  of  the  systems  of  Eq. 
(38)  to  (4l)  can  be  explicitly  solved, 
formulae  for  the  physical  constants  of 
the  dynamic  vibration  absorber  result¬ 
ing  in  the  tuned  motion  of  m^_  according 
to  conditions  (31)  to  (34)  cannot  be 
derived. 

The  process  of  approaching  the 
stated  requirements  by  tuning  the  two 
degree  of  freedom  system  so  that  beats 
occur  will  mainly  be  of  Interest  when 
the  absolute  damping  constant  bi  is 
small.  Also,  the  mass  of  tne  absorber 
t&2  will  be  smaller  for  most  technical 
applications  than  the  main  mass  nn,  and 
since  beats  are  to  occur,  bp  will^be 
smaller  than  bp  crlt'  In  th^s  case, 
as  shown  below,  the  product  of  the  real 
parts  of  the  complex  poles  is  negligi¬ 
ble  when  compared  with  the  sum  of  the 
squared  magnitudes  of  these  Doles; 
consequently,  Eq.  (38a)  to  (41a)  may 
explicitly  be  solved.  One  obtains: 


'I  I  =  [E  t-  U’}  . 


IT], 


and  with  (42) 


' <  i  |/i i* »  *1  <*7) 


i  \'UK  -N  -».[*•  (48) 

where  the  symbols  are  defined  as 
follows : 


W  =  )>;*  I  c . 


D  _  I  f  4  +  *"*>1 

2  m,  m,ms  ’ 


£*  —  ft  4, 


2»i«, 


c  =  !&•  (53) 

With  the  above  expressions  the  motion 
of  the  main  mass  may  now  be  expressed 
explicitly  as  a  function  of  time  and 
the  parameters  of  the  physical  system 
using  Eq.  (12)  and  (13)-  For  the 
general  case,  this  leads  to  a  long  and 
complex  expression. 

For  a  given  problem,  it  is  impor¬ 
tant  to  estimate  the  error  e,  which  is 
introduced  in  Eq.  (39a)  by  neglecting 
4  Oj. 


r]  f  r  J  ' 


1  {V  —  ( t;  ■ 


then  from  Eq.  (38a)  and  (39a) 


26S 


(5*0 


/»,  ^  M-,  .  »h« 

\"i  ~i".  I 

,/*,  , 

\"i  / 


The  largest  possible  error  «  may 
already  be  computed  from  the  second  and 
third  coefficient  of  the  characteristic 


Eq.  (9). 


To  express  the  maximum  error  c  in 
a  more  convenient  manner  the  following 
nomenclature  is  introduced: 


»i 


*M Ini.  * 


n  = 


From  these  three  possible  solutions 
one  may  conclude  as  follows: 

In  general,  condition  ($3)  can 
physically  not  be  realized  as  the 
following  reasoning  will  demonstrate. 

The  compatibility  condition  of  Fq.  (33a) 
to  (^la)  for  equal  to  e,  yields: 

Rule  4.  If  all  the  poles  of  the  trans¬ 
fer  unction  have  equal  real  parts, 
then 


t  ™i 


I*i  "  f  M1  *!)*  -  *  « (4,  » 


Equation  (5^)  may  now  be  rewritten: 


+  4,(1  +  ")J !•",  •*  -4,(1  i  »)’  •  4,4,1 


|i,4  1  n,V  I  1  a)|> 

“4*  I  Zi (•  I  «M  t«,  ■ 


(55) 


+  H»*«,I4,  4,  4,4,]  -  0 


If  the  above-described  approxima¬ 
tions  are  obtained  by  o1  «  and 
2  2 

a3  <-<  “3  ana  r3I  r32  *  °>  tf’,en  the 

conditions  (31)  and  (32)  may  be  expanded 
as  follows: 

.,J>_  'iihu,  v, 

"in  «jr> 

=  1  <  (»,  -  ",)  --  ^  (r’  n,  -  rj  »,)  f.  ^  (/>  -  rj) .  (eg  ) 


(61) 

must  hold  true,  where  n  is  the  ratio  of 
the  mass  of  the  damper  to  the  main  mass. 

Setting  the  absolute  damping  con¬ 
stant  in  Eq.  (6i)  equal  to  zero, 
obtains  the  simple  expression 

.  *«■*,-, (i  -  «)  :  4;(i  ,  »>» 

*  -  mf 


or.e 

(62) 


Letting 


I  4,  M  W,  . 


I’.'/i!.1.,  «,n_  '"'I'-,..,,, 

tu,  <«, 

J  .  ,  .  ,  Ija 

~  41  (o,  (r,o,  b;(  (d-rj.  (57) 

It  is  now  seen  that  conditions  (31)  and 
(32)  are  satisfied  within  the  given 
approximation  If 


(58) 

u 0  j 

or  if 


<•,  -  (5  ) 

or  if 


in  other  words,  0  is  equal  to  zero  (see 
(36)),  then  from  Eq.  (02) 

*t.  *»  -4  ‘ 

Rule  5.  A  system  having  only  relative 
damping  and  having  an  absorber  mass  to 
main  mass  ratio  of  equal  to  or  less 
than  one,  can  only  have  complex  poles 
with  equal  real  parts  if  the  zeros  of 
the  transfer  function  are  complex  roots 

Condition  (59)  also  cannot  be 
physically  realized,  because,  as  in 
condition  (58 ),  this  would  require 
r.egative  parameters.  From  the  compat¬ 
ibility  condition  of  Eq.  (38a)  to  ((Jla) 
for  r^  equal  to  one  obtains : 
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"  ,  1*'  -n.  .  ^  X'  nf  t  hr  tTSMSfrr 

T.“i  1  1  <•  :•!!  i  c  1  ro  i<»  around  the 
:•»  t1  ■<:  complex  plane,  then 


»’  !t  h-'» 

r*l 


'  <**»i  «  ‘  ?»*) 


#•  ■*«  trr»  »  * 


*  1  *»•} 


*:*;  .  *,j2MA  #  S »  •  M*  *  *)-*!  *  M;  © 
i  i 


4,  r*  *  t  £,„)  '  * 

"»  * 


'  *fi~  */',/ 1  ! 


Again  setting  th«’  absolute  dan.plr.g 
constant  ir,  equal  tc  cero,  Kq.  (63) 


£,|,  "  2  ‘ 


*•  ,.  -h‘- 


.Tucrose  r,  is  •:  qutl  t.o  r,»  then  It 
follows  wit*.  the  c  or  lit:  c-n  n  =  r: 


h  consideration  of  the  root  locus  plot 
of  the  characteristic  equation  shows 
that  for  small  values  of  by  a  change  of 
b2  or  Kj,  Influences  the  product  r-q  rq2 
much  more  than  the  value  J2,  wher?*' 


Rule  ~.  V or  a  system  with  only  rela¬ 
tive  samp Ing,  poles  and  zeros  of  the 
transfer  function  cannot  lie  on  the 
same  circle  around  the  origin  of  the 
complex  plane;  their  relationship  is 


The  condition  (60)  Is  only  to  be 
approached  as  Indicated  by  the  arrows, 
as  otherwise  a  double  pole  would  occur, 
and,  in  this  case,  t.oe  solutions  (12) 
and  (15)  and  their  subsequent  develop¬ 
ment  would  not  he  valid.  The  question 
no;  posed  is,  in  which  way  Is  condition 
(60)  to  be  approached.  The  actual  task 
is  to  eliminate  the  vibrations  of  the 
main  mass.  To  accomplish  this  by  means 
of  beats  of  a  two-mass  system,  It  be¬ 
comes  Important  that  the  vibrations  are 
dam, pel  as  much  as  possible  in  order  for 
the  minima  of  the  envelope  to  approach 
the  eventual  final  position  of  the  main 
mass  as  soon  as  possible.  In  order  to 
extract  a  maximum  amount  of  energy  from 
the  system,  with  variable  b2  or  k2 
during  the  time  t2  -  tq. 


If  M  has  a  maximum  with  respect  to 
k5  or  b2,  then  rqq  r-j2  ^ust  have  a 
minimum  in  respect  to“k2  cr  b2*  The 
fact  that  M  does  possess  a  maximum,  for 
a  system,  which  is  only  relatively 
damped  follows  from,  physical  considera¬ 
tions;  namely,  if  b2  equals  zero,  then 
K  equals  zero.  If  o2  approaches  infin¬ 
ity,  xq  -  *2  becomes  zero,  and  M  again 
equals  zerof  Tow,  considering  k2  as  a 
variable,  if  k2  approaches  infinity, 
x,  -  x2  and  therefore  X  equals  zero.  : 

If  k,  approaches  zero,  then  the  beat 
phenomenon  due  to  the  motions  of  the 
two  masses  is  lost,  i.e.,  the  energy  is- 
no  longer  continuously  transferred  from 
one  mass  to  the  other,  and  the  decrease 
in  energy  due  to  the  coupling  bg 
becomes  smaller. 

From  the  second  part  of  the  condi¬ 
tion  (6l)  follows,  within  the 
approximation  slated  in  this  section, 
that 


w  •  Mn 


Employing  m,q.  (&5)  and  (feo)  to' set 


must  be  a  maximum  with  respect  to  b2 
or  k2.  The  integrand  of  Eq.  ,  ,5)  Is 


(the  exceptional  case  for  r,  =  is 
excluded  since  it  was  already  covered 
in  Rule  6)  one  obtains: 
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system. 

To  simplify  the  further  descrip¬ 
tion  of  the  system,  the  position  cf  the 
roots  of  the  characteristic  equation  at 
which  the  product  r5,  r;->  beccv^  a 
minimum  by  varying  ftiily'lh"  relative 
spring  constant,  kp,  will  be  called  the 
relative  influence  "position.  If  the 
relative  damping  constant  is  variable 
also,  then  the  position  cf  the  roots  at 
which  r,,  r,y  Is  a  minimum  ir  called 
the  absolute' Influence  position. 

From  Eq.  (67}  follows: 

Pule  5.  If  the  product  of  the  real 
parts  of  the  roots  of  the  characteris¬ 
tic  equation  is  negligible  when  compared 
to  the  sum  of  the  squared  magnitudes  of 
these  roots,  then  the  relative  influence 
position  will  be  approached  If 


J  xll  »|l,  t,t, 

*  II  •  «)*  «,(l  «l 

A  comparison  cf  Eq.  (67)  with  (62) 
and  noting  Rule  1  yields: 

Rule  n.  If  the  product  of  the  real 
parts  of  roots  of  the  characteristic 
equation  Is  negligible  when  comoared 
to  the  sum.  of  the  squared  magi  it  ides 
of  these  roots,  then  the  relative 
influence  position  will  be  approached 
for  a  system  which  has  only  relative 
damping  if  the  roots  have  equal  real 
parts . 


For  the  case  for  which  the  rela¬ 
tive  damping  constant  (the  damping 
constant  between  mass  1  and  mass  2)  bo 
is  adjustable  also,  the  damping  and 
spring  constant  values  resulting  in  the 
influence  position  (in  this  case,  the 
absolute  influence  position)  may  be 
obtained  by  applying  Rules  h  and  6. 

The  results  are  given  in  Rule  10. 

Rule  10.  If  the  product  of  the  real 
parts  of  the  roots  of  the  character¬ 
istic  equation  Is  negligible  when 
compared  to  the  sum  of  the  squared 
magnitudes  of  these  roots,  and  if  t(ie 
real  parts  are  of  the  same  order  of 


r.agn!  tudo,  or  if  «  bq  mpjt*  then 
the  absolute  influence  position  Is 
arpr. 'ached  if 


*•  **; ‘  (I  *;) 


(68) 


where 


For  a  system  only  relatively  damped,  am. 
accurate  tuning  for  the  absolute  influ¬ 
ence  Dosition  (in  this  case,  a  double 
pole  is  possible  by  setting 


k  o  = 


k,  and  letting  b- 


( 1+n  )•'  1 

value  giver,  in  Fq.  (69). 


equal  the 


ilrtui  ..M  i  . 


For  the  investigated  examole  the 

2 

values  are:  m,  =  O.OlUiii  *12 — 5 — 
o  ’ 

rn2  =  o.f C131  52-11,  kx  =  355-60A  &. 

ar.d  b,  =  0.121*66  5P. . s.  .  The  values  of 
1  cm 

b2  are  0.00163;  O.CO&23:  O.Ol6-?3: 
0.01233  (arbitrarily  chosen)  and 


0.1 35.>C 


(calculated  with  Eq.  (57)). 


Figures  3  to  6  shew  the  displace¬ 
ment  and  velocity  (dotted  line)  of  mass 
m^.  For  parts  (a)  of  those  pictures 
k2  was  tuned  according  to  Rule  8  and 
Rule  10  (Fig.  ca),  while  for  parts  fb) 
k2  was  tuned  to  give  exactly  "the  influ¬ 
ence  position.  For  part  (c)  of  the 
figures,  k2  v.-as  obtained  with  Rule  U. 

In  this  case,  the  roots  of  the  charac¬ 
teristic  equation  have  equal  real  parts. 
(The  figures  were  obtained  by  simula¬ 
ting  the  systems  on  a  FACE  analog 
computer.  I 

Table  1  gives  the  numerical  values 
for  the  product  r^q  r-^o  and  for  the 
four  stated  requirements  (the  first 
minimum  for  the  conditions  2  and  3)  of 
Fig.  3  through  6;  Table  2  shows  a  com¬ 
parison  between  the  true  values  of  the 
character i Stic  equation  (accurate  to 
five  decimal  places)  and  the  values 
obtained  by  means  of  Fq.  (*h3),  (*H), 

(J+7)  and  (if). 
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Fig.  5  -  b2  =  0.04233  kp  s/ca 

(a)  =  24.35552  kp/ca 

(b)  k„  =  24.80000  kp/ca 

{c)  k ^  =  22.28056  kp/ca 


Fig.  6  -  b2  =  0.10890  kp  s/cra 

(a)  k2  =  23.82872  kp/ca 

(b)  k2  =  26.50OOO  kp/ca 

(c)  k2  =  26.25163  kp/ca 
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TABLE  1.  Numerical  Values  of  the  Product,  r^i  r-?2  ard  cf  the 
Requirements  1  to  fa  for  the  Vibrations  Shown  ln~'.-'lp:.  3  to  6 


vibration 

r31  r32 

Requirement 

1 

Eq  (31) 
n  «  1 

Requirement 

2 

Eq  (32) 
n  *  1 

Requirement 

3 

t* 

r.  »  1 

Requirement 

3 

t** 

n  *  1 

Xeoulrewnt 

k 

Exp  (34) 

3a 

0,55190 

0,10185 

0,30313 

0,06587 

0,06562 

0,13731 

3b 

0,55183 

0,18605 

0,29777 

O,0o593 

0,06569 

0,137-7 

3c 

0,71395 

0,35033 

0,22283 

0,05635 

0,05644 

0,11332 

4a 

0,550-30 

0,14865 

0,23541 

0,07239 

0,07230 

0,13733 

4b 

0,55080 

0,14669 

0,23357 

0,97242 

0,07272 

0,13739 

4C 

0,66981 

0,60409 

0,64447 

0,05331 

0,05367 

0,05874 

5a 

0,52451 

0,09433 

0,14417 

0, 0?722 

0,08744 

0,14343 

5b 

0,52429 

0,07603 

0,12637 

0,08753 

0,06759 

0,14419 

5= 

0,53242 

0,18404 

0,22342 

0,08458 

0,08512 

0,13321 

6a 

0,32537 

0,02044 

0,01-02 

0,21522 

0,23949 

0,24709 

6  b 

0,21276 

0,00018 

0,00010 

0,31205 

0,31254 

0,35500 

6  c 

0,21476 

0,00017 

0,00023 

0,30789 

0,30900 

0,34330 

TABLE  2.  Roots  of  the  Characteristic  Equation  for  the 
Vibrations  Shown  lr-  Pig.  3  to  6 


°i 

°1A 

°3A 

*1 

*1A 

"3 

,iJ3A 

Vibration 

exact 

Eq  (43) 

exact 

Eq  (44) 

exact 

Eq  (4?) 

exact 

Eq  (48) 

3a 

0,02363 

0,02362 

0,00839 

0,00-840 

1,09157 

1,09235 

0,80025 

0,793-6  3 

3b 

0,02357 

0,02355 

0,0CSu6 

0, 00847 

1,09251 

1,09330 

0,80153 

0,80095 

3c 

0,0l60’ 

0,01603 

0  ,-'  I'Ol 

0,01599 

1,22495 

1,22503 

0,68683 

0,8302 4 

0,04372 

0,04382 

0,02870 

0,02860 

1,03987 

1,09473 

0,79261 

0,75303 

4b 

0,04375 

0,04385 

0,02367 

0,02857 

1,09020 

1,09510 

0,79905 

0,79543 

4c 

0,03621 

0,03649 

0,03621 

0,03593 

1,02927 

1,03327 

0,62417 

0,62176 

5a 

0,07534 

0,07750 

0,06391 

0,06225 

1,07392 

1,09733 

0,80003 

0.-3- 23 

5b 

0,07713 

0,07863 

0,06263 

0,06112 

1,0-3229 

1,10120 

0.80435 

0,7  9106 

5c 

0,06983 

O.O^lS 

0,06988 

0,06753 

1,06-452 

1,08303 

0,77510 

0,76187 

6a 

0,12141 

0,16579 

0,19473 

0,150-40 

0,99554 

1,10012 

0,83366 

0,75695 

6b 

0,16735 

0,18419 

0,15234 

0,13200 

0,99635 

1,118/6 

0,80368 

0,7^746 

6c 

0,15810 

0,18251 

0,15910 

0,1336“' 

0,99497 

1.117U 

0 , 

0,71487 

best  available  copy 


271 


BEST  AVAILABLE  COPY 


A  comparison  cf  the  given 
vibration  plots  shows: 

1.  A  difference  between  the 
vibrations  (a)  and  (b)  is  not  notice¬ 
able  as  long  as  fc,  is  small.  Only  from 
the  respective  numerical  values  given 
in  the  tables  does  a  difference  in  the 
motions  become  apparent. 

2.  .  It  is  the  relative  influence 
position  (see  (a)  and  (b)  on  figure?) 
and  not  the  oole  position  cm  =  Cq  which 
results  in  distinct  beats,  as  Ic-fSg  as 

b -)  is  smaller  than  the  bp  required  to 
give  the  absolute  Influence  position. 

3.  The  absolute  influence  posi¬ 
tion  It.  the  best  position  of  the  roots 
if  rapid  permanent  damping  of  the  vibra¬ 
tion  of  the  main  mass  is  desired.  This 
fact  is  supported  by  Fig.  7:  the 
relative  damping  constant  for  this 
system  Is  larger  than  the  damping  con¬ 
stant  necessary  to  obtain  the  absolute 
influence  position. 

b.  The  Influence  of  the  spring 
constant  Kp  upon  the  motion  of  rn  is 
ins ignlf leant  if  the  relative  damping 
constant  b^  Is  equal  to  or  larger  than 
the  constant  b~>  necessary  to  obtain  the 
absolute  influence  position  (compare 
Fig.  6  with  Fig  7). 

The  values  given  in  Tables  1  and  2 
Chech  the  statement  1,  2  and  d.  Inter¬ 
esting  ana  of  practical  im.portar.ee  is 
the  close  agreement  of  the  values  for 
the  roots  of  the  characteristic  equation 
obtained  with  the  Eq.  (1*2),  (A~),  (.'17) 
and  (d3)  which  are  based  on  the  stated 
approximation  and  the  exact  values  for 
these  roots  (see  Table  2).  As  shown  in 
E } .  (5^),  the  approximations  will 
increasingly  deviate  from  the  trie 
value  with  increasing  bj. 

The  application  of  the  damper  to 
reduce  transient  vibrations  of  a  model 
In  a  shock  tunnel,  mentioned  in  section 
1,  was  experimentally  tested  [<*].  Fig¬ 
ure  S  shows  the  model  3nd  the  lever 
mechanism  to  simulate  the  lift.  When 
the  hooks  (shown  below  the  model )  are 
disengaged,  the  weight  is  suddenly 
released  and  the  model  swings  around 
Its  new  position  cf  equilibrium.  The 
motions  are  recorded  with  an  oscillo¬ 
graph  from  strain  gages  fixed  to  the 
scing.  The  vibration  absorber,  which 
fits  in  the  detachable  front  of  the 
model,  consists  of  an  elliptic  lead 
cylinder  fixed  by  two  leaf  springs  to 
an  oil-tight  housing  (see  Fig.  9).  The 
spring  constant  may  be  varied  by 
changing  the  length  of  the  leaves, 
w  ille  the  relative  damping  constant 
depends  upon  the  viscosity  of  the  oil. 


Fig.  7  -  bj  =  0.l6'"i2‘i  kp  s/ca 
(Only  the  displacement  of  is  shown) 

(a)  .<2  =  2C.6d357  kp/cm 

(b)  kp  =  27.351*10  kp/cm 

(c)  k2  =  29.7375 0  kp/cm 

(d )  k^  =  37.69930  kp/cm 


Fig.  8  -  Lever  mechanism  and  model 
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F ig.  9  -  Vibration  absorber 

In  which  the  leaden  cylinder  swlr.g3. 
Figure  10  shows  the  vibrations  of  the 
node  1  vithcut,  and  with,  the  presence 
of  the  described  damper.  The  tor  1  -,g 
*J3  carried  out  with  the  parameters 
given  in  Fl*j.  5;  the  spring  constant 

of  the  damper  was  «  25*2  — -  .  The 
*■  cm 

value  Is  close  to  that  given  in  Fig.  5b. 
The  distortion  of  the  first  three 
-nxlr.a  of  the  vibration  shewn  in 
Fig.  10a,  and  of  the  first  maximum  in 
Fig.  10b,  Is  due  to  exceeding  the 
limitation  of  the  recording  device. 


W‘i! 
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Fig.  10  -  Model  vibrations  without  (a), 
and  with,  {'£>),  absorber 
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